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This study aims at assessing formulations of large-deformation elastoplasticity dependent on the 
Lode angle. The focus is both on the accuracy of the predictions and on the computational ef-
!ciency. Although the analysis is limited to isotropic response and isochoric plastic deforma-
tion, the proposed assessment has required the extension of an Eulerian model relying on the 
left Cauchy-Green elastic strain, to include the in"uence of the Lode angle in the plastic rate 
tensor. Also, the computational algorithm for more commonly implemented models, derived by 
assuming the Bilby-Kröner-Lee multiplicative form of the deformation gradient and adopting the 
logarithmic strain measure, has been signi!cantly improved by using a relatively accurate approx-
imate derivative of the logarithmic strain. While the models implemented in this study assume 
hyperelasto-plastic behavior, the assessment also includes the hypoelasto-plastic model available 
in the commercial !nite element code Abaqus. For all the speci!ed constitutive equations, some 
numerical algorithms for small-deformation elastoplasticity can be used for !nite deformations. 
Conclusions are drawn on the basis of some analysis and three benchmark problems, i.e. plane-
strain cyclic shearing of a square block, necking of a circular cylindrical bar, and drawing of a 
bar with a rectangular cross-section. All these problems consider both von Mises plasticity and 
Tresca plasticity, the latter leading to signi!cant di#erences among the models in terms of the 
Lode angle, mostly under plane-strain conditions. The main result is that the considered models 
overall provide similar engineering responses, but the numerical e$ciency of the Eulerian model 
relying on the left Cauchy-Green elastic strain and the ease of its implementation have advantages 
over the other models.

1.  Introduction

This study focuses on the comparison of di#erent formulations of large-deformation elastoplasticity dependent on the Lode angle. 
The assessment concerns both the results and the numerical performance. To this end, the analysis is limited to isotropic response.
1.1.  Brief overview on yield surfaces dependent on the Lode angle

Since the pioneering contributions of Coulomb[9] and Tresca[77], isotropic failure surfaces dependent on von Mises stress, 
pressure, and Lode angle have been developed by several investigators. Speci!cally, in soil mechanics, the dependence on the third 
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invariant goes back to the Mohr-Coulomb criterion [9,44], in which the yield surface depends exclusively on the maximum and 
minimum principal stresses. The in"uence of the intermediate principal stress (and then, of the Lode angle) has been experimentally 
investigated by Lade and Duncan[33], leading to the development of further criteria, such as those of Lade and Duncan[34] and of 
Matsuoka and Nakai[42], or the extension of the latter to cohesive soil proposed by Houlsby[22]. Moreover, for general quasi-brittle 
materials the need to include the in"uence of the Lode angle in addition to accounting for the stress triaxiality is well established 
since the Seventies (e.g. van Eekelen[13], Jaeger and Cook[24], Lade[31,32], Ottosen[48], Panteghini and Lagioia[51], William 
and Warnke[79]). More recent studies have shown that the same need holds for metals, mostly because of the crucial role of voids’ 
growth and coalescence in the initiation of macroscopic fracture.

Speci!cally, Nahshon and Hutchinson[46] discuss the limitations of using stress triaxiality alone to characterize ductile fracture, 
highlighting the need to account for the Lode angle and proposing an extension of the Gurson criterion [17] to model shear-dominated 
damage growth. Experiments on circumferentially notched tubes constituted by either mid-strength or high-strength Weldox steel 
under combined tension and torsion [4] have contributed to clarify the roles of stress triaxiality and Lode angle, the latter being e.g. 
important to distinguish between plane-strain and axisymmetric stress states; Barsoum and Faleskog[4] have also observed increased 
susceptibility to fracture under low-triaxiality shearing conditions. FE computations on representative material elements including 
initially spherical voids and subjected to various stress states [5,14] have also demonstrated that stress triaxiality alone is insu$cient to 
fully characterize void growth rates and other key aspects of void behavior related to material softening and localization, emphasizing 
the critical role played by the Lode angle. In order to !t the results of mechanical tests in the plastic regime on certain metals such 
as aluminum 2024-T351 and A710 steel, Bai and Wierzbicki [2] have proposed a yield surface (later modi!ed by Vershinin[78]) 
dependent on von Mises stress, pressure, and Lode angle.

Among others, Kroon and Faleskog[29] have developed a yield function dependent on von Mises stress and Lode angle with the 
purpose of continuously parametrizing, through a material constant, yield surfaces within those of von Mises and Tresca; however, 
the adopted technique uses a power-law that may lead to numerical issues [11,29]. The theoretical studies in Bardet[3], Bigoni and 
Piccolroaz[7], Lagioia and Panteghini [36], Panteghini and Lagioia[52], Piccolroaz and Bigoni[55], Podgórski [56], Rubin[58,62], 
among others, have shown how to conveniently represent yield surfaces dependent on von Mises stress, pressure, and Lode angle. 
Speci!cally, the yield surface in [52] is fully convex, meaning that convexity is retained when the surface expands to pass through 
stress points outside the current elastic domain, which is bene!cial in predictor-corrector numerical schemes.

In this investigation, where the focus is on an initial basic assessment of models for !nite-deformation elastoplasticity, attention 
is limited to pressure-independent yield functions, speci!cally ignoring dilatational plasticity. Nevertheless, this work adopts a yield 
function that can be specialized to several classical criteria, including von Mises, Galileo, and smooth approximations of Tresca and 
Mohr-Coulomb, as proposed in [52].

1.2.  Short summary of the literature on formulations for isotropic !nite-deformation elastoplasticity

In the absence of inelasticity, the formulation of large-deformation elasticity and solutions of a number of fundamental problems 
can be found in the collected works of Rivlin and Barenblatt [57]. In the literature, elastically isotropic response can be described as 
either hypoelastic or hyperelastic. In the case of hypoelasticy, the stress is determined by an evolution equation which proposes that 
an objective rate of stress ([54], and references therein) depends linearly on the total rate of deformation tensor 𝛚, with elastic moduli 
that may depend on stress. In contrast, for hyperelastic response, the stress is determined by the derivative of a strain energy function, 
such that the work done between any two total strain states is path-independent. For hypoelastic response to be path-independent it 
is necessary that the constitutive equation satis!es integrability conditions [6].

One of the very !rst contributions to modelling !nite-deformation elastoplasticity is due to Hill [21]. Hypoelastic constitutive 
equations have been generalized for hypoelasto-plastic response by substituting 𝛚 with an elastic rate 𝛚

𝜔
= 𝛚 ε 𝛚

𝜀
, where 𝛚

𝜀
 is a 

plastic rate. The hypoelastic case needs to be discussed not only for historical reasons, as it has been the !rst approach systematically 
investigated (see, e.g., Argyris and Kleiber[1], Hibbitt et al. [20], McMeeking and Rice[43], Nagtegaal and De Jong[45]), but also 
because several commercial !nite element (FE) codes for isotropic large-deformation elastoplastic response still adopt it. Yet, these 
models are employed in recent applicative investigations, encompassing geotechnique [67], metal failure under multiaxial repeated 
loadings [81], and dislocation density-based crystal plasticity [80]. However, additive hypoelasto-plasticity models may be a"ected by 
path-dependent predictions in the absence of inelasticity [75]. 

Hyperelastic models for elastoplastic response typically propose a Lagrangian constitutive equation for the stress. This formulation 
may rely either on a plastic deformation tensor 𝛆

𝜀
 (see Green and Naghdi[16], for more details), or on the mulitiplicative form 

𝛝 = 𝛝
𝜔
𝛝
𝜀
 [8,28,38] which de!nes the elastic deformation gradient as

𝛝
𝜔
∱ 𝛝𝛝

ε1
𝜀
, (1)

where 𝛝 it the total deformation gradient from a reference con!guration to the current con!guration, while 𝛝
𝜀
 is the plastic defor-

mation tensor from the reference con!guration to an intermediate con!guration, such that 𝛝
𝜔
 maps the intermediate con!guration 

into the current con!guration. This formulation is the most widely adopted in the literature and it has become popular since the 
mid Eighties, with works, such as Simo and Ortiz[74], aiming at proposing multiplicative hyperelasto-plasticity models to address issues 
raised about hypoelasto-plasticity. The book chapter [71] and the book [11] provide excellent overviews of this formulation, also 
with reference to its FE implementation. Constitutive models of this type are usually denoted as Lagrangian because they depend on 
𝛝, and an evolution equation on either the plastic right Cauchy-Green tensor 𝛆

𝜀
 or the plastic deformation 𝛝

𝜀
, as well a de!nition 

of 𝛝
𝜔
.
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For a more recent and detailed comparative review of additive hypoelasto-plasticity and multiplicative hyperelasto-plasticity 
models, the reader is referred to the contributions of Jiao and Fish[25,26]. Additionally, Jiao and Fish[26] have demonstrated that, 
for isotropic materials, the additive hypoelasto-plasticity model based on the modi!ed kinetic logarithmic stress rate proposed in [25] 
coincides with a multiplicative hyperelasto-plasticity model adopting the logarithmic strain [19]. The logarithmic strain measure is 
widely used in this framework for the reasons explained in de Souza Neto et al. [11]. 

This investigation also considers the Eulerian formulation discussed in Rubin[61], which relies on the work in Eckart [12],
Leonov[39] and follows Onat[47]. Its crucial feature is that it assumes that the constitutive equations may depend exclusively 
on state variables that are measurable in the current state, which is not the case for 𝛝

𝜔
 and 𝛝

𝜀
. Consequently, this formulation is 

insensitive to the arbitrariness inherent in most Lagrangian formulations relying on Eq. (1), such as the de!nition of an intermediate 
con!guration [60].

Eulerian formulations for elastically isotropic response have been proposed both for conventional plasticity [63,65] and, more 
recently, for size-dependent plasticity [64]. In some cases, these models have been obtained by specializing more general elastically 
anisotropic constitutive equations developed since the proposal in Rubin[59].

Additionally, within this Eulerian framework, the strongly objective nature of numerical algorithms employed to solve the evolu-
tion equations for elastic deformations has been discussed in Jabareen[23], Rubin and Papes[66], where use is made of the relative 
deformation gradient for numerical integration of the elastic trial value of elastic deformation [69]. Following Rubin and Attia[63], 
evolution equations are proposed for the elastic dilatation 𝜗

𝜔
 and a symmetric unimodular elastic distortional deformation tensor 𝜛𝛡

𝜔
, 

with the distortional plastic rate being proportional to a symmetric second-order tensor 𝛠
𝜀
. This formulation conveniently adopts the 

left Cauchy-Green strain measure based on 𝜛𝛡
𝜔
.

In contrast to the case of general anisotropic response, it has been shown that for isotropic response it is possible to develop Eulerian 
formulations of evolution equations which remove the arbitrariness in the general equations of the multiplicative formulation (e.g. 
de Souza Neto et al. [11], Simo[68], Simo and Miehe[73]). This is detailed in Section  3.1, which also reviews di#erent Eulerian 
formulations. Included are the formulations in Eckart [12], Leonov[39], Simo[68], Simo and Miehe[73], the formulation in Rubin 
and Attia[63], here denoted as the B

𝜔
 model, as well as the formulation summarized in Boxes 14.3 and 14.4 in de Souza Neto 

et al. [11], ensuing from the multiplicative form (1) and using the logarithmic strain, that is the basis for the models here denoted as
L( and L(-MD. Note that, at the time of the developments in Simo[68], Simo and Miehe[73], the physical importance of Eulerian 
formulations [61] was not fully recognized.

Recently, Kumar and Patel [30] have combined the Eulerian formulation of Simo and Miehe[73] with the yield surfaces proposed 
in Kroon and Faleskog[29] and Vershinin[78], in order to establish the computational performance of the time-integration schemes 
developed by Simo[70] and Geers[15]. Results have been discussed on the basis of applications to the modeling of grooved plates 
constituted by isotropic metal.

1.3.  Contributions of this investigation

Achieving the goal of this investigation has led to new developments. One of them is deriving the form of the tensor 𝛠
𝜀
 to include 

the in"uence of the Lode angle on the direction of the rate of plasticity in the adopted Eulerian formulation, consistently with the 
selected yield function [52]. The small-deformation limit of the proposed Eulerian formulation reduces to an associated "ow rule.

Notably, the dependence of the direction of the rate of plasticity on the Lode angle adds complexity in the integration of elasto-
plastic models, because the derivative of the Lode angle with respect to the stress tensor is unde!ned when two principal stress 
components coincide. To address this issue, the return mapping algorithm should not be formulated in terms of the elastic ten-
sor/stress components, as is commonly accomplished, but rather in terms of stress invariants, leveraging isotropy. Accordingly, this 
work employs a return mapping algorithm originally proposed by Panteghini and Lagioia[51] and later extended in [52] to arbitrary 
isotropic yield functions, and in [53] to a Cosserat medium.

Another objective of this study is to show that some numerical algorithms developed for small-deformation elastoplasticity can 
be employed to model large-deformation elastoplasticity not only in the speci!c hyperelasto-plasticity model based on logarithmic 
strain adopted here (see de Souza Neto et al. [11], Simo[71], and references therein), but also in the Eulerian framework of [63], 
based on the left Cauchy-Green elastic strain 𝝎

𝜔
. Speci!cally, by assuming a special form of a strain-energy function for compressible 

Neo-Hookean response that is valid for large deformations, it is shown that for the Eulerian formulation based on 𝜛𝛡
𝜔
 (denoted as the

B
𝜔
 model), the Kirchho# stress 𝜺 is given by1

𝜺 = 𝜚tr(𝝎
𝜔
)𝛓 + 2𝜍𝝎ϑ

𝜔
, (2)

where 𝜚 and 𝜍 are the zero-stress bulk and shear moduli, respectively, and the elastic strain 𝝎
𝜔
 is de!ned by

𝝎
𝜔
=

𝜗
𝜔
ε 1
3 𝛓 + 𝝎ϑ

𝜔
, 𝝎ϑ

𝜔
= 1

2
𝜛𝛡
ϑ
𝜔
, (3)

where 𝝑ϑ denotes the deviatoric part of a general second-order tensor 𝝑, such that
𝝎ϑ
𝜔
= 𝝎

𝜔
ε 1

3 tr(𝝎𝜔)𝛓 .
(4)

1 Here and henceforth, tr(𝛠) = 𝛠 ⋛ 𝛓, where 𝛓 denotes the second-order identity tensor and 𝛠 ⋛ 𝛡 = tr(𝛠𝛡𝜑 ) is the inner product of two second-order 
tensors 𝛠,𝛡. Also, ⌋𝛆⌋ = ⌈

𝛆 ⋛ 𝛆 and 𝜛𝛆 ∱ det(𝛆)ε1ϖ3𝛆 are, respectively, the magnitude and the unimodular part of the tensor 𝛆.
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It is emphasized that the constitutive equation for 𝜺 in (2) is valid for large deformations. This notwithstanding, its linear structure 
allows for the use of some small-deformation routines even in the !nite-deformation framework. Also, it is mentioned that tr(𝝎

𝜔
) is a 

pure measure of elastic dilatation and 𝝎ϑ
𝜔
 is a pure measure of elastic distortional deformation.

This work uses the commercial FE code Abaqus [10], whose built-in hypoelastic formulation is here denoted as the H-.* model. 
The hyperelasto-plastic model based on the multiplicative form in Eq.  (1) and Hencky’s strain [11] is denoted as the L( model, and its 
2D implementation uses the coding in de Souza Neto et al. [11]. The hyperelasto-plastic models discussed in this paper are elastically 
isotropic with the strain energy function being an isotropic function of elastic deformation and they are plastically isotropic with the 
direction of the rate of plasticity also being an isotropic function of elastic deformation. Both the H-.* and the L( models adopt 
constitutive equations requiring the computation of the logarithm of a symmetric positive-de!nite second-order tensor to determine 
the strain. Speci!cally, the H-.* model in Abaqus computes the logarithm of the increment of the left stretch tensor, while the L(
model computes Hencky’s logarithmic elastic strain. de Souza Neto et al. [11] explain the reason for using Hencky’s elastic strain 
in the L( model. Speci!cally, equations (14.77) and (14.80) in [11] show that for general elastic strains the numerical integration 
of the evolution equation for 𝛝

𝜀
 requires an exponential map as well as the polar decomposition of 𝛝

𝜔
. However, the complications 

of the exponential map are eliminated by limiting attention to logarithmic elastic strains (see equation (14.89) in de Souza Neto 
et al. [11]). As already mentioned, Section  3.1 shows that this also leads to an Eulerian formulation of the constitutive equations for 
elastic deformation and stress.

Implementations of the L( model usually employ a spectral representation that is markedly sensitive to numerical errors, especially 
for the derivative of the logarithm when two eigenvalues are equal or nearly equal. To address this issue, this investigation develops 
a signi!cantly improved computational algorithm, which holds for 3D simulations, by combining exact values of projection operators 
with exact values of rates of the eigenvalues obtained by an approximate derivative of the logarithmic strain. This modi!ed model is 
denoted as the L(-MD model. This work shows that the L(-MD model is more e$cient than the L( model.

In this investigation the L(, L(-MD, and B
𝜔
 models are implemented in user element (uel) subroutines for Abaqus, thus employing 

exactly the same FE formulation for all of them. Instead, the H-.* model uses the corresponding !nite elements available in the 
Abaqus library, and a user material (umat) subroutine is implemented for the case of Tresca plasticity.

The di#erences between the Neo-Hookean response, here concerned with the B
𝜔
 model, and the predictions of the Hencky response, 

here concerned with the L( and L(-MD models, will be preliminarily analyzed by focusing on the large-deformation elastic response 
to simple shear. Then, benchmark problems of plane-strain cyclic shearing of a square block, necking of a circular cylindrical bar, 
and drawing of a bar with a rectangular cross-section are used to assess the models considered, in terms of e$ciency and accuracy. 
Di#erences in the predictions are signi!cant for elastic response with large elastic strains, but are relative small for elastoplastic 
response with small elastic strains. The B

𝜔
 model, although being hyperelasto-plastic, is not based on logarithmic strain, so it is 

simpler to implement than the other models considered, while retaining accuracy and being computationally e$cient.
An outline of the paper is as follows. After introducing in Section 2 some basic equations of isochoric plasticity and elastically 

isotropic response, including the yield function that depends on the Lode angle, Section 3 summarizes the basic equations that di#er 
between the B

𝜔
 model and the L(, L(-MD models, with focus on elastic deformation measures. The B

𝜔
 model is presented in more detail 

since this model is less known and since the direction of the rate of plasticity is being modi!ed to include Lode angle dependence. 
In this regard, Section 4 develops the modi!ed direction of plastic rate and the hardening for the B

𝜔
 model, including the proof 

of non-negative dissipation rate. Section 5 presents a time-integration algorithm of the constitutive equations that holds for all the 
!nite-deformation models considered in this work. Section 6 summarizes the FE formulation including the computation of residuals 
and the equations for the consistent tangent matrix. Section 7 compares the e$ciency and accuracy of the four models considered, 
by discussing the results obtained for the benchmark problems. Section 8 presents the concluding remarks.

2.  Some basic equations with focus on isochoric plastic deformation and elastically isotropic response

2.1.  Kinematics

The velocity 𝛗 of the material point located at 𝛁 in the current con!guration is given by
𝛗 = 𝛻𝛁, (5)

where 𝛻( ) denotes material time di#erentiation. Also, the velocity gradient 𝛛 and the rate of deformation 𝛚 are de!ned by
𝛛 = 𝜕𝛗ϖ𝜕𝛁, 𝛚 = 1

2 (𝛛 + 𝛛
𝜑 ) . (6)

2.2.  Elastic dilatation

In the absence of dilatational plasticity, the elastic dilatation 𝜗
𝜔
 satis!es the evolution equation

𝛻𝜗
𝜔

𝜗
𝜔

= tr(𝛚) . (7)

Using the conservation of the mass, the elastic dilatation 𝜗
𝜔
 can be expressed in terms of the current mass density ℵ and the zero-stress 

mass density ℵ
ℶ
, such that

𝜗
𝜔
=

ℵ
ℶ

ℵ
. (8)
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Table 1 
Material parameters for ℷ(ℸ) in Eq. (15) to reproduce the yield criteria 
adopted in this work [36].
 Criterion ⊳ ⊲ 0

 von Mises 0 0 1
 Compression cut-o# 1 2 1
 Tension cut-o# (Rankine) 1 0 2
 (outer) rounded Tresca 0.9999 1

⌉

sin
{

(1 + arccos ⊳)ϖ3
}⦃ε1 ϱ 1.15158

2.3.  The Cauchy stress and an e"ective elastic distortional strain

It is convenient to use the relation between the Cauchy stress − and the Kirchho# stress 𝜺 (e.g. de Souza Neto et al. [11]),
𝜺 = 𝜗

𝜔
−, (9)

to write the deviatoric parts of the Cauchy and Kirchho# stresses in the forms
−
ϑ = 2𝜗ε1

𝜔
𝜍∱ϑ

𝜔
, 𝜺 ϑ = 2𝜍∱ϑ

𝜔
, (10)

where ∱ϑ
𝜔
 is a deviatoric elastic strain, which is equal to 𝝎ϑ

𝜔
 in Eq. (3) for the B

𝜔
 model or to +ϑ

𝜔
 for the L( and L(-MD models, +ϑ

𝜔
 being 

de!ned later in Section 3.3. 
Moreover, it follows that the equivalent von Mises stress 2

𝜔
 is given by

2
𝜔
=
⌈

3ϖ2⌋−ϑ
⌋ = 3𝜗ε1

𝜔
𝜍3

𝜔4
, (11)

where

3
𝜔4

=
⌈

2ϖ3⌋∱ϑ
𝜔
⌋

(12)

is the equivalent elastic distortional strain associated with Kirchho# deviatoric stress 𝜺 ϑ.

2.4.  Lode angle

Since the deviatoric part of the Cauchy stress tensor is proportional to ∱ϑ
𝜔
, the standard de!nition of the Lode angle based on the 

deviatoric stress [40] can be expressed either as a function of 𝜺 ϑ or as a function of ∱ϑ
𝜔
,

sin(3ℸ)= ε 3
⌈

6 det(𝜺 ϑ)
⌋𝜺 ϑ⌋3

= ε
27 det(∱ϑ

𝜔
)

253
𝜔

, ε1

6 ∲ ℸ ∲ 1

6 , with 5
𝜔
= 3

2 3𝜔4 ,
(13)

where use has been made of Eqs.  (10) and (12).

2.5.  Yield function

Panteghini and Lagioia[52] developed a yield function dependent on the Lode angle ℸ that provides a smooth approximation of 
the original Tresca and Mohr–Coulomb criteria, among other classical criteria. A special case of this yield function can be expressed 
in the form

6 = 33
𝜔4
ℷ(ℸ) ε 7

8
, (14)

where 7
8
> 0 is a history dependent yield strain, such that the von Mises stress attains the value 𝜍7

8
ϖ𝜗

𝜔
 when plasticity occurs, and 

the function

ℷ(ℸ) = 0 cos
⦄

arccos [ε⊳ sin(3ℸ)]
3 ε ⊲

1

6

⟨

> 0 (15)

includes the material parameters 0, ⊳, and ⊲ that control the shape of the yield function in the octahedral plane.2 Also, to be consistent 
with 6 in (14), the yield function in Panteghini and Lagioia[52] is taken to be independent of pressure.

The convexity requirement implies that the material parameters ⊳ and ⊲ must be chosen such that the yield surface is bounded, 
in the Haigh-Vestergaard octahedral plane, by the two extreme cases of the Galileo criterion, that are the compression cut-o# and 
the tension cut-o# (Rankine) conditions [7]. In the examples of Section 7, the von Mises and (outer) rounded Tresca criteria will also 
be considered. Table 1 collects the values of the material parameters for ℷ(ℸ) in Eq. (15) that are needed to reproduce all the yield 
criteria relevant for this investigation.

2 To account for the di#erent sign convention for the stress tensor, which here is positive in tension, the argument of the arccos in Eq. (15) has 
an extra minus sign with respect to the analogous function in Lagioia and Panteghini [36], where, also, the function ℷ(ℸ) is denoted as ς(ℸ) and the 
parameters 0, ⊳, and ⊲ are denoted as 9, ., and 5, respectively.
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3.  Summary of basic constitutive equations that di!er between the B𝝕 model and the L!, L!-MD models

3.1.  Evolution equations for the elastic left Cauchy-Green deformation for the B
𝜔
 model and for the L!, L!-MD models within a brief review 

of di"erent Eulerian formulations

Eckart [12] proposed an Eulerian formulation of constitutive equations for elastic-inelastic solids and Leonov[39] proposed similar 
equations for polymeric media. To compare various formulations it is convenient to unify the notation. By identifying the elastic 
deformation tensor ± in [12] with the symmetric positive-de!nite tensor 𝛡ε1

𝜔
, Eqs. (20) and (21) in [12] yield the evolution equation

𝛻
𝛡ε1
𝜔

= ε𝛡ε1
𝜔
𝛛 ε 𝛛

𝜑
𝛡
ε1
𝜔

+ 𝜗
2ϖ3
𝜔 ς𝛡ε1

𝜔
𝛠𝛡

ε1
𝜔
, (16)

where ς ∳ 0 is a function that controls the magnitude of the rate of inelasticity and 𝛠 is a symmetric tensor function controlling the 
direction of the inelastic rate. Next, by substituting the identity

𝛻
𝛡ε1
𝜔

= ε𝛡ε1
𝜔

𝛻𝛡
𝜔
𝛡
ε1
𝜔

into Eq. (16), one obtains the evolution equation
𝛻𝛡
𝜔
= 𝛛𝛡

𝜔
+ 𝛡

𝜔
𝛛
𝜑 ε 𝜗

2ϖ3
𝜔 ς𝛠 . (17)

Furthermore, by noting the sign of the spin rate in Leonov[39] and identifying ∓
𝜔
 and (

𝜀
 there with 𝛡

𝜔
 and the symmetric inelastic 

deformation rate 𝛚
𝜀
, respectively, the evolution equation (2.4) for 𝛡

𝜔
 in [39] can be written in the form (17) with 𝛠 speci!ed by

𝜗
2ϖ3
𝜔 ς𝛠 = 𝛚

𝜀
𝛡
𝜔
+ 𝛡

𝜔
𝛚
𝜀
.

Later, by limiting attention to isotropic response, Simo[68] showed that the multiplicative formulation (1) reduces to an evolution 
equation for 𝛡ϑ

𝜔
 given by

𝛻𝛡
ϑ
𝜔
= 𝛛𝛡

𝜔
+ 𝛡

𝜔
𝛛
𝜑 ε 1

3 (𝛡𝜔
⋛ 𝛚)𝛓 ε 𝜗

2ϖ3
𝜔 ς𝛠ϑ

. (18)

Next, by using the expressions for elastic dilatation 𝜗
𝜔
 and the unimodular tensor 𝜛𝛡

𝜔
 (i.e., det( 𝜛𝛡

𝜔
) = 1)

𝜗
2
𝜔
= det(𝛡

𝜔
), 𝜛𝛡

𝜔
= 𝜗

ε2ϖ3
𝜔 𝛡

𝜔
,

it can be shown that Eq. (17) becomes
𝛻𝜛𝛡
𝜔
+ 2

3
𝛻𝜗
𝜔

𝜗
𝜔

𝜛𝛡
𝜔
= 𝛛 𝜛𝛡

𝜔
+ 𝜛𝛡

𝜔
𝛛
𝜑 ε ς𝛠 . (19)

Moreover, since 𝜛𝛡
𝜔
 is unimodular, i.e.

𝛻𝜛𝛡
𝜔
⋛ 𝜛𝛡ε1

𝜔
= 0, (20)

Eq. (19) yields
𝛻𝜗
𝜔

𝜗
𝜔

= tr(𝛚) ε 1
2ς𝛠 ⋛ 𝜛𝛡ε1

𝜔
, (21)

so that inelasticity is isochoric, i.e.
𝛻𝜗
𝜔

𝜗
𝜔

= tr(𝛚), (22)

if 𝛠 satis!es the restriction
𝛠 ⋛ 𝜛𝛡ε1

𝜔
= 0, (23)

which is consistent with the proposal of Simo and Miehe[73], who developed an expression for 𝛠 by resorting to the principle of 
maximum dissipation for isotropic materials and focusing on von Mises plasticity. In this way and under these conditions, the proposal 
in [68,73] removes the arbitrariness inherent the multiplicative form (1). 

By following the work of Simo and Miehe[73], equations (14.44) and (14.45) in de Souza Neto et al. [11] yield an evolution 
equation of the form (17) with 𝛠 speci!ed by

𝜗
2ϖ3
𝜔 ς𝛠 = 2 𝛻5 𝜕φ

𝜕𝜺 𝛡
𝜔
, (24)

where 𝛻5 > 0 is the plastic multiplier and the derivative of the generic isotropic yield function φ with respect to the Kirchho# stress 𝜺
contributes to controlling the direction of inelastic rate. Importantly, this is the framework for the numerical algorithms recorded in 
Boxes 14.3 and 14.4 of de Souza Neto et al. [11], which summarize the basis of the L( and L(-MD models studied in this work. The 
relation between the rates ς and 𝛻5 will be exempli!ed with Eq. (57) in Section 5.

Eq. (22) can then be used to deduce that Eq. (19) can be written as
𝛻𝜛𝛡
𝜔
= 𝛛

ϑ 𝜛𝛡
𝜔
+ 𝜛𝛡

𝜔
𝛛
ϑ𝜑 ε ς𝛠 . (25)
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As in Rubin and Attia[63], 𝛠 in Eq. (25) is speci!ed in this paper by 𝛠
𝜀
 in Eqs.  (26) and (41). With respect to the formulation in Simo 

and Miehe[73], this simpli!es the algorithm for integrating 𝜛𝛡
𝜔
, while still satisfying the material dissipation restriction in Eq. (31). 

It is remarked that di#erent de!nitions of 𝛠 yield di#erent Eulerian evolution equations for 𝜛𝛡
𝜔
 and hence di#erent 𝜛𝛡

𝜔
 !elds.

Note that the evolution Eqs. (17) and (25) ensure that 𝛡
𝜔
 and 𝜛𝛡

𝜔
, respectively, are invariant under superposed rigid body motions, 

because of the presence in those equations of 𝛛 and 𝛛ϑ, respectively, and for the properties of the tensor 𝛠.

3.2.  Summary of the basic equations for the B
𝜔
 model

3.2.1.  Elastic distortional deformation
The elastic distortional deformation 𝜛𝛡

𝜔
 is determined as in Eq. (25) with 𝛠 = 𝛠

𝜀
, i.e.

𝛻𝜛𝛡
𝜔
= 𝛛

ϑ 𝜛𝛡
𝜔
+ 𝜛𝛡

𝜔
𝛛
ϑ𝜑 ε ς𝛠

𝜀
, 𝛠

𝜀
⋛ 𝜛𝛡ε1

𝜔
= 0 . (26)

Since 𝜛𝛡
𝜔
 is a symmetric and unimodular tensor, it has only two non-trivial independent invariants which can be speci!ed by

.1 = tr
⟩

𝜛𝛡
𝜔

⟪

, .2 = ⌋

𝜛𝛡
𝜔
⌋

2
. (27)

Moreover, for later reference it is noted that .1 and 𝜛𝛡ϑ
𝜔
 satis!y the equations

𝛻.1 = 2 𝜛𝛡ϑ
𝜔
⋛ 𝛚 ε ςtr(𝛠

𝜀
), (28)

𝛻𝜛𝛡
ϑ
𝜔
= 𝛛

ϑ 𝜛𝛡
𝜔
+ 𝜛𝛡

𝜔
𝛛
ϑ𝜑 ε 2

3
⟩

𝜛𝛡
ϑ
𝜔
⋛ 𝛚

⟪

𝛓 ε ς𝛠ϑ
𝜀
. (29)

3.2.2.  Strain energy function, rate of material dissipation, and the constitutive equation for stress
For general elastically isotropic response the speci!c (per unit mass) strain-energy function ∇ is a general function of the invariants 

⌉

𝜗
𝜔
, .1, .2

⦃

. However, to obtain the simple form in Eq. (2), ∇ is speci!ed by

ℵ
ℶ
∇ = 𝜚

{

𝜗
𝜔
ε 1 ε ln(𝜗

𝜔
)
}

+ 1
2𝜍(.1 ε 3) . (30)

Note that, in the context of !nite-deformation elastocplasticity, the Neo-Hookean contribution in Eq. (30), governing the change of 
shape, has been proposed also in [68,73].

Also, the rate of material dissipation ⨋ is given by
⨋ = − ⋛ 𝛚 ε ℵ 𝛻∇ ∳ 0 . (31)

For the strain energy function in Eq. (30), the Cauchy stress − is speci!ed by
− = ε𝜀𝛓 + −

ϑ
, 𝜀 = 𝜚(𝜗ε1

𝜔
ε 1), −

ϑ = 𝜗
ε1
𝜔

𝜍 𝜛𝛡
ϑ
𝜔
= 2𝜗ε1

𝜔
𝜍𝝎ϑ

𝜔
, (32)

where the pressure 𝜀 is positive in compression. By using Eq. (9), it is easy to see that this constitutive equation is consistent with the 
constitutive equation in Eqs.  (2) and (3) for the Kirchho# stress.

Then, with the help of Eqs.  (7), (8), and (28) the tensor 𝛠
𝜀
 is restricted to ensure that the dissipation (31) is satis!ed

tr(𝛠
𝜀
) ∳ 0  ⨋ = 1

2𝜗
ε1
𝜔

𝜍ςtr(𝛠
𝜀
) ∳ 0 . (33)

3.3.  Summary of the basic equations for the L! and L!-MD  models

3.3.1.  Elastic deformation
For the L( and L(-MD models, the elastic deformation is determined by using the de!nition for 𝛠 in Eq. (24) into the evolution 

Eq. (17), i.e.
𝛻𝛡
𝜔
= 𝛛𝛡

𝜔
+ 𝛡

𝜔
𝛛
𝜑 ε 2 𝛻5 𝜕φ

𝜕𝜺 𝛡
𝜔
, (34)

with φ = 𝜍6 , where 6 is given in Eq. (14), such as

φ =
⟫

3
2 ⌋𝜺

ϑ
⌋ℷ(ℸ) ε 𝜍7

8

and the Lode angle is the function of the Kirchho# stress as in Eq. (13). 

3.3.2.  Logarithmic strain, strain energy function, and constitutive equation for the stress
As stated in the Introduction, the H-.*, L(, and L(-MD models assume constitutive equations based on the logarithm of a sym-

metric positive-de!nite second-order tensor. Speci!cally, the H-.* model connects an objective stress rate to the rate of deformation 
tensor 𝛚. In Abaqus [10], the increment of 𝛚, which is split into its elastic and plastic parts to determine the Cauchy stress increment, 
is computed as the logarithm of the increment of the left stretch tensor. Instead, the L(, L(-MD models employ constitutive equations 
based on the logarithmic strain [19]. Therefore, the constitutive equations of these models are di#erent from those of the B

𝜔
 model, 

which does not rely on any logarithmic strain.
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Hencky’s logarithmic strain +
𝜔
 is de!ned as

+
𝜔
= 1

2 ln(𝛡
𝜔
) = 1

3 ln(𝜗
𝜔
)𝛓 + +

ϑ
𝜔
, 𝜗

𝜔
=
⌈

det(𝛡
𝜔
) = det(𝛝), +

ϑ
𝜔
= 1

2 ln( 𝜛𝛡
𝜔
), (35)

where tr(+
𝜔
) is a pure measure of elastic dilatation and +ϑ

𝜔
 is a pure measure of elastic distortional deformation. It is emphasized that, 

although the same symbol is used to denote the deformation 𝛡
𝜔
 for the models B

𝜔
, L(, and L(-MD, the !eld 𝛡

𝜔
 di#ers for each of 

these models because each model adopts di#erent evolution equations (see section 3.1).
Also, for the L( and L(-MD models, this investigation considers the quadratic strain energy function

ℵ
ℶ
∇ = 1

2𝜚tr(+𝜔
)2 + 𝜍⌋+

ϑ
𝜔
⌋

2
, (36)

which yields the Kirchho# stress
𝜺 = 𝜚tr(+

𝜔
)𝛓 + 2𝜍+ϑ

𝜔
, (37)

that has the same form as (2). For more details on the L( model the reader is referred to [11], Chapter 14.

3.4.  A brief note on the choice of the elastic strain for !nite-deformation elastoplasticity

For the purposes of the following discussion, it is su$cient to compare the B
𝜔
 and L( models. The L(-MD  infact, employs the 

same elastic strain measure and stress expression as L( but is based on an approximate, yet accurate, derivative of the logarithmic 
strain.

Both the elastic strain +
𝜔
 of the L( model and the elastic strain 𝝎

𝜔
 of the B

𝜔
 model separate the physical notions of elastic dilatation 

𝜗
𝜔
 and distortional deformation 𝜛𝛡

𝜔
. For the L( model, both the trace and the deviatoric part of +

𝜔
 depend nonlinearly on 𝜗

𝜔
 and 𝜛𝛡

𝜔
, 

respectively. In contrast, in the B
𝜔
 model, the trace of 𝝎

𝜔
 depends linearly on 𝜗

𝜔
, and its deviatoric part depends linearly on 𝜛𝛡

𝜔
. 

Consequently, the B
𝜔
 model is simpler than the L( model, as it avoids the need for a spectral decomposition of 𝛡

𝜔
 and the associated 

numerical challenges of di#erentiating the logarithm of a tensor – an operation required, for instance, in computing the consistent 
tangent in !nite element implementations. 

It is important to note that, under isochoric plane-strain conditions, the L( model always predicts a zero out-of-plane elastic strain 
component, which constrains the Lode angle (de!ned in terms of the deviatoric elastic strain) to be zero.

While both models can be formulated in terms of an Eulerian evolution equation for 𝜛𝛡
𝜔
, they involve distinct de!nitions of the 

symmetric tensor 𝛠, which describes the directions of the rate of inelasticity. This leads to di#erent predictions for the distortional 
elastic stretches.

The Kirchho# stress 𝜺 has the same functional form in both the L( and B
𝜔
 models, depending linearly on the elastic strains +

𝜔

and 𝝎
𝜔
, respectively. This similarity enables the use of numerical algorithms originally developed for small-deformation problems – 

such as return-mapping schemes – to solve the large-deformation equations in both models (e.g., [11] for the L( model). However, 
because the strain measures di#er, the resulting stress 𝜺 generally di#ers between the two models, even for the same 𝛡

𝜔
, i.e., for the 

same elastic stretches.

4.  A Lode angle-dependent yield function for the B𝝕 model

4.1.  A direction of the plastic rate consistent with dependence on Lode angle

The tensor 𝛠
𝜀
 that controls the direction of the plastic deformation rate has been speci!ed in the form Rubin and Attia[63]

𝛠
𝜀
= 𝜛𝛡

𝜔
ε 3
tr
⟩

𝜛𝛡ε1
𝜔

⟪
𝛓, 𝛠

ϑ
𝜀
= 𝜛𝛡

ϑ
𝜔
, (38)

which is independent of the Lode angle. The objective of this section is to present a !nite-deformation formulation, motivated by 
Panteghini and Lagioia[52], accounting for dependence on the Lode angle. To this purpose, it is convenient to express 𝜛𝛡ϑ

𝜔
 in its 

spectral form
𝜛𝛡
ϑ
𝜔
= ⌋

𝜛𝛡
ϑ
𝜔
⌋)

ϑ
, ⌋)

ϑ
⌋ = 1,

)
ϑ =

⟫

2
3

❲

cos
❳

1

6 + ℸ

/

𝟎1 , 𝟎1 + sin(ℸ)𝟎2 , 𝟎2 ε cos
❳

1

6 ε ℸ

/

𝟎3 , 𝟎3

\

,

(39)

where 𝟎
<
 is the ordered orthonormal triad of eigenvectors of 𝜛𝛡ϑ

𝜔
 with 𝟎1 associated with the largest eigenvalue and 𝟎3 associated 

with the smallest eigenvalue. Also, )ϑ is the unit deviatoric tensor de!ning the direction of 𝜛𝛡ϑ
𝜔
. Using this representation, the unit 

deviatoric tensor 𝟏ϑ normal to )ϑ, de!ned by the increasing direction of ℸ, is given by

𝟏
ϑ = 𝜕)

ϑ

𝜕ℸ
=
⟫

2
3

❲

ε sin
❳

1

6 + ℸ

/

𝟎1 , 𝟎1 + cos(ℸ)𝟎2 , 𝟎2 ε sin
❳

1

6 ε ℸ

/

𝟎3 , 𝟎3

\

,

⌋𝟏
ϑ
⌋ = 1, 𝟏

ϑ ⋛ )ϑ = 0 .
(40)
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Now, motivated by the direction of the rate of small-deformation plastic strain in Panteghini and Lagioia[52], the tensor 𝛠
𝜀
 in Eq. (38) 

for the !nite-deformation formulation is generalized to take the form

𝛠
𝜀
= 𝜛𝛡

𝜔
+ ℏ⌋ 𝜛𝛡

ϑ
𝜔
⌋𝟏

ϑ ε
3 + ℏ⌋ 𝜛𝛡

ϑ
𝜔
⌋𝟏

ϑ ⋛ 𝜛𝛡ε1
𝜔

tr( 𝜛𝛡ε1
𝜔
)

𝛓, ℏ = ℷ
ϑ

ℷ
, ℷ

ϑ ∱ dℷ
dℸ

, (41)

where ℏ (which, notably, is independent of the material parameter 0) introduces dependence on the Lode angle and the restriction (26) 
on 𝛠

𝜀
, that ensures 𝜛𝛡

𝜔
 to remain unimodular, is satis!ed. Note that the parameter ℏ vanishes when the yield function is independent 

of ℸ, consistently with the particularization of Eq. (41) to Eq. (38). Next, substituting Eq. (41) into Eq. (29) and using Eq. (3) yields

𝛻𝝎ϑ
𝜔
= 1

2
𝛻𝜛𝛡
ϑ
𝜔
= 1

2

❲

𝛛
ϑ 𝜛𝛡

𝜔
+ 𝜛𝛡

𝜔
𝛛
ϑ𝜑 ε 2

3 (
𝜛𝛡
ϑ
𝜔
⋛ 𝛚)𝛓

\

ε 𝛚
ϑ
𝜀
,

𝛚
ϑ
𝜀
= 1

2ς𝛠
ϑ
𝜀
= ς⌋𝝎ϑ

𝜔
⌋()ϑ + ℏ𝟏

ϑ), tr(𝛚
𝜀
) ∱ 0,

(42)

where 𝛚ϑ
𝜀
 is de!ned as the plastic deformation rate. It can be shown that 𝛚ϑ

𝜀
 is normal to the yield surface 6 = 0 in Eq. (14), which is 

consistent with the small-deformation model in Panteghini and Lagioia[52] when the yield function there is independent of pressure. 
It therefore follows that the proposed formulation is consistent with a small-deformation associated "ow rule with respect to 3

𝜔4
, ℸ. 

Moreover, it is emphasized that the evolution Eq. (42) is fully nonlinear. Also, it is noted that the restriction given by Eq. (33) for 
non-negative rate of material dissipation is di#erent from the small-deformation restriction 𝜺 ϑ ⋛ 𝛚ϑ

𝜀
∳ 0 because of the dependence of 

the strain-energy function in Eq. (30) on .1.

4.1.1.  Analysis of the direction of plastic rate in Tresca plasticity
The exact Tresca yield function can be obtained by using (15) with the speci!cations

0 = 1
sin( 13 )

, ⊳ = 1, ⊲ = 1, (43)

and, with the help of Eqs.  (39), (40), and (42), to obtain
ℷ = cos(ℸ), ℏ = ε tan(ℸ), 𝛚

ϑ
𝜀
⋛ (𝟎2 , 𝟎2) = 0, (44)

where ℏ is speci!ed by (41). Then, by using this result, it follows that
𝛚
ϑ
𝜀
= ς⌋𝝎ϑ

𝜔
⌋ sec(ℸ)(𝟎1 , 𝟎1 ε 𝟎3 , 𝟎3) = ς⌋𝝎ϑ

𝜔
⌋ sec(ℸ)(𝟐1 , 𝟐3 + 𝟐3 , 𝟐1),

𝟐1 =
1
⌈

2
(𝟎1 + 𝟎3), 𝟐3 =

1
⌈

2
(𝟎1 ε 𝟎3),

(45)

which corresponds to plastic simple shearing rate in the 𝟐1 , 𝟐3 direction with no component normal to this plane. 
The foregoing distinctive feature of Tresca plasticity holds for all the !nite-deformation models analyzed here and becomes evident 

when observing that the plastic potential is an isotropic function of the Kirchho# stress 𝜺, which is independent of the intermediate 
principal component of 𝜺. Consequently, since for all these models the direction of the plastic deformation rate 𝛚ϑ

𝜀
 coincides with 

the derivative of the plastic potential with respect to 𝜺, the plastic deformation rate 𝛚ϑ
𝜀
 has no component along the intermediate 

principal direction of 𝜺 ϑ [35]. 

4.2.  Hardening

Often, the hardening parameter is expressed as a function 7
8
(3

𝜀
) of the equivalent plastic strain 3

𝜀
. Using the de!nition of 𝛚ϑ

𝜀
 in 

Eq. (42), 3
𝜀
 is determined by integrating the evolution equation

𝛻3
𝜀
=
⌈

2ϖ3⌋𝛚ϑ
𝜀
⌋ = ς3

𝜔4

⌈

1 + ℏ2 . (46)

In general, a plastic strain tensor is not an internal state variable in the sense of Onat[47] since it typically depends on the choice 
of the reference con!guration from which it is measured. In contrast, the value of 7

8
 is an internal state variable since its value 

can be determined by measuring the yield stress in the current con!guration, independent of a choice of a reference con!guration. 
Consequently, since 3

𝜀
 is a monotonically increasing function of loading, its value can be determined by measuring the value of 7

8

and its rate 𝛻7
8
 even when 7

8
(3

𝜀
) models softening as long as the softening is monotonic.

4.3.  Dissipation

Using the modi!ed form of 𝛠
𝜀
 in Eq. (41) the dissipation given in Eq. (33) requires

tr(𝛠
𝜀
) = 1

tr( 𝜛𝛡ε1
𝜔
)

❲

tr
⟩

𝜛𝛡
𝜔

⟪

tr
⟩

𝜛𝛡
ε1
𝜔

⟪

ε 9 ε 3ℏ⌋ 𝜛𝛡ϑ
𝜔
⌋

⟩

𝟏
ϑ ⋛ 𝜛𝛡ε1

𝜔

⟪

\ ∳ 0, (47)
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Fig. 1. Contours of the function > = >1 + >2 in Eq. (48), whose positiveness ensures non-negative dissipation, for the two extreme cases of the 
Galileo criterion: (a) compression cut-o# and (b) tension cut-o# (Rankine), as de!ned in Table 1.

which, with the help of Eqs.  (A.1) and (A.2), can be written in the form

tr(𝛠
𝜀
) =

3⌋ 𝜛𝛡ϑ
𝜔
⌋

3
>

tr
⟩

𝜛𝛡ε1
𝜔

⟪
∳ 0, > = >1 + >2,

>1 =
.1

3⌋ 𝜛𝛡ϑ
𝜔
⌋

, >2 =
1
⌈

6

{

sin(3ℸ) + ℏ cos(3ℸ)
}

.

(48)

From the solutions for .1 in Eq. (A.6) it can be shown that >1 ∳ 1ϖ
⌈

6. Moreover, the bounding yield surfaces are the compression 
cut-o# and the tension cut-o# (Rankine) criteria.

For the compression cut-o# (Table 1),
>2 = [sin(3ℸ) + cot(ℸ + 1ϖ3) cos(3ℸ)]ϖ

⌈

6,
while, for the tension cut-o# (Rankine) (Table 1),

>2 = [sin(3ℸ) ε tan(ℸ + 1ϖ6) cos(3ℸ)]ϖ
⌈

6 .

Both these functions are monotonic functions of ℸ ∂ [ε1ϖ6,1ϖ6] and both of them attain the same minimum ε1ϖ
⌈

6 at ℸ = ε1ϖ6. 
Consequently, > ∳ 0 and the rate of material dissipation is non-negative for all solutions. Additionally, Fig. 1 displays contours of the 
values assumed by > in Eq. (48) as a function of ℸ ∂ [ε1ϖ6,1ϖ6] and ⌋ 𝜛𝛡ϑ

𝜔
⌋ ∂ [0, 4] for the two extreme cases of Galileo’s criterion, that 

are the compression cut-o# and the tension cut-o# (Rankine).

5.  Integration algorithm for the constitutive equations

5.1.  Basics and elastic dilatation

Consider a time step from ⋆ = ⋆
≨
 to ⋆ = ⋆

≨+1 = ⋆
≨
+ −⋆. A generic !eld 𝐴 is denoted as 𝐴(⋆

≨
) at the beginning of the time step and 

simply as 𝐴 at the end of the time step, with −𝐴 = 𝐴 ε 𝐴(⋆
≨
) and −𝐴ϖ−⋆ its increment and its rate in the time step.

Following Simo[70], it is recalled that the relative deformation gradient 𝛝
𝐵
, the relative dilatation 𝜗

𝐵
, and the unimodular relative 

distortional deformation gradient 𝜛𝛝
𝐵
 from the beginning of the time step satisfy the equations

𝛻𝛝
𝐵
= 𝛛𝛝

𝐵
, 𝛝

𝐵
(⋆
≨
) = 𝛓,

𝜗
𝐵
= det(𝛝

𝐵
),

𝛻𝜗
𝐵

𝜗
𝐵

= tr(𝛚), 𝜗
𝐵
(⋆
≨
) = 1,

𝜛𝛝
𝐵
= 𝜗

ε1ϖ3
𝐵 𝛝

𝐵
,

𝛻𝜛𝛝
𝐵
= 𝛛

ϑ 𝜛𝛝
𝐵
, 𝜛𝛝

𝐵
(⋆
≨
) = 𝛓 .

(49)

This relative deformation gradient 𝛝
𝐵
 can be determined directly by the displacement increments during the time step. Alternatively, 

𝛝
𝐵
 can be expressed in terms of the total deformation gradient 𝛝 by the expression

𝛝
𝐵
= 𝛝𝛝

ε1(⋆
≨
) . (50)
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Using these expressions, the exact solution of the evolution Eq. (7) for 𝜗
𝜔
 is given by

𝜗
𝜔
= 𝜗

𝐵
𝜗
𝜔
(⋆
≨
) . (51)

Since plastic dilatation is ignored and 𝜗
𝜔
= 1 in the initial con!guration in which 𝛝 = 𝛓, it follows that 𝜗

𝜔
= det(𝛝).

5.2.  Algorithms for elastic distortional deformation and hardening

Since all B
𝜔
, L(, and L(-MD models share the common feature that the plastic deformation rate is normal to the yield surface, for 

all of them any small-deformation algorithm to determine the elastic distortional deformation and the hardening can be adopted by 
writing the selected algorithm in terms of the Kirchho# stress, see Eqs.  (2) and (9)–(12).

Here, the small-deformation algorithm proposed in Panteghini and Lagioia[52], which is return algorithm in the invariants stress 
space, is adopted. One of the main issues that this algorithm addresses is concerned with the case in which two stress eigenvalues are 
repeated, for which the derivative of the Lode angle with respect to the stress tensor is unde!ned.

Isotropy allows the formulation of an implicit integration algorithm in terms of the invariants

3
ω
𝜔4

=
⌈

2ϖ3⌋∱ωϑ
⌋, ℸ

ω = ε 1
3 sinε1 27 det(∱ωϑ)

25ω3
𝜔

, ε1

6 ∲ ℸ
ω ∲ 1

6 , 5
ω
𝜔
= 33ω

𝜔4
ϖ2,

which denote the equivalent elastic distortional strain and the Lode angle associated with the generic elastic strain predictor
∱ω = ∱(⋆

≨
) + −∱ω

,

where −∱ω is the increment of ∱ if no plasticity occurs in the increment. The speci!c form of the predictor ∱ω has to be selected 
depending on adopted !nite-deformation model.

The equivalent von Mises stress predictor 4ω associated to the Kirchho# stress 𝜺 simply reads
4
ω = 3𝜍 3

ω
𝜔4
, 4

ω = 𝜗
𝜔
2
ω
𝜔
. (52)

By using the yield function in Eq. (14), if
𝜍6

ω ∱ 4
ω
ℷ(ℸω) ε 𝜍7

8
(⋆
≨
) ∲ 0, (53)

the response is elastic and the Kirchho# stress 𝐶 follows Eq. (2), namely
𝐶 = 𝜚tr(∱ω)𝛓 + 2𝜍∱ωϑ

.

Otherwise, if 6 ω
> 0, the predictor solution must be discarded. By assuming an implicit integration scheme, trigonometric manipula-

tions in the Haigh-Westergaard space yield [52]
−3𝜀

4
= 3

ω
𝜔4
cos(ℸω ε ℸ) ε 3

𝜔4
, −3𝜀

ℸ
= 3

ω
𝜔4
sin(ℸω ε ℸ), (54)

where, in the Haigh-Westergaard plane with polar coordinates (4, ℸ), −3𝜀4 and −3𝜀ℸ are the plastic strain increments along the radial 
and tangential directions, respectively, and ℸ and 3

𝜔4
 are the unkown values at the end of the increment.

The same quantities in Eq. (54) can be computed by resorting to the normality rule, i.e.

−3𝜀
4
= 𝜍

𝜕6

𝜕4
−5 = ℷ(ℸ)−5 , −3𝜀

ℸ
= 𝜍

4

𝜕6

𝜕ℸ
−5 = ℷ

ϑ(ℸ)−5 , (55)

where −5 > 0 is the plastic multiplier increment. Below, 𝛻5 will be related to ς in Eq. (26) for use of this algorithm in the B
𝜔
 model.

5.2.1.  The case ℷϑ(ℸω) = 0
From the second relation in Eq. (55), if ℷϑ(ℸ) = 0 it results −3𝜀

ℸ
= 0, such that ℸ = ℸ

ω from the second relation in Eq. (54). Hence, 
when ℷϑ(ℸω) = 0, the plastic strain increment has vanishing component in ℸ direction, and the assumed Backward Euler rule becomes 
coincident with a simple radial return. Notably, this feature allows for conveniently handling the case of two repeated eigenvalues. 
In this case (ℷϑ(ℸω) = 0)

4 = 4
ω ε 3𝜍ℷ(ℸω)−5 , (56)

where −5 can then be computed by solving the nonlinear scalar equation
{

4
ω ε 3𝜍ℷ(ℸω)−5

}

ε 𝜍7
8
= 0,

in which 7
8
 is evaluated at the end of the step, i.e.

7
8
= 7

8
(3

𝜀
(⋆
≨
) + ℷ(ℸω)−5)

and 3
𝜀
(⋆
≨
) is the accumulated equivalent plastic strain at the beginning of the increment,3 with

−3
𝜀
=
(

(−3𝜀4)2 + (−3𝜀
ℸ
)2 = −5ℷ

⌈

1 + ℏ2 .

3 Note that the !eld 3
𝜀
 here is denoted as 3𝜀

4ℸ
 in Panteghini and Lagioia [52].
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The function ς in the B
𝜔
 model can be obtained by comparing this relation in terms of rates, i.e. 𝛻3

𝜀
= 𝛻5ℷ

⌈

1 + ℏ2, with Eq. (46) to 
deduce that

ς3
𝜔4

= 𝛻5 ℷ, (57)

or, in terms of increments,
−ς3

𝜔4
= −5 ℷ . (58)

The Kirchho# stress can then be computed as

𝜺 = 𝜚tr(∱ω)𝛓 + 2𝜍 4

4ω
∱ωϑ

.

5.2.2.  The case ℷϑ(ℸω) ⨌ 0
For the case ℷϑ(ℸω) ⨌ 0, 3

𝜔4
 can be computed as a function of the !nal value of the Lode angle only by combining Eqs.  (54) and 

(55) to obtain

3
𝜔4

= 3
ω
𝜔4

⦄

cos(ℸω ε ℸ) ε sin(ℸω ε ℸ)
ℏ(ℸ)

⟨

. (59)

The total equivalent plastic strain increment is equal to

−3
𝜀
= 3

ω
𝜔4
sin(ℸω ε ℸ)

)

1 + 1
ℏ(ℸ)2

.

Then, the !nal value of the Lode angle can be computed by solving the nonlinear scalar equation
33

𝜔4
ℷ(ℸ) ε 7

8
(3

𝜀
(⋆
≨
) + −3

𝜀
) = 0 .

Once ℸ and 4 = 3𝜍3
𝜔4
 are computed, the (ordered) principal components of 𝜺 read

𝐶1 = 𝜚tr(∱ω) + 2
3 4 sin

❳

ℸ + 2
31

/

, 𝐶2 = 𝜚tr(∱ω) + 2
3 4 sin (ℸ), 𝐶3 = 𝜚tr(∱ω) + 2

3 4 sin
❳

ℸ ε 2
31

/

.

The Kirchho# stress is !nally determined by resorting to the spectral theorem, observing that, due to isotropy, the eigenbasis of 𝜺
and ∱ωϑ are coincident. This yields [50]

𝐶 =
3
⦅

<=1
𝐶
<

𝜕∱ωϑ

𝜕𝐷
ω
<

,

with 𝐷ω
<
 denoting the (ordered) principal components of ∱ωϑ.

5.2.3.  Form of the elastic predictor for di"erent !nite-deformation models
As already pointed out, the foregoing algorithm can be used for the B

𝜔
, L(, and L(-MD models studied in this investigation.

Speci!cally, in the B
𝜔
 model, the elastic predictor ∱ω is

𝝎ω
𝜔
=

𝜗
𝜔
ε 1
3 𝛓 + 1

2
𝜛𝛡
ωϑ
𝜔
,

where

𝜛𝛡
ωϑ
𝜔
= 𝜗

ε2ϖ3
𝐵 𝛝

𝐵
𝜛𝛡
ϑ
𝜔
(⋆
≨
)𝛝

𝐵

𝜑
.

Instead, in the L( and L(-MD models the elastic predictor ∱ω refers to the Hencky’s logarithmic strain in Eq. (35), i.e.

+
ω
𝜔
= 1

2 ln
⟩

𝛡
ω
𝜔

⟪

,

where

𝛡
ω
𝜔
= 𝛝

𝐵
𝛡
𝜔
(⋆
≨
)𝛝

𝐵

𝜑
, 𝛡

𝜔
(⋆
≨
) = exp

{

2+(⋆
≨
)
}

.

For completeness, in Appendix B the algorithm for elastic distortional deformation and hardening in the B
𝜔
 model is re-derived by 

directly starting from the equations presented in Sections 3 and 4, also showing that it is a strongly objective algorithm, i.e. both 𝜛𝛡ωϑ
𝜔

and 𝜛𝛡ϑ
𝜔
 are properly invariant under superposed rigid body motions (e.g., Jabareen[23]).

5.2.3.1.  Characteristic feature of the L!-MD model. In contrast to the L( model, the L(-MD model uses expressions for the logarithm 
of a symmetric positive-de!nite second-order tensor based on projection operators developed in Luehr and Rubin[41], Sylvester[76] 
and summarized in Appendix C. Additionally, the L(-MD model uses an approximate and simple, yet accurate, derivative of the 
logarithm of a symmetric tensor, which is provided in Appendix D, that does not need the spectral representation of symmetric 
second-order tensors and is shown to be valid for 3D elastoplasticity of metals with small elastic strains.
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6.  Finite element formulation

The purpose of this section is to review the FE formulation with necessary modi!cations for large deformations. The FE formulation 
below is as commonly implemented in user element (uel) subroutines for Abaqus for the L(, L(-MD, and B

𝜔
 models, whose results 

are then discussed by using exactly the same !nite elements. The H-.* model, instead, employs the !nite elements available in the 
Abaqus library.

6.1.  Computation of the residuals

The internal virtual power of a continuum occupying a region 𝐸  in the current con!guration is expressed as

𝐹𝐺
<
= ⨍

𝐸

− ⋛ 𝐹𝛚d𝐻 , (60)

where the 𝐹𝝑 is any kinematically admissible variation of the general !eld 𝝑 and d𝐻  is the element of volume in the current con!g-
uration.

The adopted FE discretization is isoparametric, such that the same shape functions are employed to interpolate both the reference 
geometry and the displacement !eld, i.e.

𝐼
𝐽,𝐾

(𝟑) =
≨
⦅

<=1
𝐿

(<)(𝟑) 𝑀𝐼(<)
𝐽,𝐾

, 𝑁
𝐾
(𝟑) =

≨
⦅

<=1
𝐿

(<)(𝟑) 𝑀𝑁(<)
𝐾
,

where 𝐼
𝐽,𝐾

 and 𝑁
𝐾
 are the 𝐾-th components of the reference coordinates and of the displacement, respectively, ≨ is the total number 

of nodes, 𝐿 (<)(𝟑) is a standard polynomial shape function referred to the <-th node, 𝟑 is the vector containing the intrinsic coordinates 
of the parent element, and 𝑀𝐼(<)

𝐽,𝐾
 and 𝑀𝑁(<)

𝐾
 are, respectively, the 𝐾-th coordinate and the 𝐾-th displacement component of the <-th node.

The derivatives of the shape functions with respect to the reference coordinate system can be computed as
𝟒

𝐽
= 𝟓

ε1
𝐽
𝟒

𝜀
,

where 𝟒
𝜀
 is the matrix that contains the derivatives of the shape functions with respect to 𝟑 and 𝟓

𝐽
 is the jacobian matrix.4

Under these assumptions, the deformation gradient 𝛝 at the end of a generic step, which has to be stored in an array,5 can be 
computed as a function of the nodal displacements, ordered in the vector 𝑀𝟔, as:

𝛝 = 𝛓 + +
𝐼𝐽

𝟔 = 𝛓 +⨎(𝟒
𝐽
) 𝑀𝟔,

where ⨎(𝟒
𝐽
) is a linear function that maps the components of 𝟒

𝐽
 into a 5 ± 2≨ matrix for 2D FEs, or into a 9 ± 3≨ matrix for 3D FEs.

The derivatives of the shape functions with respect to the current con!guration can be computed as
𝟒 = 𝟓

ε1
𝟒

𝜀
, (61)

where

𝟓 = 𝟓
𝐽
𝛝
𝜑
, 𝟓

ε1 = 𝛝
ε𝜑

𝟓
ε1
𝐽

. (62)

The rate of deformation in Eq. (6) is computed as a function of the nodal displacement rates, as
𝛚 = ⨏(𝟒) 𝛻𝑀𝟔,

4 All the matrices and operators, for plane-strain, axisymmetric, and 3D brick elements are reported in Appendix E.
5 At the implementation level, the nonzero components of each second-order 2D tensor (symmetric or non-symmetric) are stored in a 5-component 

vector. For instance,

[𝛝] =
⦆

[

[

]

𝑂11 𝑂12 0
𝑂21 𝑂22 0
0 0 𝑂33

⟦

⟧

⟧

⌊

 𝛝 =

⦆

[

[

[

[

[

]

𝑂11
𝑂22
𝑂33
𝑂12
𝑂21

⟦

⟧

⟧

⟧

⟧

⟧

⌊

In the case of a 3D tensor, the components are stored in a 9-component vector, as

[𝛝] =
⦆

[

[

]

𝑂11 𝑂12 𝑂13
𝑂21 𝑂22 𝑂23
𝑂31 𝑂32 𝑂33

⟦

⟧

⟧

⌊

 𝛝 =

⦆

[

[

[

[

[

[

[

[

[

[

[

]

𝑂11
𝑂22
𝑂33
𝑂12
𝑂13
𝑂23
𝑂21
𝑂31
𝑂32

⟦

⟧

⟧

⟧

⟧

⟧

⟧

⟧

⟧

⟧

⟧

⟧

⌊
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where ⨏(𝟒) is a linear function that maps the components of the matrix 𝟒 into a 5 ± 2≨ matrix for 2D FEs, or into a 9 ± 3≨ matrix for 
3D FEs.

Hence, the internal virtual power given in Eq. (60) is discretized as

𝐹𝐺
<
= ⨍

𝐸

{⨏(𝟒)𝜑−
}

𝐹 𝑃𝟔d𝐻 .

By observing that d𝐻 = 𝜗
𝜔
d𝐻

𝐽
, the internal force is computed by integrating in the reference con!guration 𝐸

𝐽
 as

𝛝
<≨⋆ = ⨍

𝐸𝐽

{⨏(𝟒)𝜑−
}

𝜗
𝜔
d𝐻

𝐽
= ⨍

𝐸𝐽

{⨏(𝟒)𝜑 𝜺
}

d𝐻
𝐽
. (63)

Finally, on the basis of Section 5, the numerical procedures for evaluating the stress for the B
𝜔
 model and the L(, L(-MD models 

are provided in Algorithms 1 and 2, respectively. For the L( model this investigation uses the coding provided in de Souza Neto 
et al. [11], which holds only for 2D problems, while the L(-MD model here implemented is valid also for 3D problems. de Souza Neto 
et al. [11] explain that, in general, the return algorithm for the L( model requires an exponential map for determining the in"uence 
of 𝛝

𝜀
. However, this exponential map can be eliminated when logarithmic strains are adopted. For this reason, Algorithm 2 limits 

attention to the determination of the elastic trial value of the logarithmic strain.

Algorithm 1 Computation of the Cauchy stress − and of 𝜛𝛡
𝜔
.

Compute:

𝛝 = 𝛓 +⨎(𝟒
𝐽
) 𝑀𝟔, 𝛝

≨
= 𝛓 +⨎(𝟒

𝐽
) 𝑀𝟔

≨

Compute:

𝛝
𝐵
= 𝛝𝛝

ε1
≨
, 𝜗

𝐵
= 𝜗

𝜔
ϖ𝜗

𝜔
(⋆
≨
),

Compute the unimodular predictor:
𝜛𝛡
ωϑ
𝜔
= 𝜗

ε2ϖ3
𝐵 𝛝

𝐵
𝜛𝛡
ϑ
𝜔
(⋆
≨
)𝛝

𝐵

𝜑

Compute the elastic strain predictor:

𝝎ω
𝜔
=

𝜗
𝜔
ε 1
3 𝛓 + 1

2
𝜛𝛡
ωϑ
𝜔

Call the small strain plasticity routine  𝜺(𝝎ω
𝜔
) and 𝜕𝜺ϖ𝜕𝝎ω

𝜔

Compute the Cauchy stress tensor:
− = 𝜗

ε1
𝜔

𝜺

Compute the consistent tangent operator:
𝜕−ϖ𝜕𝛝 = 𝜕𝜺ϖ𝜕𝝎ω

𝜔

❳ 1
2 det 𝛝 𝜕 𝜛𝛡

ωϑ
𝜔
ϖ𝜕𝛝 + 1

3 𝛓, 𝛝
ε𝜑

/

ε −, 𝛝
ε𝜑

where 𝜕 𝜛𝛡ωϑ
𝜔
ϖ𝜕𝛝 is given in Eq. (F.1) of Appendix F.

Compute the deviatoric elastic strain:
𝜛𝛡
ϑ
𝜔
= 𝜺 ϑϖ𝜍

Compute 𝜛𝛡
𝜔
 using (A.4) and (A.6)

6.2.  FE sti"ness matrix

The FE sti#ness matrix is obtained by di#erentiating the internal forces 𝛝<≨⋆ with respect to the nodal displacements 𝑀𝟔. Observing 
that ⨏(𝟒) is a function of the derivatives of the shape functions in the current con!guration, the computation of the FE sti#ness 
matrix requires di#erentiation with respect to the nodal displacements. Combining Eq. (61) and (62) yields

𝟒 = 𝛝
ε𝜑

𝟓
ε1
𝐽
𝟒

𝜀
,

Hence:

𝜕𝟒ϖ𝜕𝛝
𝐾
=
⟩

𝜕𝛝
ε1ϖ𝜕𝛝

𝐾

⟪𝜑
𝟓
ε1
𝐽
𝟒

𝜀
,

where6

𝜕
⟩

𝛝
ε1⟪

<𝐾

𝜕(𝛝)𝑄𝑅
= ε

⟩

𝛝
ε1⟪

<𝑄

⟩

𝛝
ε1⟪

𝑅𝐾
. (64)

6 The derivative in Eq. (64) must be properly mapped in array notation to compute 𝜕(𝛝ε1)
𝑆
ϖ𝜕𝛝

𝑇
.
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Algorithm 2 Algorithm for 𝑂
𝜔
𝑂
𝜀
 plasticity (from Box 14.3 in de Souza Neto et al. [11]).

Compute:

𝛝 = 𝛓 +⨎(𝟒
𝐽
) 𝑀𝟔, 𝛝

≨
= 𝛓 +⨎(𝟒

𝐽
) 𝑀𝟔

≨

Compute:

𝛝
𝐵
= 𝛝𝛝

ε1
≨

Compute the elastic trial state:
𝛡
𝜔
(⋆
≨
) = exp

{

2+(⋆
≨
)
}

𝛡
ω
𝜔
= 𝛝

𝐵
𝛡
𝜔
(⋆
≨
)𝛝

𝐵

𝜑

Compute the elastic strain predictor:
+
ω
𝜔
= 1

2 ln
⟩

𝛡
ω
𝜔

⟪

Call the small strain plasticity routine  𝜺(+ω
𝜔
), +

𝜔
 and 𝜕𝜺ϖ𝜕+ω

𝜔

Compute the Cauchy stress tensor:
− = 𝜗

ε1
𝜔

𝜺

Compute the consistent tangent operator:
𝜕−ϖ𝜕𝛝 = 𝜕𝜺ϖ𝜕+ω

𝜔

❳ 1
det 𝛝 𝜕+

ω
𝜔
ϖ𝜕𝛡ω

𝜔

/

𝜕𝛡
ω
𝜔
ϖ𝜕𝛝 ε −, 𝛝

ε𝜑

where 𝜕𝛡ω
𝜔
ϖ𝜕𝛝 is given in Eq. (F.2)

Since ⨏(𝟒) is a linear operator, it follows that
𝜕⨏(𝟒)ϖ𝜕𝛝

𝐾
= ⨏(𝜕𝟒ϖ𝜕𝛝

𝐾
) .

Finally, computing the derivative of Eq. (63) yields

𝜕𝛝
<≨⋆ϖ𝜕 𝑀𝟔 = ⨍

𝐸0

⌋

{⨏(𝟒)𝜑
⟩

𝜕−ϖ𝜕𝛝 + −, 𝛝
ε𝜑 ⟪ + 𝛡

𝜑

}⨎(𝟒
𝐽
)
⌈

𝜗
𝜔
d𝐻

𝐽
,

where
⟩

𝛡
𝜑

⟪

𝐾
= ⨏⟩𝜕𝟒ϖ𝜕𝛝

𝐾

⟪𝜑
− .

7.  Assessment through benchmak problems involving large deformations

The following examples compare predictions and computational costs using the built-in hypoelastic constitutive option in Abaqus, 
here denoted as H-.* model, and the hyperelastic models L(, L(-MD, and B

𝜔
, previously presented. Since the material library 

of Abaqus does not include the Tresca criterion, all the models use the rounded Tresca yield function developed in Lagioia and 
Panteghini [36] with a rounding parameter ⊳ = 0.9999 (see Table 1). Speci!cally, for the H-.* model such criterion is implemented 
in a user material subroutine (umat) for Abaqus, as developed in Panteghini and Lagioia[52].

The considered benchmark problems are the plane-strain cyclic shearing of a square block, presented in Section 7.2, the necking of 
a circular cylindrical bar as in de Souza Neto et al. [11], which is presented in Section 7.3, and the drawing of a bar with a rectangular 
cross-section as in Panteghini [49], which is presented in Section 7.4. The assessment, however, begins in Section 7.1 with an analysis 
of the elastic strain measures used in the models under investigation.

Note that some !gures are plotted as functions of time, but since all models are rate-independent, the rate of loading does not 
in"uence the results.

7.1.  Preliminary analysis of the elastic strains adopted by the B
𝜔
 and L!, L!-MD models

To start analyzing di#erences in the constitutive equations between the B
𝜔
 model and of the L(, L(-MD models, it is convenient 

to compare the strain 𝝎
𝜔
 in Eq. (3) with the logarithmic strain +

𝜔
 in Eq. (35).

To this purpose, !rst the volumetric strains are written as functions of 𝜗
𝜔
 in the forms

3
𝑈
= tr(𝝎

𝜔
) = 𝜗

𝜔
ε 1, 𝑉

𝑈
= tr(+

𝜔
) = ln(𝜗

𝜔
) . (65)

Fig. 2(a) compares this expressions for moderate elastic deformations, showing very similar responses.
To compare the deviatoric strains, consider simple shear for which the velocity gradient 𝛛 is given

𝛛 = 𝛻5(1 , (3, (66)
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Fig. 2. (a) Comparison of the volumetric strains 3
𝑈
 and 𝑉

𝑈
 in (65); (b) Comparison of the eigenvalues 𝐷

<
 of 𝝎ϑ

𝜔
 and ∓

<
 of +ϑ

𝜔
 in (67) for simple shear.

where (
<
 is a !xed orthonormal triad and 5 is the engineering shear strain, which vanishes in the reference con!guration with 

𝝎ϑ
𝜔
= +

ϑ
𝜔
= 𝟕.

The eigenvalues 𝐷
<
 of 𝝎ϑ

𝜔
 for the B

𝜔
 model and the eigenvalues ∓

<
 of +ϑ

𝜔
 for both the L( and L(-MD models are given by

𝐷1 =
1
12 5

2 + 1
2

⟫

54

4 + 52, 𝐷2 = ε 1
6 5

2
, 𝐷3 =

1
12 5

2 ε 1
2

⟫

54

4 + 52,

∓1 =
1
2 ln

⌉

1 + 5
2

2 +
⟫

54

4 + 52

{

, ∓2 = 0, ∓3 =
1
2 ln

⌉

1 + 5
2

2 ε
⟫

54

4 + 52

{

.

(67)

Furthermore, note that the eigenvalues in Eq. (67) are ordered
𝐷1 ∳ 𝐷2 ∳ 𝐷3, ∓1 ∳ ∓2 ∳ ∓3 . (68)

From Fig. 2(b), which plots the eigenvalues for simple shear, it is clear that for moderate elastic deformations the L(, L(-MD, and B
𝜔

models predict similar responses (𝐷1 ϱ ∓1 and 𝐷3 ϱ ∓3), but for large elastic deformations the predictions are in general di#erent.
In particular, notice that Eq. (66) yields isochoric deformation, such that, although 𝐷2 is nonzero, ∓2 = 0, thus con!rming the 

general results presented in Section 3.4. Hence, for plane-strain isochoric deformations, the constitutive model (37) predicts vanishing 
component of 𝜺 normal to the plane. In contrast, for the B

𝜔
 model the normal component of 𝜺 does not vanish. This di#erence can have 

a signi!cant impact on the Lode angle in the elastoplastic regime and constitutes a fundamental reason for the di#erent responses 
observed in the following benchmark problems under plane-strain conditions.

7.2.  Plane-strain cyclic shearing of a square block

Under plane-strain conditions, consider the square block depicted in Fig. 3a, which has edge length 𝑊 = 1 m. The block is clamped 
at its bottom, has traction free lateral sides, and it is subjected to a uniform horizontal displacement and zero vertical displacement 
of the top edge.

The loading history consists of three steps: !rst, the top edge undergoes uniform horizontal displacement, increasing incrementally 
up to a maximum of 0.3𝑊 in the positive 𝑋 direction. In the second step, this displacement is gradually reduced to a minimum of 
ε0.3𝑊 . Finally, in the third step, the horizontal displacement is returned to zero, forcing the top edge of the block to return to its 
original position.

For both hypoelastic and hyperelastic simulations, a !xed time increment equal to ⋆0ϖ10 has been set to integrate the loading 
history, resulting in a total of 30 load steps to complete the analysis. Here, ⋆0 denotes the total load time of each step, in which the 
applied displacement varies linearly. It should be noted that ⋆0 is introduced as a dummy parameter since the constitutive models 
are rate-independent. In the case of elastoplastic simulations, the automatic time stepping procedure available in Abaqus has been 
adopted. An initial time increment of ⋆0ϖ100 has been speci!ed. The maximum time increment has been set to ⋆0ϖ100 for steps 1 and 
2, and to 2.5⋆0ϖ100 for step 3. 

The material properties are de!ned by Young’s modulus 𝑉 = 206 GPa and Poisson’s ratio 𝑌 = 0.29, corresponding to
𝜚 = 163 GPa, 𝜍 = 79.8 GPa, (69)

and the hardening function speci!ed by
7
8
=

𝐶
8

𝜍
, 𝐶

8
= 𝐶0 +

⟩

𝐶( ε 𝐶0
⟪{

1 ε exp
⟩

ε𝐹3
𝜀

⟪}

+𝑊
8
3
𝜀
,

𝐶0 = 450 MPa, 𝐶( = 715 MPa, 𝐹 = 16.93, 𝑊
8
= 129.24 MPa ,

(70)

where 𝐶0 is the initial yield stress, which reaches the saturation value 𝐶( at a rate governed by the material parameter 𝐹, and 𝑊
8
 is 

a hardening modulus governing the linear part of the isotropic hardening. 
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Fig. 3. Plane-strain cyclic shearing of a block: (a) geometry and boundary conditions and (b) undeformed mesh. Here, the units are in m.

Fig. 4. Elastic response to cyclic shearing: (a) shear reaction force and (b) normal reaction force predicted by the H-.*, L(, L(-MD, and B
𝜔
 models.

As displayed in Fig. 3b, the problem is discretized with a structured undeformed mesh constructed by 2500 eight-noded (i.e. 
bi-quadratic) FEs, each having a square shape. Reduced integration is adopted, such that each FE has four Gauss points. The analysis 
is performed for both elastic and elastoplastic responses, considering both von Mises and Tresca plasticity.

7.2.1.  Computational e#ciency
The numerical performances of the models (H-.*, L(, L(-MD, B

𝜔
) are summarized in Table 2. From this Table it can be observed 

that the number of loading steps for the four models is nearly the same for each of the di#erent material responses. However, the 
total iterations for the simulations are di#erent. In particular, in the absence of plasticity, the B

𝜔
 and the L(-MD models signi!cantly 

out-perform the H-.* and the L( models. For both the von Mises and Tresca materials the performance of the H-.*, L(-MD, and B
𝜔

models is about the same and they clearly out-perform the L( model. The comparison between the L( and L(-MD models demonstrates 
the importance of the modi!cations characterizing the L(-MD model documented in Appendices C and D.

7.2.2.  Hypo/hyper-elastic responses
Predictions of the four models H-.*, L(, L(-MD, and B

𝜔
 are shown in Fig. 4 for the horizontal (shear) and vertical (normal) 

reaction forces for elastic response as functions of time ⋆, normalized by the time ⋆0 required to complete a loading ramp. Contours 
of the von Mises stress and deformed shapes of the block are shown in Fig. 5 at the end of the reverse loading and in Fig. 6 after the 
block’s top surface has returned to its initial position. From these !gures it can be observed that the predictions of the shear reaction 
force Fig. 4a are close for all four models but not for the normal force in Fig. 4b. These results for the normal force are consistent 
with the di#erences predicted for the eigenvalues shown in Fig. 2b. From Fig. 5 it is observed that the stress contours are reasonably 
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Fig. 5. Hypo/hyper-elastic responses to cyclic shearing: Contours of von Mises stress at the end of the reverse loading predicted by the models (a)
H-.*, (b) L(, (c) L(-MD, and (d) B

𝜔
.

Table 2 
Cyclic shearing of a block: numerical performances of the models considered.

 No plasticity  von Mises  Tresca
 Model  Loading  Total  Loading  Total  Loading  Total

 steps  iterations  steps  iterations  steps  iterations
 H-.*  30  78  267  620  275  677
 L(  30  160  275  964  319  1250
 L(-MD  30  56  262  603  279  682
 B
𝜔

 30  43  270  648  277  683

close at the end of the reverse loading. However, as expected, the H-.* model does not predict hyperelastic response, as is seen by 
the nonzero value of the shear force in Fig. 4b and the !nite residual stresses in Fig. 6. In contrast, the residual stresses when the 
block’s top surfaces has returned to its initial position are small for the L( model and almost vanishing for the L(-MD and B

𝜔
 models, 

as they should be for hyperelastic response.
Observe that the unloading condition is particularly challenging for the L( model because it involves transitioning from distinct 

to coincident eigenvalues for distortional deformation. Handling such repeated eigenvalues requires speci!c numerical treatment of 
the spectral theorem, and di$culties in this regard increase numerical errors. In contrast, the L(-MD model employs an approximate, 
yet accurate, derivative of the logarithm of the tensor di#erently and it is less a#ected by the foregoing issue, resulting in a more 
stable sti#ness matrix and better performance under these critical conditions. 

7.2.3.  Elastoplastic response
Figs. 7 and 8 show contours of the von Mises stress and the deformed shapes for von Mises and Tresca plasticity, respectively. Also, 

Fig. 9a and b show predictions of the shear force and the normal force for the full cycle of loading, again for von Mises and Tresca 

Computer�Methods�in�Applied�Mechanics�and�Engineering�446��������118275�

18�



A. Panteghini et al.

Fig. 6. Hypo/hyper-elastic responses to cyclic shearing: Residual von Mises stresses, after the loaded surface of the block is returned to its original 
position, predicted by the models (a) H-.*, (b) L(, (c) L(-MD, and (d) B

𝜔
.

plasticity, respectively. Since the elastic deformations during large-deformation plasticity remain relatively small, the predictions of 
the four models are relatively close for these simulations, with the predictions of the L( and L(-MD models being closer to those of 
the B

𝜔
 model for both von Mises and Tresca plasticity, as can be determined by comparing the maximum stresses recorded in the 

!gures.
Fig. 10 focuses on Tresca plasticity, for which it shows the evolution along the loading history of the stress components and of 

the Lode angle in the material point in the centre of the block, as predicted by the L(-MD and B
𝜔
 models. The L(-MD is selected 

as representative of all models based on the logarithmic strain. Fig. 10a displays the in-plane stress components, which result to be 
almost identical for the L(-MD and B

𝜔
 models. In contrast, Fig. 10b presents the evolutions of the out-of-plane stress component, of the 

pressure, and of the Lode angle, which are signi!cantly di#erent, consistently with the discussion in Section 7.1. This di#erence in the 
out-of-plane stress component, in conjunction with the model-independent in-plane stress behavior, is the reason for the pronounced 
discrepancies in the predictions of the equivalent von Mises stress (see, e.g., Fig. 8) and Lode angle for the logarithmic strain-based 
models and the B

𝜔
 model. 

7.3.  Necking of a circular cylindrical bar

This section presents simulations of necking of a circular cylindrical bar under tension, which is a benchmark problem described 
in de Souza Neto et al. [11] and established since earlier contributions, such as that of Simo and Armero[72]. The bar has initial 
radius 6.413 mm and initial length 2𝑊 = 53.34 mm, as illustrated in Fig. 11 along with the undeformed mesh. To trigger the necking, 
a geometric imperfection is introduced with the radius reduced linearly from 𝐽0,max = 6.413 mm at the loaded end of the bar to 
𝐽0,min = 6.35 mm at the bar’s center. The same material properties in Eqs.  (69) and (70) of Section 7.2 are adopted. Due to the 
symmetry, only the upper half of the axisymmetric domain is discretized, using 200 8-noded, quadratic axisymmetric elements, with 
reduced integration (i.e. four Gauss points each). A total vertical displacement of 𝜛𝑁 = 7 mm is applied to the top half of the bar.
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Fig. 7. Cyclic shearing using von Mises plasticity: Contours of von Mises stress at the end of the reverse loading predicted by the models (a) H-.*, 
(b) L(, (c) L(-MD, and (d) B

𝜔
.

Table 3 
Necking of a circular cylindrical bar: Numerical perfor-
mances of the models considered, for 100 !xed time in-
crements.

 von Mises  Tresca
 Model  equilibrium iterations  equilibrium iterations
 H-.*  242  315
 L(  271  316
 L(-MD  216  246
 B
𝜔

 214  242

The necking process is simulated with the four models H-.*, L(, L(-MD, and B
𝜔
, using both von Mises plasticity and Tresca 

plasticity. A time-integration scheme with 100 !xed time increments has been adopted to compare the performances of the models. 
The numerical performances of the various models are recorded in Table 3 in terms of total number of equilibrium iterations. These 
results show that the numerical performance of the L(-MD and B

𝜔
 models is nearly the same, although the B

𝜔
 model is slightly more 

e$cient. However, the L(-MD and B
𝜔
 models are signi!cantly more e$cient than the H-.* and L( models for both von Mises and 

Tresca plasticity.
Fig. 12 shows the reaction force-displacement curves. Here, the force is normalized by >0𝐶0, where >0 denotes the initial value of 

the smallest cross-section area and 𝐶0 is speci!ed in Eq. (70). For a given plasticity criterion, all models yield nearly identical results. 
Moreover, up to the peak stress (corresponding to 𝜛𝑁ϖ𝑊 ϱ 0.1), the responses are basically independent of the adopted plasticity 
criterion (either von Mises or Tresca). Likely, this is due to the initially dominant uniaxial stress state.

Di#erences become noticeable after localization, where the models based on Tresca plasticity predict a more pronounced softening. 
This behavior can be ascribed to the lower shear stress levels associated with Tresca plasticity compared to the von Mises model when 
uniaxial stress levels are matched, leading to earlier and more intense localization phenomena.
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Fig. 8. Cyclic shearing using Tresca plasticity: Contours of von Mises stress at the end of the reverse loading predicted by the models (a) H-.*, (b)
L(, (c) L(-MD, and (d) B

𝜔
.

Table 4 
Necking of a circular cylindrical bar: Value of the 
normalized radial displacement at the bar’s center 
at the end of the analysis, predicted by the models 
(a) H-.*, (b) L(, (c) L(-MD, and (d) B

𝜔
.

   Model  Normalized radial displacement
  von Mises  Tresca  
  H-.* ε0.5917 ε0.6902  
  L( ε0.5857 ε0.6646  
  L(-MD ε0.5857 ε0.6646  
  B

𝜔
ε0.5861 ε0.6646  

Figs. 13 and 14 display the von Mises stress contours on the !nal deformed con!guration, as predicted by the four models, for 
von Mises and Tresca plasticity, respectively. There predictions for this problem by all models are nearly the same.

Table 4 presents the radial displacements at the center of the bar. The displacement is normalized by dividing it by the value of 
the initial radius, 𝐽0,min, of the central cross-section of the bar, thus providing an average measure of the large reduction in radius 
experienced by the cross-section subject to necking. While the L(, L(-MD, and B

𝜔
 models yield nearly identical results, the H-.*

model predicts a radial reduction that is slightly larger for both von Mises and Tresca yield conditions. As expected, !nite-deformation 
models based on Tresca plasticity predict a larger radial reduction in the cross-section subject to necking.

7.4.  Drawing of a bar with a rectangular cross-section

This section considers the drawing benchmark problem studied in Panteghini [49]. Speci!cally, a bar of total length of 180 mm 
has a rectangular cross-section which initially measures 33.5 mm ± 20 mm and is then reduced to a !nal geometry of 31.91 mm 
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Fig. 9. Cyclic elastoplastic shearing: (a) shear reaction force and (b) normal reaction force at the loaded surface of the block predicted by the models
H-.*, L(, L(-MD, and B

𝜔
 for both von Mises and Tresca plasticity.

Fig. 10. Cyclic elastoplastic shearing: (a) in-plane stress components and (b) out-of-plane stress component, pressure, and Lode angle predicted by 
the L(-MD and B

𝜔
 models for Tresca plasticity. The stress !elds are non-dimensionalized by the initial yield stress 𝐶0 and the Lode angle is expressed 

in radians.

± 17.88 mm. The inlet die angle (denoted as 29 in Panteghini [49]) is set to 8⋜, while the other inlet die angle (denoted as 2. in 
Panteghini [49]) is determined by the assumption that the bar is initially in contact with all die surfaces simultaneously. The die is 
assumed to be rigid and the contact interaction between the bar and the die is modeled by a Coulomb node-to-surface approach, with 
the friction coe$cient equal to 0.035.

The bar is made of 𝑍45 steel with the material properties de!ned by Young’s modulus 𝑉 = 200 GPa and Poisson’s ratio 𝑌 = 0.30, 
corresponding to

𝜚 = 167 GPa, 𝜍 = 76.9 GPa, (71)

and the hardening function speci!ed by
7
8
=

𝐶
8

𝜍
, 𝐶

8
= 𝐶0 + 𝑍3

≨

𝜀
, 𝐶0 = 345MPa, 𝑍 = 666.7MPa, ≨ = 0.30 . (72)

As illustrated in Fig. 15, a structured mesh of 56, 370 3D linear brick FEs, each with eight Gauss integration points,7 is used to discretize 
the bar. Due to symmetry conditions, only one quarter of the problem domain is modeled. The semi-edges of the cross-section are 
divided into 12 segments, while the bar length is subdivided into 180 parts. Overall, the FE model has 105, 375 degrees of freedom.

7 Note that, in general, full-integrated linear FEs may cause volumetric locking due to plastic incompressibility, particularly in the presence of 
large distortional plastic strains. However, the present simulations are negligibly a#ected by this issue. This has been veri!ed by comparing the 
results presented in Fig. 16 with those obtained with the H-.* model and Abaqus’ hybrid pressure-displacement elements (C3D8H). The results are 
in excellent agreement both for Tresca plasticity and for von Mises plasticity.
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Fig. 11. Necking: Initial geometry, boundary conditions, and undeformed mesh. The left edge of the mesh belongs to the centerline ℶ of the bar 
and the bottom edge of the mesh corresponds to a symmetry plane. Here, the units are in mm.

Fig. 12. Necking: Stress-strain curves showing softening for both von Mises and Tresca plasticity predicted by the H-.*, L(, L(-MD, and B
𝜔
 models.

Fig. 13. Necking of a circular cylindrical bar using von Mises plasticity: Contours of the von Mises stress predicted by the models (a) H-.*, (b) L(, 
(c) L(-MD, and (d) B

𝜔
.
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Fig. 14. Necking of a circular cylindrical bar using Tresca plasticity: Contours of the von Mises stress predicted by the models (a) H-.*, (b) L(, (c)
L(-MD, and (d) B

𝜔
.

Fig. 15. Undeformed mesh and initial geometry for the bar drawing process. This mesh models one quarter of the cross-section.

The simulation has been conducted under displacement control, by prescribing a total axial displacement of 300mm (i.e., 5ϖ3 of 
the initial total length of the bar) directly to the surface nodes located at the inlet end of the bar, that is, those initially closest to 
the die. The applied displacement increases linearly in a total time ⋆0. These boundary nodes are uniformly moved along the axial 
direction (ℶ in Fig. 15) in order to pull the bar through the die and reproduce the drawing process under tensile loading. The analysis 
has been carried out by using the automatic time stepping procedure available in Abaqus, with an initial time increment set to ⋆0ϖ150. 
The maximum allowed time increment has been set equal to ⋆0. 

Although the numerical model is based on Panteghini [49], in this study the contact interaction is modeled by resorting to a node-
to-surface approach, instead of the surface-to-surface one adopted in Panteghini [49], due to the use of user-de!ned FEs (uel) in 
Abaqus, which do not support surface-to-surface interactions. As a further di#erence, Panteghini [49] employs hybrid displacement-
pressure FEs.

The simulations are conducted by using only the three models H-.*, L(-MD, and B
𝜔
, but still by considering both von Mises and 

Tresca plasticity. In fact, as formulated, the L( model is applicable to 2D problems only, so it cannot be used for this 3D drawing 
problem. The numerical performances of the models, which are recorded in Table 5, indicate that all three models H-.*, L(-MD, and
B
𝜔
 cannot complete the simulation for von Mises plasticity. The H-.* model ceases to converge after only 16.6% of the simulation 

process. For von Mises plasticity, the models L(-MD and B
𝜔
 cease to converge when the last row of elements of the bar attempts to 

exit the die. This is also the simulation stage when the H-.* model ceases to converge for Tresca plasticity. This convergence issue is 
likely due to the severe distortion experienced by the back end of the bar, which is completely free and subject to signi!cant warping. 
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Fig. 16. Drawing force as a function of time for the H-.* and B
𝜔
 models, using von Mises and Tresca plasticity. The large star indicates the point 

at which the H-.* model ceases to converge for von Mises plasticity.

Fig. 17. Contours of the axial longitudinal stress at the end of the drawing process in the middle section of the bar for the (a) L(-MD model and 
the B

𝜔
 model using Tresca plasticity.

Table 5 
Drawing simulation: numerical performances of the H-.*,
L(-MD, and B

𝜔
 models.

 Model  %  Loading  Total  Equilibrium
 Completed  steps  Iterations  Iterations

 von Mises
 H-.* 16.6%  187  1276  1043
 L(-MD 99.4%  855  4490  2098
 B
𝜔

98.6%  783  4320  1965
 Tresca
 H-.* 99.4%  3864  20838  17151
 L(-MD 100%  1451  7776  4551
 B
𝜔

100%  1531  8034  4840

Instead, for Tresca plasticity, the L(-MD and B
𝜔
 models successfully complete the simulation. Moreover, from Table 5, it can be seen 

that the performances of the L(-MD and B
𝜔
 models are far better than that of the H-.* model.

Fig. 16 shows the normalized drawing force, 𝑂ϖ(>0𝐶0), as a function of the non-dimensional time, with >0 and ⋆0 denoting the initial 
cross-section area and dummyTXdummy– the total simulation time, respectively. This drawing force is lower for Tresca plasticity 
than for von Mises plasticity. In Fig. 16, the point where the H-.* model ceases to converge is indicated by a large star. The three 
models, when successful, predict similar values of the drawing force.

For Tresca plasticity, Fig. 17 presents contours of the axial longitudinal residual stress in the middle of the bar at the end of the 
analysis, for the models that completed the simulation, i.e. the L(-MD and B

𝜔
 models. From this !gure it can be seen that the solutions 

predicted by these two models are nearly identical.
Finally, from an engineering perspective, the foregoing analyses allow inferring that the !nite-deformation models considered 

provide very similar results, thus demonstrating their equivalence in predicting the large-deformation behavior under monotonic 
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loading conditions. Overall, the ease of implementation and the performance of the B
𝜔
 model suggest advantages of that model for 

the benchmark problems analyzed.

8.  Concluding remarks

This investigation has assessed di#erent formulations for !nite-deformation elastoplasticity dependent on the Lode angle, focusing 
on both accuracy and computational e$ciency. The study is limited to pressure-independent yield functions and isotropic response. A 
general yield function, as proposed in Lagioia and Panteghini [36], has been considered, which can be specialized to classical criteria, 
including, among others, von Mises, Galileo, and smooth approximations of Tresca and Mohr-Coulomb.

Four !nite-deformation constitutive models have been analyzed: one hypoelasto-plastic, denoted as H-.* model; two hyperela-
sto-plastic, both based on the logarithmic strain [19] and denoted as L( and L(-MD models; one hyperelasto-plastic, based on the 
left Cauchy-Green strain and denoted as B

𝜔
 model. The H-.*, L(, L(-MD  models share the fundamental feature of determining the 

elastic strain by computing the logarithm of a symmetric positive-de!nite second-order tensor. The H-.* model is the one included 
in the commercial FE software Abaqus [10]. The L( and L(-MD models di#er by the way they deal with the computation of the 
derivative of the logarithmic elastic strain.

Speci!cally, the L( model is as presented in de Souza Neto et al. [11], including its implementation, the latter being provided 
in detail by de Souza Neto et al. [11] in a version holding for 2D problems only. Instead, the L(-MD model as implemented here is 
applicable to 3D problems and determines the logarithmic strain by using projection operators developed in Luehr and Rubin[41],
Sylvester[76] and the exact rates of the eigenvalues discussed in Appendix D, without the need to determine ordered eigenvectors 
that can change orientation when two eigenvalues are coincident. Importantly, the derivatives in (D.2) are insensitive to potential 
multiplicity of eigenvalues, which can create signi!cant numerical errors, since 𝛡

𝜔
 is of order unity and 𝛡ϑ

𝜔
 can be small.

The B
𝜔
 model adopts the Eulerian formulation of the constitutive equations proposed in Rubin[61]. Also, the B

𝜔
 model is charac-

terized by a hyperelastic response, but, instead of using the logarithmic strain, it relies on an evolution equation for the symmetric 
unimodular elastic distortional deformation tensor 𝜛𝛡

𝜔
, that coincides with the left Cauchy-Green tensor in the absence of plasticity. 

This equation for 𝜛𝛡
𝜔
 is characterized by the distortional plastic rate, which is proportional to a symmetric second-order tensor 𝛠

𝜀
. 

One of the novelty of this work is the modi!cation of 𝛠
𝜀
 to incorporate the in"uence of the Lode angle.

The dependence of the plastic rate direction on the Lode angle complicates the time integration, since the derivative of the Lode 
angle with respect to the stress tensor is unde!ned when two principal stress components coincide. To address this issue, the return 
mapping has been formulated in terms of stress invariants, as formerly proposed, in the framework of small strains and rotations, 
in Panteghini and Lagioia[51,52]. This algorithm is applied to all models implemented in this investigation. Additionally, this work 
emphasizes that some numerical algorithms developed for small-deformation elastoplasticity can be employed for large-deformation 
elastoplasticity not only in the  most commonly adopted approach [11,71], but also in the B

𝜔
 model, which avoids the use of the 

logarithmic strain in favor of the computationally more convenient elastic strain in Eq. (3).
The numerical performance and the accuracy of the H-.*, L(, L(-MD, and B

𝜔
 models are compared for three engineering problems, 

always using both von Mises plasticity and Tresca plasticity and involving remarkably large deformations. The benchmark problems 
analyzed are: the plane-strain cyclic shearing of a square block; the necking of a circular cylindrical bar (taken from de Souza Neto 
et al. [11]); and the drawing of a bar with a rectangular cross-section (taken from Panteghini [49]).

The results indicate that all four models provide very similar the accuracy, except for large elastic deformations, leading to known 
issues in the H-.* model (see, e.g., [75]), which, in the absence of plasticity, does not ensure stress independence upon the strain 
path and fails to guarantee that the work done in a closed strain path vanishes. About the computational e$ciency, the L(-MD and
B
𝜔
 models exhibit comparable performances and outperform the L( model. However, the B

𝜔
 model has the advantage over the other 

models of being easier to implement, as it avoids the computation of the logarithmic strain and its derivative.
It is noted that hyperelastic constitutive equations for stress are expressed in terms of derivatives of a strain-energy function 

and the choice of the strain measure. Speci!cally, di#erent strain-energy functions and di#erent strain measures lead to di#erent 
constitutive equations for stress, all of which can be thermomechanically consistent. In this sense, the speci!c choice of the strain 
energy and strain measure is motivated by possible simpli!cations that may be adequate to model desired material responses. Since 
small elastic deformation response is unique, it only makes sense to compare di#erent nonlinear constitutive equations that predict 
the same small-deformation response. The examples in this paper have shown that for isotropic elastoplastic response of metals with 
small elastic strains, the predictions of the models L(-MD and B

𝜔
 are almost identical.

Among the open issues for future investigations, it is worth mentioning the extensions and modi!cations to model (i) pressure-
dependent yield functions and plastic dilatation; (ii) directional/anisotropic hardening; (iii) single-crystal plasticity; (iv) small-scale 
size-dependent plasticity. Speci!cally, investigating yield functions dependent not only on the second and third invariants, but also 
on pressure, and considering plastic dilatation should be accompanied with a careful and thorough experimental campaign in order 
to discern which !nite-deformation elastoplastic model better represents the response of speci!c materials.
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Appendix A.  Mathematical details

Using the invariants de!ned in Eq. (27), the de!nitions of )ϑ
,𝟏

ϑ in Eqs.  (39), (40) and the Cayley-Hamilton theorem for 𝜛𝛡
𝜔
 it 

follows that
ε 𝜛𝛡

3
𝜔
+ .1 𝜛𝛡

2
𝜔
ε 1

2
⟩

.
2
1 ε .2

⟪

𝜛𝛡
𝜔
+ 𝛓 = 𝟕,

𝜛𝛡
ε1
𝜔

= 𝜛𝛡
2
𝜔
ε .1 𝜛𝛡𝜔

+ 1
2
⟩

.
2
1 ε .2

⟪

𝛓,

.2 =
❳

.1
3 𝛓 + 𝜛𝛡

ϑ
𝜔

/

⋛
❳

.1
3 𝛓 + 𝜛𝛡

ϑ
𝜔

/

=
.
2
1
3 + ⌋

𝜛𝛡
ϑ
𝜔
⌋

2
,

tr
⟩

𝜛𝛡
𝜔

⟪

tr
⟩

𝜛𝛡
ε1
𝜔

⟪

ε 9 =
.1
2

❳

.
2
1 ε .2

/

ε 9 =
.
3
1
3 ε

.1
2 ⌋

𝜛𝛡
ϑ
𝜔
⌋

2 ε 9,

𝟏
ϑ ⋛ 𝜛𝛡ε1

𝜔
= ⌋

𝜛𝛡
ϑ
𝜔
⌋

2()ϑ2 ⋛ 𝟏ϑ),

(A.1)

Also, since 𝜛𝛡
𝜔
 is unimodular it follows that

det
❳

𝜛𝛡
ϑ
𝜔
+

.1
3 𝛓

/

= ε
❳

ε
.1
3

/3
+ 1

2 ⌋
𝜛𝛡
ϑ
𝜔
⌋

2
❳

ε
.1
3

/

+ det
⟩

𝜛𝛡
ϑ
𝜔

⟪

= 1,
❳

.1
3

/3
ε 1

2 ⌋
𝜛𝛡
ϑ
𝜔
⌋

2 .1
3 + 1

3 tr
⟩

𝜛𝛡
ϑ3
𝜔

⟪

ε 1 = 0,

.
3
1
3 ε

3.1
2 ⌋

𝜛𝛡
ϑ
𝜔
⌋

2 + 3⌋ 𝜛𝛡ϑ
𝜔
⌋

3tr
⟩

)
ϑ3⟪ ε 9 = 0,

.
3
1
3 ε

.1
2 ⌋

𝜛𝛡
ϑ
𝜔
⌋

2 ε 9 = .1⌋ 𝜛𝛡
ϑ
𝜔
⌋

2 ε 3⌋ 𝜛𝛡ϑ
𝜔
⌋

3tr
⟩

)
ϑ3⟪

,

(A.2)

where use has been made of the expression
tr
⟩

𝜛𝛡
ϑ3
𝜔

⟪

= 3 det
⟩

𝜛𝛡
ϑ
𝜔

⟪

. (A.3)

Furthermore, it can be shown that

𝟏
ϑ ⋛ )ϑ2 = 2

⌈

6
9

❲

ε sin
❳

1

6 + ℸ

/

cos2
❳

1

6 + ℸ

/

+ sin2(ℸ) cos(ℸ) ε sin2
❳

1

3 + ℸ

/

cos
❳

1

3 + ℸ

/\

= ε cos(3ℸ)
⌈

6
∲ 0,

tr()ϑ3) = 2
⌈

6
9

❲

cos3
❳

1

6 + ℸ

/

+ sin3(ℸ) ε sin3
❳

1

3 + ℸ

/\

= ε sin(3ℸ)
⌈

6
.

Given the value of 𝜛𝛡ϑ
𝜔
 the invariant .1 in Eq. (27) can be determined by requiring 𝜛𝛡𝜔

 to be a unimoduluar tensor

det
❳

𝜛𝛡
ϑ
𝜔
+

.1
3 𝛓

/

= 1,
❳

.1
3

/3
ε 1

2 ⌋
𝜛𝛡
ϑ
𝜔
⌋

2 .1
3 + det

⟩

𝜛𝛡
ϑ
𝜔

⟪

= 1. (A.4)

which yields a cubic equation for .1 [63]

.
3
1 ε 9

2 ⌋
𝜛𝛡
ϑ
𝜔
⌋

2
.1 + 27

⟩

det 𝜛𝛡ϑ
𝜔
ε 1

⟪

= 0, (A.5)
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with the solution

.1 =

}

⦃

⦃

⦃

⦃

⦃

⦃

⦃

⦄

⦃

⦃

⦃

⦃

⦃

⦃

⦃

⟨

3  if ⌋

𝜛𝛡
ϑ
𝜔
⌋ = 0

⌈

6⌋ 𝜛𝛡ϑ
𝜔
⌋ cos

⟩

1
3 arccos

⌉

sin(3ℸ) + 3
⌈

6
⌋

𝜛𝛡ϑ
𝜔
⌋

3

{⟪

 if ⟫

⟫

⟫

sin(3ℸ) + 3
⌈

6
⌋

𝜛𝛡ϑ
𝜔
⌋

3
⟫

⟫

⟫

∲ 1

⌈

6⌋ 𝜛𝛡ϑ
𝜔
⌋ cosh

⟩

1
3arccosh

⌉

sin(3ℸ) + 3
⌈

6
⌋

𝜛𝛡ϑ
𝜔
⌋

3

{⟪

 if ⟫

⟫

⟫

sin(3ℸ) + 3
⌈

6
⌋

𝜛𝛡ϑ
𝜔
⌋

3
⟫

⟫

⟫

> 1

(A.6)

where use has been made of Eq. (A.3). Following Lagioia et al. [37] the correct solution corresponds to the largest solution for .1 of 
the cubic Eq. (A.5).

Appendix B.  A strongly objective algorithm for elastic distortional deformation and hardening in the B𝝕 model

The numerical integration algorithm solves the evolution Eq. (42) for 𝜛𝛡ϑ
𝜔
 and Eq. (46) for 3

𝜀
, given the values

⌋

𝜛𝛡
ϑ
𝜔
(⋆
≨
), 3

𝜀
(⋆
≨
)
⌈

, (B.1)

where 𝜛𝛡
𝜔
 is determined by using Eqs.  (A.4) and (A.6) for a given value of 𝜛𝛡ϑ

𝜔
.

To integrate the evolution Eq. (26) for elastic distortional deformation it is convenient to introduce the trial value 𝜛𝛡ω
𝜔
, which 

satis!es the equations
𝜛𝛡
ω
𝜔
= 𝜛𝛝

𝐵
𝜛𝛡
𝜔
(⋆
≨
) 𝜛𝛝𝜑

𝐵
,

𝛻𝜛𝛡
ω
𝜔
= 𝛛

ϑ 𝜛𝛡ω
𝜔
+ 𝜛𝛡

ω
𝜔
𝛛
ϑ𝜑
, 𝜛𝛡

ω
𝜔
(⋆
≨
) = 𝜛𝛡

𝜔
(⋆
≨
) . (B.2)

It also follows that the deviatoric part 𝜛𝛡ωϑ
𝜔
 of the elastic trial satis!es the equations

𝛻𝜛𝛡
ωϑ
𝜔
= 𝛛

ϑ 𝜛𝛡ω
𝜔
+ 𝜛𝛡

ω
𝜔
𝛛
ϑ𝜑 ε 2

3
⟩

𝜛𝛡
ω
𝜔
⋛ 𝛚ϑ⟪

𝛓, 𝜛𝛡
ωϑ
𝜔
(⋆
≨
) = 𝜛𝛡

ϑ
𝜔
(⋆
≨
) . (B.3)

Then, the evolution Eq. (42) is approximated by
𝛻𝜛𝛡
ϑ
𝜔
= 𝛻𝜛𝛡

ωϑ
𝜔
ε ς

❲

𝜛𝛡
ϑ
𝜔
+ ℏ⌋ 𝜛𝛡

ϑ
𝜔
⌋𝟏

ϑ
\

, (B.4)

which is integrated using a backward Euler approximation of the derivative to obtain
𝜛𝛡
ϑ
𝜔
= 𝜛𝛡

ωϑ
𝜔
ε −ς

❳

𝜛𝛡
ϑ
𝜔
+ ℏ⌋ 𝜛𝛡

ϑ
𝜔
⌋𝟏

ϑ
/

, −ς = −⋆ς, (B.5)

which predicts the exact value of 𝜛𝛡ϑ
𝜔
 for elastic response with −ς = 0. Also, the solution of the evolution Eq. (46) is formulated in the 

implicit form
3
𝜀
= 3

𝜀
(⋆
≨
) + −ς3

𝜔4

⌈

1 + ℏ2 . (B.6)

The yield function 6 in Eq. (14) depends on the !nal values of 3
𝜔4
, ℸ. With the help of Eqs.  (3), (10), and (11), the value of 3

𝜔4
 at the 

end of the time step is given by
3
𝜔4

= ⌋

𝜛𝛡
ϑ
𝜔
⌋ϖ
⌈

6 . (B.7)

Taking the inner product of Eq. (B.5) with 𝟏ϑ yields
−ςℏ⌋ 𝜛𝛡ϑ

𝜔
⌋ = 𝜛𝛡

ωϑ
𝜔
⋛ 𝟏ϑ

, (B.8)

which can be substituted into Eq. (B.5) to obtain

𝜛𝛡
ϑ
𝜔
=

𝜛𝛡
ωϑ
𝜔
ε
⟩

𝜛𝛡
ωϑ
𝜔
⋛ 𝟏ϑ⟪

𝟏
ϑ

1 + −ς , ⌋

𝜛𝛡
ϑ
𝜔
⌋ =

(

⌋

𝜛𝛡ωϑ
𝜔
⌋

2 ε ( 𝜛𝛡ωϑ
𝜔
⋛ 𝟏ϑ)2

1 + −ς .
(B.9)

In these expressions 𝜛𝛡ϑ
𝜔
 and 𝜛𝛡ωϑ

𝜔
 have the same eigenvectors and 𝜛𝛡ωϑ

𝜔
 has the Lode angle ℸω, so that

𝜛𝛡
ωϑ
𝜔
⋛ 𝟏ϑ = ⌋

𝜛𝛡
ωϑ
𝜔
⌋ sin(ℸω ε ℸ), (B.10)

Thus, using Eqs.  (B.8)–(B.10), it follows that

−ς =
⌋

𝜛𝛡
ωϑ
𝜔
⌋ sin(ℸω ε ℸ)
ℏ⌋ 𝜛𝛡ϑ

𝜔
⌋

, ⌋

𝜛𝛡
ϑ
𝜔
⌋ =

⌋

𝜛𝛡
ωϑ
𝜔
⌋ cos(ℸω ε ℸ)
1 + −ς ,
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which can be used together with Eq. (B.9) to obtain

−ς = sin(ℸω ε ℸ)
ℏ cos(ℸω ε ℸ) ε sin(ℸω ε ℸ) ∳ 0,

⌋

𝜛𝛡
ϑ
𝜔
⌋ = ⌋

𝜛𝛡
ωϑ
𝜔
⌋

{

cos(ℸω ε ℸ) ε 1
ℏ
sin(ℸω ε ℸ)

}

,

𝜛𝛡
ϑ
𝜔
=

𝜛𝛡
ωϑ
𝜔
ε ⌋

𝜛𝛡
ωϑ
𝜔
⌋ sin(ℸω ε ℸ)𝟏ϑ

1 + −ς .

(B.11)

In summary, the equivalent elastic strain 3
𝜔4
 is de!ned by Eq. (11), the equivalent plastic strain 3

𝜀
 is determined by Eq. (B.6), the 

yield function 6 is de!ned by Eq. (14), the parameter ℏ is de!ned by Eq. (41), 7
8
(3

𝜀
) is a function that speci!es hardening, (−ς, 𝜛𝛡ϑ

𝜔
) 

are determined by Eq. (B.11), and 𝜛𝛡
𝜔
 is determined by Eq. (A.6), which are all functions of the unknown Lode angle ℸ at the end of 

the time step.
Following the procedure described in Panteghini and Lagioia[52] the solution algorithm is as follows:

Elastic response The algorithm starts by determining the elastic trial value 6 ω of the yield function using the elastic values
−ς = 0, ℸ = ℸ

ω
. (B.12)

If 6 ω ∲ 0, then the elastic trial values based on Eq. (B.12) determine the !nal values at the end of the time step.

Plastic response with constant Lode angle
If 6 ω

> 0 then the response is elastoplastic. Next, the trial Lode angle ℸω is determined based on 𝜛𝛡ωϑ
𝜔
 and the trial value ℏω = ℏ(ℸω)

is determined. If ℏω = 0 then the !nal solution is obtained by specifying ℸ = ℸ
ω and iterating on the value of −ς > 0 using Eq. (B.6) 

and

𝜛𝛡
ϑ
𝜔
=

𝜛𝛡
ωϑ
𝜔

1 + −ς ,
(B.13)

until the value of the yield criterion 6 Eq. (14) vanishes.

Plastic response with variable Lode angle
If 6 ω

> 0 and ℏω ⨌ 0 then the response is elastoplastic with variable Lode angle and the value of ℸ is iterated upon using Eqs.  (B.6) 
and (B.13) until the yield function 6 in Eq. (14) vanishes with the !nal values of all parameters determined by this !nal value of ℸ.

Next, the consistency of the foregoing equations with those in Panteghini and Lagioia[52] is demonstrated.
Using the de!nition of (10) of 𝝎ϑ

𝜔
 and de!ning 𝝎ωϑ

𝜔
 as

𝝎ωϑ
𝜔
= 1

2
𝜛𝛡
ωϑ
𝜔
,

the relations in Eq. (B.11) can be rewritten in the forms

−ς =
3
ω
𝜔4
sin(ℸω ε ℸ)
ℏ3

𝜔4

= sin(ℸω ε ℸ)
ℏ cos(ℸω ε ℸ) ε sin(ℸω ε ℸ) ,

3
𝜔4

= 3
ω
𝜔4

{

cos(ℸω ε ℸ) ε 1
ℏ
sin(ℸω ε ℸ)

}

,

𝝎ϑ
𝜔
=

𝝎ωϑ
𝜔
ε
⌈

3ϖ23ω
𝜔4
sin(ℸω ε ℸ)𝟏ϑ

1 + −ς

(B.14)

It should be noted that the !rst of these equations can be recovered by substituting the second relation in Eq. (55) into the second 
relation in Eq. (54) and making use of Eq. (58). Also, the second relation in Eq. (B.14) is coincident to Eq. (59). Consequently, the 
relations in Eq. (B.11) are consistent with those in Panteghini and Lagioia[52].

Appendix C.  Determination of the logarithm of a symmetric positive-de"nite second-order tensor

Let 𝛡 be a symmetric positive-de!nite second-order tensor with ordered eigenvalues (𝐷21 ∳ 𝐷
2
2 ∳ 𝐷

2
3). Following the work in Luehr 

and Rubin[41], Sylvester[76], the logarithm of 𝛡 can be expressed in the following forms, dependent on the eigenvalue multiplicity.
For three distinct eigenvalues (𝐷21 > 𝐷

2
2 > 𝐷

2
3):

ln(𝛡) = ln
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⟩
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⟩
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2
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⟩
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2
2𝛓
⟪⟩

𝛡 ε 𝐷
2
3𝛓
⟪

⟩

𝐷
2
1 ε 𝐷

2
2
⟪⟩

𝐷
2
1 ε 𝐷

2
3
⟪
, 𝟖2 =

⟩

𝛡 ε 𝐷
2
1𝛓
⟪⟩

𝛡 ε 𝐷
2
3𝛓
⟪

⟩

𝐷
2
2 ε 𝐷

2
1
⟪⟩

𝐷
2
2 ε 𝐷

2
3
⟪
, 𝟖3 =

⟩

𝛡 ε 𝐷
2
1𝛓
⟪⟩

𝛡 ε 𝐷
2
2𝛓
⟪

⟩

𝐷
2
3 ε 𝐷

2
1
⟪⟩

𝐷
2
3 ε 𝐷

2
3
⟪
.

For two equal eigenvalues (𝐷2
𝐵
= 𝐷

2
1 = 𝐷

2
2 > 𝐷

2
≨𝐵

= 𝐷
2
3) or (𝐷2≨𝐵 = 𝐷

2
1 > 𝐷

2
𝐵
= 𝐷

2
2 = 𝐷

2
3):

ln(𝛡) = ln
⟩

𝐷
2
𝐵

⟪

𝟖
𝐵
+ ln

⟩

𝐷
2
≨𝐵

⟪

𝟖
≨𝐵
, 𝟖

𝐵
=

𝛡 ε 𝐷
2
≨𝐵
𝛓

𝐷2
𝐵
ε 𝐷2

≨𝐵

, 𝟖
≨𝐵

=
𝛡 ε 𝐷

2
𝐵
𝛓

𝐷2
≨𝐵
ε 𝐷2

𝐵

.
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For three equal eigenvalues ⟩𝐷2
𝐵
= 𝐷

2
1 = 𝐷

2
2 = 𝐷

2
3
⟪

:

ln(𝛡) = ln
⟩

𝐷
2
𝐵

⟪

𝛓 .

In these equations the projection operators 𝟖
<
 are symmetric second-order tensors having the properties

𝟖
<
𝟖
𝐾
= 0 for < ⨌ 𝐾, 𝟖

<
𝟖
<
= 𝟖

<
no sum on < .

It is also noted that eigenprojection tensors are used in Heiduschke[18] to study generalized strain-space formulations and in Jog[27] 
to study the logarithm of a second-order tensor.

Appendix D.  An approximate, yet accurate derivative of the logarithm of a symmetric positive-de"nite tensor

Letting 𝛡 in Appendix C be the left Cauchy-Green deformation tensor, the logarithmic strain + can be de!ned by
+ = 1

2 ln(𝛡) = 1
4 ln(𝛡2) .

The material derivative of + is approximated by
𝛻+ ϱ 𝛻𝑃+ = 1

4𝛡
ε1 𝛻
𝛡2𝛡ε1 = 1

4
⟩

𝛡
ε1 𝛻𝛡 + 𝛻𝛡𝛡

ε1⟪
. (D.1)

Expressing these tensors with respect to the !xed triad (
<
 yields

𝛻𝑉
<𝐾
= 𝑉

<𝐾𝐵♭
𝛻♮
𝐵♭
,

𝑉
<𝐾𝐵♭

= 1
4
{

(𝛡ε1)
<𝐵
𝐹
𝐾♭
+ (𝛡ε1)

<♭
𝐹
𝐾𝐵
+ 𝐹

<𝐵
(𝛡ε1)

𝐾♭
+ 𝐹

<♭
(𝛡ε1)

𝐾𝐵

}

,

where 𝐹
<𝐾
 denotes the Kronecker symbol and 𝑉

<𝐾𝐵♭
 has 21 independent components since it satis!es the symmetries

𝑉
<𝐾𝐵♭

= 𝑉
𝐾<𝐵♭

= 𝑉
<𝐾♭𝐵

= 𝑉
𝐵♭<𝐾

.

To examine the approximation in the derivative (D.1), let 𝟗 be the skew-symmetric tensor determining the rate of rotation of the 
triad 𝟖

<
, such that
𝟗
𝜑 = ε𝟗, 𝛻𝟖

<
= 𝟗𝟖

<
ε 𝟖

<
𝟗 . (D.2)

Then, 𝛡 and the Henky strain + can be expressed in their spectral forms, which satisfy the equations

𝛡 =
3
⦅

<

𝐷
2
<
𝟖
<
, 𝛻𝛡 =

3
⦅

<

2𝐷
<
𝛻𝐷
<
𝟖
<
+ 𝟗𝛡 ε 𝛡𝟗, 𝛡

ε1 =
3
⦅

<

1
𝐷
2
<

𝟖
<
,

+ =
3
⦅

<

ln(𝐷
<
)𝟖

<
, 𝛻+ =

3
⦅

<

𝛻𝐷
<

𝐷
<

𝟖
<
+ 𝟗𝝎 ε 𝝎𝟗 .

(D.3)

Next, the approximation 𝛻𝑃+ in (D.1) can be written as

𝛻𝑃+ =
3
⦅

<

𝛻𝐷
<

𝐷
<

𝟖
<
+ 1

4 (𝛡
ε1
𝟗𝛡 ε 𝛡𝟗𝛡

ε1) . (D.4)

In particular, notice that the approximation 𝛻𝑃+ predicts the exact rates of eigenvalues determined by 𝛻+
𝛻𝑃+ ⋛ 𝟖

<
= 𝛻+ ⋛ 𝟖

<
=

𝛻𝐷
<

𝐷
<

. (D.5)

Thus, the only di#erence between 𝛻+ and 𝛻𝑃+ is the in"uence of the spin terms due rotation of the projection operators. This error 
does not in"uence the determination of 𝛝<≨⋆ in (63), which depends on the predicted values of + = 𝝎. However, the orientation of the 
strain tensor is determined by the equations of motion and boundary conditions, and in the L(-MD model the strain is determined 
using the projection operators in Appendix C. Consequently, the use of the expressions (D.2) together will the projection operators in 
Appendix C yield an excellent rate of convergence, as can be seen even for the nonlinear elastic response in Fig. 4. Importantly, the 
derivatives in (D.2) are insensitive to potential multiplicity of eigenvalues, which can create signi!cant numerical error, since 𝛡

𝜔
 is 

of order unity and 𝛡ϑ
𝜔
 can be small. 

Appendix E.  Finite element operators

E.1.  Plane strain

The matrix 𝟒
𝜀
 that contains the derivatives of the shape functions with respect to the intrinsic coordinate system 𝟑, can be 

expressed as

𝟒
𝜀
=
⦆

[

[

]

d𝐿 (1)

d𝐵 ..
d𝐿 (≨)

d𝐵
d𝐿 (1)

d♭ ..
d𝐿 (≨)

d♭

⟦

⟧

⟧

⌊

.
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The jacobian, in the reference coordinate system, can be computed as
𝟓
𝐽
= 𝟒

𝜀
𝑀∶
𝐽
,

where

𝑀∶
𝐽
=
⦆

[

[

[

]

𝑀𝐼
(1)
𝐽,1 𝑀𝐼

(1)
𝐽,2

.. ..

𝑀𝐼
(≨)
𝐽,1 𝑀𝐼

(≨)
𝐽,2

⟦

⟧

⟧

⟧

⌊

.

The nodal displacements are ordered in the vector 𝑀𝟔(𝐵, ♭) of 2≨ components
𝑀𝟔(𝐵, ♭) =

❲

𝑀𝑁
(1)
1 𝑀𝑁

(1)
2 .. 𝑀𝑁

(≨)
1 𝑀𝑁

(≨)
2

\𝜑

.

The second-order identitiy tensor, in array notation, has the form
𝛓 =

{

1 1 1 0 0
}𝜑

.

The ⨎(𝟒
𝐽
) operator is a linear function that maps the components of 𝟒

𝐽
 into the 5 ± 2≨ matrix and has the form

⨎(𝟒
𝐽
) =

⦆

[

[

[

[

[

]

(𝟒
𝐽
)11 0 .. (𝟒

𝐽
)1≨ 0

0 (𝟒
𝐽
)21 .. 0 (𝟒

𝐽
)2≨

0 0 .. 0 0
(𝟒

𝐽
)21 0 .. (𝟒

𝐽
)2≨ 0

0 (𝟒
𝐽
)11 .. 0 (𝟒

𝐽
)1≨

⟦

⟧

⟧

⟧

⟧

⟧

⌊

.

The operator ⨏(𝟒) is a linear function that maps the components of the matrix 𝟒 into a 5 ± 2≨ matrix and has the form

⨏(𝟒) =

⦆

[

[

[

[

[

]

𝑊11 0 .. 𝑊1≨ 0
0 𝑊21 .. 0 𝑊2≨
0 0 .. 0 0

1
2𝑊21

1
2𝑊11 ..

1
2𝑊2≨

1
2𝑊1≨

1
2𝑊21

1
2𝑊11 ..

1
2𝑊2≨

1
2𝑊1≨

⟦

⟧

⟧

⟧

⟧

⟧

⌊

.

E.2.  3D brick

The matrix 𝟒
𝜀
 that contains the derivatives of the shape functions with respect to the intrinsic coordinate system 𝟑, can be 

expressed as

𝟒
𝜀
=

⦆

[

[

[

[

]

d𝐿 (1)

d𝐵 ..
d𝐿 (≨)

d𝐵
d𝐿 (1)

d♭ ..
d𝐿 (≨)

d♭
d𝐿 (1)

d⋆ ..
d𝐿 (≨)

d⋆

⟦

⟧

⟧

⟧

⟧

⌊

.

The jacobian, in the reference coordinate system, can be computed as
𝟓
𝐽
= 𝟒

𝜀
𝑀∶
𝐽
,

where

𝑀∶
𝐽
=
⦆

[

[

[

]

𝑀𝐼
(1)
𝐽,1 𝑀𝐼

(1)
𝐽,2 𝑀𝐼

(1)
𝐽,3

.. .. ..

𝑀𝐼
(≨)
𝐽,1 𝑀𝐼

(≨)
𝐽,2 𝑀𝐼

(≨)
𝐽,3

⟦

⟧

⟧

⟧

⌊

.

The nodal displacements are ordered in the vector 𝑀𝟔(𝐵, ♭, ⋆) of 3≨ components
𝑀𝟔(𝐵, ♭, ⋆) =

❲

𝑀𝑁
(1)
1 𝑀𝑁

(1)
2 𝑀𝑁

(1)
3 .. 𝑀𝑁

(≨)
1 𝑀𝑁

(≨)
2 𝑀𝑁

(≨)
3

\𝜑

.

The second-order identity tensor, in array notation, has the form
𝛓 =

{

1 1 1 0 0 0 0 0 0
}𝜑

.

The ⨎(𝟒
𝐽
) operator is a linear function that maps the components of 𝟒

𝐽
 into the 9 ± 3≨ matrix and has the form

⨎(𝟒
𝐽
) =

⦆

[

[

[

[

[

[

[

[

[

[

[

]

(𝟒
𝐽
)11 0 0 .. (𝟒

𝐽
)1≨ 0 0

0 (𝟒
𝐽
)21 0 .. 0 (𝟒

𝐽
)2≨ 0

0 0 (𝟒
𝐽
)31 .. 0 0 (𝟒

𝐽
)3≨

(𝟒
𝐽
)21 0 0 .. (𝟒

𝐽
)2≨ 0 0

(𝟒
𝐽
)31 0 0 .. (𝟒

𝐽
)3≨ 0 0

0 (𝟒
𝐽
)31 0 .. 0 (𝟒

𝐽
)3≨ 0

0 (𝟒
𝐽
)11 0 .. 0 (𝟒

𝐽
)1≨ 0

0 0 (𝟒
𝐽
)11 .. 0 0 (𝟒

𝐽
)1≨

0 0 (𝟒
𝐽
)21 .. 0 0 (𝟒

𝐽
)2≨

⟦

⟧

⟧

⟧

⟧

⟧

⟧

⟧

⟧

⟧

⟧

⟧

⌊

.
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The operator ⨏(𝟒) is a linear function that maps the components of the matrix 𝟒 into a 9 ± 3≨ matrix and has the form

⨏(𝟒
𝐽
) =

⦆

[

[

[

[

[

[

[

[

[

[

[

[

]

(𝟒
𝐽
)11 0 0 .. (𝟒

𝐽
)1≨ 0 0

0 (𝟒
𝐽
)21 0 .. 0 (𝟒

𝐽
)2≨ 0

0 0 (𝟒
𝐽
)31 .. 0 0 (𝟒

𝐽
)3≨

1
2 (𝟒𝐽

)21
1
2 (𝟒𝐽

)11 0 ..
1
2 (𝟒𝐽

)2≨
1
2 (𝟒𝐽

)1≨ 0
1
2 (𝟒𝐽

)31 0 1
2 (𝟒𝐽

)11 ..
1
2 (𝟒𝐽

)3≨ 0 1
2 (𝟒𝐽

)1≨
0 1

2 (𝟒𝐽
)31

1
2 (𝟒𝐽

)21 .. 0 1
2 (𝟒𝐽

)3≨
1
2 (𝟒𝐽

)2≨
1
2 (𝟒𝐽

)21
1
2 (𝟒𝐽

)11 0 ..
1
2 (𝟒𝐽

)2≨
1
2 (𝟒𝐽

)1≨ 0
1
2 (𝟒𝐽

)31 0 1
2 (𝟒𝐽

)11 ..
1
2 (𝟒𝐽

)3≨ 0 1
2 (𝟒𝐽

)1≨
0 1

2 (𝟒𝐽
)31

1
2 (𝟒𝐽

)21 .. 0 1
2 (𝟒𝐽

)3≨
1
2 (𝟒𝐽

)2≨

⟦

⟧

⟧

⟧

⟧

⟧

⟧

⟧

⟧

⟧

⟧

⟧

⟧

⌊

.

Appendix F.  Useful derivatives

𝜕 𝜛𝛡
ω
𝜔
ϖ𝜕𝛝 = 𝜗

ε2ϖ3
𝐵

❲

𝜕𝛡
ω
𝜔
ϖ𝜕𝛝 ε 2

3
⟩

𝛝
𝐵
𝜛𝛡
𝜔
(⋆
≨
)𝛝

𝐵

𝜑
⟪

, 𝛝
ε𝜑

\

, (F.1)

where

𝜕
⟩

𝛡
ω
𝜔

⟪

<𝐾
ϖ𝜕(𝛝)𝑄𝑅 = 𝐹

<𝑄

⟩

𝛝(⋆
≨
)ε1

⟪

𝑅4

⟩

𝑃𝛡
𝜔
(⋆
≨
)
⟪

4♭

⟩

𝛝
𝐵

⟪

𝐾♭
+ 𝐹

𝐾𝑄

⟩

𝛝
𝐵

⟪

<4

⟩

𝑃𝛡
𝜔
(⋆
≨
)
⟪

4♭

⟩

𝛝(⋆
≨
)ε1

⟪

𝑅♭
, (F.2)

with (𝛠)
<𝐾
= 𝛠 ⋛ (

<
, (

𝐾
 being the components of the second-order tensor 𝛠 relative to the orthonormal base vectors (

<
. Also, 𝑃𝛡

𝜔
(⋆
≨
)

equals either 𝜛𝛡
𝜔
(⋆
≨
) for the B

𝜔
 model or 𝛡

𝜔
(⋆
≨
) for the L( and L(-MD models.
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