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ABSTRACT

Networks are mathematical structures that allow the representation of complex systems by jointly modelling the
elements of the system and the relationships that exist among them. To analyse different contexts or systems, method-
ological tools are necessary to allow for the quantitative estimation of the differences existing between two or more
networks. For this purpose, various tools have been proposed in the literature. This study is an exploratory analysis of
the impacts that different methods (distances and spectral methods) have on the comparative evaluation of two net-
works. The analyses were conducted through a simulation study that considered three different perturbation schemes
to investigate the behaviour of each method with increasing randomness in the perturbation scheme (i.e., edge
removal). Results show that the distances between adjacency matrices are sensitive only to changes in the network
density, while spectral methods are sensitive to changes in both the network density and the degree of the nodes.

1 | Introduction

Network science aims at understanding the structure of complex systems via the study of the relationships that charac-
terise the interacting elements of the network (Coscia 2021). These relationships are described by structures composed of
nodes, representing the actors of the system, and edges, representing the relationships between the actors of the system.

The study of networks is a well-established research area in mathematics and sociology (Albert and Barabési 2002;
Barabasi 2013; Crossley 2008; Lauritzen 1996; Strogatz 2001). Starting from the 2000s, there has been a strong pro-
liferation of network analysis in several fields, such as medicine (Barabasi et al. 2011; Butte et al. 2000; Szklarczyk
et al. 2015), psychology (Bhushan et al. 2019; Borsboom et al. 2021; De Ron et al. 2021), transportation sciences (Ducruet
and Lugo 2013; Guze 2014; Haznagy et al. 2015) and ecology (Anand et al. 2010; Creamer et al. 2016; Delmas et al. 2019).
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A key challenge in network science is network comparison, a pervasive and complex task. This difficulty arises from
the need to balance interpretability, result effectiveness and computational efficiency (Koutra et al. 2013; Tantardini
et al. 2019). Methods for network comparison can be classified into two groups depending on node correspondence
between networks (Tantardini et al. 2019). When two networks share the same node set or have a common sub-
set of nodes with known pairwise correspondence between them, their distances fall under the category of known
node-correspondence methods. Otherwise, they are categorised as unknown node-correspondence methods. Unknown
node-correspondence methods ideally allow the comparison of any pair of networks by condensing their global structure
into one or more statistics, which are then used to compute a distance.

Choice of the comparison method significantly influences the outcome of network comparison, making it essential
to understand each method’s characteristics to select the most suitable approach for a given problem. Tantardini
et al. (2019) provided a review of methods for comparing networks, addressing both node-correspondence and unknown
node-correspondence networks, and tested them on synthetic random networks considering different types of perturba-
tions. In their study, Wills and Meyer (2020) investigated the performance of a set of distances on random synthetic graphs
using a multi-scale lens. The authors categorised distances based on three scales, which measured the methods’ capability
to detect changes within a graph: the fine scale of the local connectivity, formed by the ego-net; the very large scale asso-
ciated with communities; and a mesoscale bridging the scales from the local to the global scales. Wilson and Zhu (2008)
examined the performances of the spectra of the adjacency, Laplacian and normalised Laplacian matrix. Specifically, the
authors investigated the cospectrality of these matrix representations and compared the Euclidean distance between spec-
tra and the edit distance between graphs. Martinez and Chavez (2019) compared the Euclidean distance with a dissimilar-
ity measure defined by Schieber et al. (2017) and kernel-based measures, and highlighted that the Euclidean distance has
a good trade-off between good and fast performances. The analysis of the state of the art reveals a lack of investigation on
the relationship between perturbation intensity and network distance metrics, particularly in two widely used approaches
for network comparisons: (i) distances based on adjacency matrices and (ii) distances based on spectral structures.

In this work, we analyse the effectiveness of Minkowski distances for adjacency matrices and Euclidean distance for
spectral structures. These methods are computationally efficient and widely applied in network science. We decided to
represent network structure by adjacency and spectral matrices, rather than specific network structures or estimation
models, to enhance the generalisability of the results and their adaptability to various application contexts.

To evaluate the performance of selected comparison methods, we tested each method under three different perturbation
schemes and four different network sizes. This study aims to highlight how different approaches respond to (i) an
increasing number of perturbations, (ii) the complete disconnection of a node and (iii) the influence of the order in
which edges are removed, ultimately allowing researchers to select the most suitable distance metric for their specific
research questions.

2 | Undirected Unweighted Network

The key structure of a network is the graph. The graph can be identified by the pair G = (V, E),where V' = {1, ... ,n}isthe
setof nodes and E is the set of edges. A graph is simple if it has no loops and if there are no multiple edges (Lauritzen 1996).
The size of the graph is determined by the number of nodes and it is denoted by N = |V'|. The node set can represent both
quantitative and qualitative variables, and the edge set represents probabilistic relationships between variables. In this
study, we focus on pure and undirected graphs, that is, nodes represent only one variable type, and the edge {i, j} and its
opposite {j,i} are equal and both present in E. In the undirected graph, the edges are graphically represented by lines
(Lauritzen 1996; Wills and Meyer 2020).

A graph can also be represented by the square N X N adjacency matrix (A), where each row/column corresponds to a
node and each cell represents an edge. In the case of an unweighted network, the cell a;; of A is equal to 1 if the edge
connecting the ith node and the jth node exists, or 0 otherwise. The adjacency matrix of an undirected graph is symmetric:
a;; = aj;. If the graph has no self-loops, the diagonal of the adjacency matrix contains zeros and it divides the adjacency
matrix of an undirected graph into two identical triangular halves (Coscia 2021).

3 | Comparing Networks

In this section, two node-correspondence methods for comparing networks are described: distances between adjacency
matrices, and distances between the spectra of three different types of matrices (hereafter only spectral methods).
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3.1 | Distances Between Adjacency Matrices

To compare two adjacency matrices (A; and A,), we consider distances from the Minkowski family, as defined in Li
et al. (2011), which are expressed as follows:

N N i
dyk(Ay,Ay) = lzzszj - a2,ij|k] k=1 @)

i=1 j=1

where a, ;; is the cell a;; of A, and a, ; is the cell g;; of A,.

By varying the value of k, three different notable distances can be obtained: the Manhattan distance, for k = 1; the
Euclidean distance, for k = 2; and the Chebychev distance, for k — oo (Coghetto 2016).

3.2 | Distances Between Spectral Methods

These approaches leverage spectral theory, a branch of mathematics dedicated to analysing and understanding the struc-
tural properties of networks through the eigenvectors and eigenvalues of associated matrices (Chung 1997). Spectral
methods provide valuable insights into the organisation and behaviour of networks by transforming complex structural
information into a more compact and mathematically tractable form. The spectrum A of a matrix is defined as the ordered
sequence of its eigenvalues A, which encapsulate critical information about the graph’s topology and connectivity.

According to Wilson and Zhu (2008), the spectral distance between two graphs can be quantified as the Euclidean distance
between the eigenvalues of the respective matrices representing the graphs, as shown in (2). This measure is particu-
larly appealing because it provides a straightforward and computationally efficient way to compare networks, capturing
structural differences directly through their spectral characteristics. Moreover, the spectral distance reflects variations in
global properties, such as connectivity patterns and modularity, making it a powerful tool for identifying similarities and
differences between complex networks.

d,(ALA,) = 2)

It is important to note that eigenvalues reflect the cohesiveness of node clusters and the underlying community struc-
ture within a network. Consequently, the choice of matrix representation significantly influences both the stability and
the representational power of the eigenvalues. Furthermore, the spectrum of each matrix can emphasise distinct graph
properties (Gera et al. 2018; Wilson and Zhu 2008).

In this study, we explored three spectral methods based on the Euclidean distance between the spectra of (i) adjacency
matrices, (ii) Laplacian matrices and (iii) normalised Laplacian matrices.

The Laplacian matrix L is defined as L = D — A, where A is the adjacency matrix of the graph and D is the diagonal
degree matrix (Wilson and Zhu 2008). In D, the diagonal entries are the degrees of the corresponding nodes, which
describe each node’s number of connections when the graph is simple (i.e., graph that does not have more than one edge
between any two nodes and no edge starts and ends at the same node).

The normalised Laplacian matrix (Chen et al. 2004; Wilson and Zhu 2008) is defined as

1 ifi=jandd; #0
1 . _
L =<- d,ll'j if aij =1 (3)
0 otherwise,

where d; and d; are, respectively, the degree of the node i and the degree of the node j, and g;; is a cell of the adjacency
matrix. The normalised Laplacian can be also written as £ = D~Y/2LD~Y/2,

The Laplacian and its normalised form are both positive semidefinite, and therefore they have all the eigenvalues greater
than or equal to 0; moreover, in the normalised Laplacian, all the eigenvalues are in the range [0, 2] (Chen et al. 2004;
Chung 1997).
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FIGURE1 | Graphical (left) and matrix (right) representation of a full network (FullNet) with 10 nodes and 45 edges.

4 | Simulation Study
41 | Simulation Experiment Design

We designed a set of three simulation experiments based on distinct perturbation schemes: nested ordered removal of
edges (NeOr), nested random removal (NeRa) and non-nested random removal (NoRa).

Each scheme follows a common experimental framework, beginning with a fully connected, undirected and unweighted
network, referred to as FullNet (see Figure 1). Edges are systematically removed, gradually reducing the network’s density.
This process continues until all edges are eliminated, leaving an empty network.

After each perturbation step, we measured the distance between the perturbed network and the original FullNet. To
quantify these differences, we evaluated seven distance metrics based on the adjacency matrix, including Manhattan,
Euclidean and Minkowski distances with k = {5, 10, 20,40}, as well as the limiting case k — 0. Additionally, we applied
three spectral methods, computing Euclidean distances from the spectra of the adjacency matrix, Laplacian matrix and
normalised Laplacian matrix.

To ensure comparability across different distance measures, we normalised each distance by dividing it by the distance
between FullNet and the empty network. This normalisation constrained all distance values to a range between 0 and 1.

We conducted experiments on networks of 10, 25, 50 and 100 nodes to explore how network size affects the stability,
sensitivity and behaviour of distance metrics under different perturbation schemes.

Since the nested ordered removal (NeOr) of edges follows a deterministic process, we performed a single simulation for
this scheme. In contrast, for the NeRa and NoRa schemes, we conducted 100 repetitions, each time varying the order of
edge removals to account for stochastic effects.

The following sections provide a detailed discussion of the methodology and results for each perturbation scheme. To
support the reader in comparing different strategies and provide a useful tool for guiding the definition of their own
analysis methodologies, Table 1 summarises the results of all simulations. The behaviour of the six distance measure-
ment strategies is described based on the percentage of removed edges at which distance values of 0.25, 0.50 and 0.75 are
observed.

4.2 | Nested Ordered Edge Removal

The first simulation scenario follows a strictly deterministic sequence of perturbations, ensuring that key events, such as
node disconnections, occur at fixed, predictable stages. This approach guarantees consistency across simulations, making
it easy to identify critical moments.
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TABLE1 | Percentage of removed edges at which distances of 0.25, 0.50 or 0.75 are observed.

NeOr NeRa NoRa
N nodes Distance 0.25 0.50 0.75 0.25 0.50 0.75 0.25 0.50 0.75
10 Manhattan 28.26% 52.17% 76.09% 28.26% 52.17% 76.09% 28.26% 52.17% 76.09%
Euclidean 8.70%  28.26% 58.70% 8.70% 28.26% 58.70% 8.70%  28.26% 58.70%

Minkowski 40 4.35%  4.35%  435%  435%  435%  435%  435%  435%  4.35%
Adjacency 26.09% 69.57% 91.30% 10.87% 32.61% 69.57% 10.87% 32.61% 69.57%

Laplacian 17.39% 39.13% 71.74% 21.74% 47.83% 73.91% 21.74% 47.83% 73.91%

Norm. Laplacian  21.74% 54.35% 80.43% 41.30% 73.91% 86.96% 41.30% 73.91% 86.96%

25 Manhattan 25.58% 50.50% 75.42% 25.58% 50.50% 75.42% 25.58%  50.50%  75.42%
Euclidean 6.64%  25.58% 56.48%  6.64%  25.58% 56.48%  6.64%  25.58% 56.48%

Minkowski 40 0.66% 0.66% 0.66% 0.66% 0.66% 0.66% 0.66% 0.66% 0.66%
Adjacency 34.22% 71.43% 92.36% < 7.31% 27.24% 61.13% 7.31% 27.57% 61.13%

Laplacian 12.96% 38.87% 69.77% 22.59% 48.50% 74.42% 22.59% 48.50% 74.09%

Norm. Laplacian 15.95% 43.19% 81.73% 61.46% 86.05% 93.69% 61.46% 86.05% 93.69%

50 Manhattan 25.12% 50.08% 75.04% 25.12% 50.08% 75.04% 25.12% 50.08% 75.04%
Euclidean 6.36% 2512% 56.36% 6.36% 25.12% 56.36%  6.36%  25.12% 56.36%

Minkowski 40 0.16% 0.16% 0.16% 0.16% 0.16% 0.16% 0.16% 0.16% 0.16%
Adjacency 40.29% 73.74% 92.99%  6.61% 26.10% 58.56% 6.61%  26.18% 58.56%

Laplacian 11.66% 38.50% 69.90% 23.65% 49.10% 74.55% 23.65% 49.10% 74.55%

Norm. Laplacian  15.58% 45.68% 81.16% 75.86% 92.41% 96.74% 75.86% 92.50% 96.66%

100 Manhattan 25.03% 50.03% 75.02% 25.03% 50.03% 75.02% 25.03% 50.03% 75.02%
Euclidean 6.28%  25.03% 56.27% 6.28%  25.03% 56.27% 6.28%  25.03% 56.27%

Minkowski 40 0.04% 0.04% 0.04% 0.04% 0.04%  0.04%  0.04%  0.04%  0.04%
Adjacency 41.53% 74.35% 93.48% 6.40%  25.53% 57.38% 6.40% 25.51% 57.40%
Laplacian 11.57% 38.34% 69.84% 24.28% 49.53% 74.77% 24.30% 49.53% 74.77%

Norm. Laplacian  13.59% 43.95% 80.89% 86.23% 96.04% 98.28% 86.25% 96.04% 96.04%

Note: Different network sizes, distance metrics and perturbation schemes were considered.

Starting from the adjacency matrix of FullNet (Figure 1, right), edges are systematically removed in a structured, ordered
manner. Specifically, the process eliminates edges by setting the first nonzero element g;; in the matrix to zero, corre-
sponding to the removal of the edge between nodes i and j. This is done row by row, proceeding sequentially from left to
right within each row. A new row is processed only after all elements in the current row have been set to zero.

Visually, this method ensures that all edges connected to a node are removed before proceeding to the next node. The
process systematically isolates one node at a time before moving forward, leading to a clear, step-by-step reduction in the
network’s connectivity (Figure 2).

The nested ordered removal generates a series of progressively perturbed networks, where the edges removed from a
network with p perturbations are permanently removed in all subsequent networks with p + g removed edges. The final
perturbation involves removing the edge connecting nodes N — 1 and N, resulting in an empty network.

The results of this ordered removal are shown in Figure 3 for the case of a network with 10 nodes. However, similar
considerations to the ones made in the following apply to networks of other sizes.

All distances computed from the adjacency matrices follow a consistently increasing pattern, and node disconnections
do not affect this trend.
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FIGURE2 | Graphical (top) and matrix (bottom) representation of the first three steps of the NeOr perturbation procedure.
The edge removed at each step and the corresponding entry in the adjacency matrix are highlighted in red.

a) Manhattan b) Euclidean ¢) Minkovski

! | values of k|
k=5

Distance

k=10

-- k=20
k=40

0 [ 17 24 30 35 39 4244 0 9 17 24 30 35 39 4244 9 17 24 30 35 39 4244

d) Adjacency Spectra e) Laplacian Spectra ) Normalised Laplacian Spectra

Distance

0 9 30 35 39 4244 0 9

17 17 30 35 39 4244 0 9
Number of perturbations Number of perturbations

17 2 30 35 30 4244
Number of perturbations

FIGURE3 | Network size: 10 nodes—Results of the nested ordered edge removal (NeOr) applying the Manhattan (plot a),
Euclidean (plot b) and Minkovski (plot ¢) distances on the adjacency matrix and the Euclidean distance on the adjacency spectra (plot
d), the Laplacian spectra (plot e) and the normalised Laplacian Spectra (plot f). The perturbations corresponding to a complete node
disconnection have been highlighted with a vertical grey dotted line. The vertical grey dotted line of the last perturbation (disconnecting
node 9 and node 10) is not shown for the sake of clarity of the plots.

The Manhattan distance (Figure 3a) weighs equally all the perturbations. For each perturbation (i.e., each edge removed),
the normalised distance between the FullNet and the perturbed network increases by 1/| E| (| E| is the number of edges in
the FullNet) independently by the type of edge removed or the density level of the perturbed network. In our simulation,
the Manhattan distance between the FullNet and a perturbed network corresponds to the number of perturbations (i.e.,
the number of deleted edges) divided by N (/N — 1)/2 (45, in the case of the network with 10 nodes).

Applying the Euclidean distance (Figure 3b), the first perturbations have higher impacts on the normalised distance than
the last ones. In the scenario with 10 nodes, the first three perturbations (i.e., from a network with 45 edges to a perturbed
network with 42 edges) result in a normalised distance increase of 0.26. Conversely, the final three perturbations (i.e.,
from a perturbed network with three edges to an empty network) lead to a normalised distance increase of 0.03 points,
which accounts for 13% of the impact of the initial three perturbations.
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Focusing on the general Minkovski distances (Figure 3c), the weight of the first perturbations increases as k increases,
up to the limiting case of k tending to infinity, whereby the first perturbation is associated with the maximum distance so
that each further perturbation does not increase the distance between the FullNet and the perturbed networks.

The normalised distance estimation patterns obtained with spectral methods are relevantly different from those based on
the adjacency matrix. The normalised distance computed on the adjacency matrix spectra has a non-monotonic pattern
(Figure 3d). Downward peaks are observed when a node is completely disconnected (vertical lines). Since the removal is
ordered, the pattern can be interpreted as follows. Focusing on a node, the first perturbations cause an increase in the nor-
malised distance from the FUIINet till the node has lost about 75% of the edges it had at the beginning of the perturbation
phase; then the distance starts to decrease. In the decreasing phase, the pth perturbed network has a lower normalised
distance from the FullNet than the perturbed network at the (p — 1)th step. For instance, the normalised distance of the
network perturbed at step 10 (with one disconnected node and one edge removed from the second node) from FullNet
is equal to 0.213, while the normalised distance of the network perturbed at step 5 (with no node disconnected and only
four edges removed from node 1) is equal to 0.248.

The distance pattern based on the Laplacian spectra (Figure 3e) is monotonous, akin to the one based on the Euclidean
distance computed on the adjacency matrix (Figure 3b). The first perturbations have a greater impact on the normalised
distance than the last ones. Within the same node, the impact of each perturbation on the normalised distance is more
homogeneous compared to case of the Euclidean distance on the adjacency matrix. Indeed, a quasi-linear effect within
each node can be observed.

The distance pattern of the normalised Laplacian spectra is characterised by a stepwise monotonic pattern. Within the
same node, perturbations lead to a relatively low increase in normalised distance. Strong increases in the distance are
observed when a node is completely disconnected (corresponding to the vertical grey dotted line in Figure 3f). For instance,
the perturbed network at step 8 showed a normalised distance of 0.1369 from the FullNet. The ninth perturbation, con-
sisting of the disconnection of the first node, increases the normalised distance of the perturbed network at step 9 from
the FullNet by 0.1966 (distance between network 9 and the FullNet is equal to 0.3335).

These observations, initially made for a network with 10 nodes, can be easily extended to networks of varying sizes.
Focusing on the first column of Table 1, the following patterns emerge across simulations with networks of 10, 25, 50, and
100 nodes. For Manhattan, Euclidean and Minkowski 40 distances, the percentage of edge removals required to reach
a given distance threshold decreases as the network size increases. However, the effect of network size becomes less
pronounced as the threshold value increases.

In contrast, for the Euclidean distance between the spectra of the adjacency matrix, the percentage of removals required to
reach a given threshold increases with the network size. The impact of network size is most pronounced at lower thresh-
olds and becomes negligible as the threshold increases. For the Euclidean distance between the spectra of the Laplacian
and normalised Laplacian matrices, similar patterns to those observed for Manhattan, Euclidean and Minkowski dis-
tances are seen. However, only at the 0.25 threshold is there a notable reduction in the percentage of removals required
to reach it, while for higher thresholds this variation becomes negligible.

4.3 | Nested Random Edge Removal

The second perturbation scheme aims to relax the hypothesis of ordered edge removal of the NeOr scheme. The aim is
to understand whether and to what extent the patterns identified in the previous scheme are influenced by the ordered
structure of edge removal. The NeRa scheme starts from the FullNet. At each perturbation, a cell a;; is randomly extracted
from among those of the adjacency matrix, which are still equal to 1. The cell g;; and the symmetric cell a;; are set equal
to 0, which corresponds to eliminating the edge between the node i and the node j. We proceeded with the perturbations
until we reached the empty network. The scheme led to a nested set of perturbed networks because, if an edge was
eliminated in the pth perturbation, it was surely eliminated also in all subsequent perturbations (Figure 4). The NeRa
scheme was replicated 100 times, modifying the random extraction sequence of the edges to be removed.

The results of the distance patterns calculated on the adjacency matrices are equal in all NeRa replicates and to those of
the NeOr scheme (Figure 3a-c). From these results, we can deduce that for all the distances considered and applied to
the adjacency matrix, neither the position of the edge removed in the network nor the degree of the perturbed nodes is
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FIGURE4 | Graphical (top) and matrix (bottom) representation of an example of the first three steps in the NeRa perturbation
scheme. The edge removed at each step and the corresponding entry in adjacency matrix are highlighted in red.
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FIGURES5 | Results of the nested random edge removal (NeRa scheme) applying the Euclidean distance on the adjacency spectra
(plot a), the Laplacian spectra (plot b) and the normalised Laplacian spectra (plot c).

relevant in the definition of the distance. Only the number of edges removed with respect to the total of edges in the initial
network (FullNet) has an impact on this set of distances.

In Figure 5, we report the mean and standard deviations of the normalised distances for the spectral methods measured in
the 100 replicates of the NeRa scheme for networks with 10 nodes. All mean patterns are monotonous but differ accord-
ing to the impact determined by the density of the disturbed network. The distance pattern measured on the adjacency
spectra weighs more the first perturbations than the last ones. In the case with 10 nodes, half of the maximum observed
normalised distance is reached between perturbations 13 and 14 (corresponding to 31% of the maximum number of remov-
able edges). As the density of the disturbed network decreases, the absolute increase in normalised distance with each
successive perturbation decreases. The variability around the mean pattern is contingent upon the diverse patterns of
edge removal and node disconnection observed in each replicate.

The distance measured on the Laplacian spectra shows an almost linear pattern, with little variability around the mean
value. No changes in the pattern are observed corresponding to the disconnection of nodes.

The trend of the mean normalised distance pattern calculated on the normalised Laplacian distance is quite different from
the that of the adjacency spectra. The distance on the normalised Laplacian spectra weighs less perturbations carried
out on the denser networks, while the contribution of the perturbations in the less dense networks is greater. In our
study, half of the maximum observed normalised distance is reached between perturbations 32 and 33 (corresponding
to the removal of 71% of the maximum number of removable edges). The variability concerning the mean value of the
pattern is proportional to the number of disconnections made in that perturbation. In our case, we observed that the first
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FIGURE 6 | Graphical (top) and matrix (bottom) representation of an example of the first three steps in the NoRa perturbation
scheme. The edges removed at each step and the corresponding entries in adjacency matrix are highlighted in red. Note that the edge
which connects node 4 and node 5 was randomly removed both in the first and third steps but was present in the second step.

disconnection over all the 100 replicates occurs at iteration 25, which corresponds to the point where the variability of
normalised distance trends from the mean pattern increases.

To investigate the impact of network size on the considered measures, we refer to Table 1. The results indicate that the
Manbhattan, Euclidean and Minkowski distances are invariant to the type of edge removal, which corroborates the findings
from the previous section. Additionally, the percentage of edges that must be removed to achieve a specific distance
threshold decreases as network size increases.

Notably, the results for the spectral methods provide further insights. For the Euclidean distance applied to the adjacency
matrix spectra, the percentage of edge removals required to reach a given threshold decreases as network size grows.
In contrast, for the Euclidean distance applied to the spectra of the Laplacian and normalised Laplacian matrices, this
percentage increases with network size. This effect is particularly pronounced for the normalised Laplacian, where the
proportion of removed edges to reach a specific threshold is strongly influenced by network size, especially at lower
threshold values.

These results confirm that the distance between adjacency matrix spectra behaves similarly to the Euclidean distance
between adjacency matrices, while the Euclidean distance between Laplacian spectra follows a pattern resembling that
of the Manhattan distance. On the other hand, the Euclidean distance between normalised Laplacian spectra exhibits
more distinct characteristics, assigning greater weight to perturbations in denser networks and being more sensitive to
network size, particularly for lower threshold values.

4.4 | Non-Nested Random Edge Removal

The third perturbation scheme relaxes the nesting condition. Starting from the FullNet, p edges are eliminated from the
original network at the pth perturbation; the removed edges are chosen randomly in each perturbation. Therefore, an
edge removed in the pth perturbation could be present in the (p + 1)th perturbation. The last perturbation is the one in
which all edges of the network are removed. The NoRa scheme was replicated 100 times, modifying the random extraction
sequence of the edges to be removed (Figure 6).

Also for the NoRa scheme, the results of the distances on the adjacency matrices are the same as those of the NeOr scheme.
The NoRa results on the measurements calculated on the spectra (see Figure 7 and Table 1) show patterns similar to those
of the NeRa scheme (Figure 5); therefore, the relaxation of the nesting condition did not lead to a change in distance
patterns.
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FIGURE 7 | Results of the non-nested random edge removal measured with the Euclidean distance on the adjacency spectra

(plot a), the Laplacian spectra (plot b) and the normalised Laplacian spectra (plot c).

5 | Final Observations and Remarks

In this work, we employed two different node-correspondence approaches (based on adjacency matrix and spectral meth-
ods) to quantify differences between undirected unweighted networks with the same number of nodes. The performances
of these methods were tested with a simulation experiment carried out considering three different perturbation schemes
with increasing degrees of randomness. The simulations did not consider specific network structures or estimation mod-
els, as the observations were based on network representations (adjacency matrix or spectral transformations of the
adjacency matrix) that underlie a variety of different models. The development of simulations on these objects allows
for greater generalisability of the results and adaptability to different application contexts.

The simulation study revealed that the distance estimates based on adjacency matrices are primarily influenced by
changes in network density and remain unaffected by variations in node degree. The behaviour of these metrics does
not alter, even with the introduction of randomness in the second and third perturbation schemes.

The selection of a specific distance within the Minkowski family (i.e., determining which value of k to choose in (1))
depends on the objectives of the network comparison analysis. Our results demonstrate that the Manhattan distance
emphasises the number of perturbations between the two networks. Larger values of k are better suited for placing greater
weight on even small perturbations.

Spectral methods, instead, are influenced by changes both in the density of the network and in the node degree. For
the nested ordered edge removal simulation, the adjacency spectral method exhibits a non-monotonic pattern, which
complicates the interpretation of the obtained distance estimation. This is particularly challenging, as the estimated dis-
tances may appear smaller for more perturbed networks compared to less perturbed ones. The Laplacian and normalised
Laplacian spectral methods, instead, present a monotonous pattern. In the random removal schemes, the impact of a per-
turbation estimated with the adjacency spectral method decreases as the network density decreases; in the normalised
Laplacian spectral method, instead, the impact of a perturbation increases as the density of the network decreases.

From the previous observations and the results presented in Table 1, it is evident that the estimation of differences between
networks is strongly influenced by the comparison tool employed. Understanding the behaviour of these tools is essential
for accurately interpreting the phenomena being compared. This study provides valuable insights into the performance of
methods based on adjacency matrices and three spectral methods, which are among the most commonly used in network
analysis. No single tool emerges as optimal for all types of investigations, as the behaviour of the distances varies depending
on the perturbation type, with more or less pronounced differences based on network size. Although it is not possible to
define one ‘optimal’ tool, the results of this study can guide the reader in selecting the most appropriate method based
on the research objectives, the context and the specific aspects they wish to emphasise in the comparison between two or
more networks.

Considering that the most common investigation scenario is the NoRa, where comparisons between networks with ran-
dom perturbations are allowed (i.e., not nested), the results show that both the Euclidean distance and the Euclidean
distance between the spectra of the adjacency matrix yield similar outcomes. These measures are not significantly
influenced by the network size and are suitable when the researcher wishes to emphasise edge removal, especially in
cases where lower intensity perturbations are of greater interest. In contrast, the normalised Laplacian distance and the
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Minkowski distance of order k—with k not excessively large —are more appropriate when the focus is on higher intensity
perturbations. The normalised Laplacian offers the advantage of not requiring the selection of a specific k value, although
it is more sensitive to network size. Finally, the Manhattan and Laplacian distances exhibit similar behaviour and can be
used when the researcher wants to avoid having the distance overly influenced by network density.
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