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Abstract

Questa tesi presenta un metodo di Galerkin discontinuo per la discretizzazione delle
equazioni di Navier-Stokes mediate alla Reynolds (RANS), basata sull’analisi iso-
geometrica con NURBS, applicata sia a regimi di gas ideale che reale. L’uso delle
NURBS consente di risolvere le equazioni direttamente sulla geometria esatta, come
definita in un ambiente di progettazione assistita al computer (CAD), senza essere
influenzati dall’accuratezza della discretizzazione geometrica, ovvero dal numero di
elementi della mesh. Questo approccio e integrato con un algoritmo di adattazione
anisotropa in h, che permette di raffinare una mesh inizialmente grossolana in base
all’accuratezza del campo di soluzione, valutata secondo diversi criteri di raffina-
mento. Grazie alle proprieta delle NURBS, la suddivisione della mesh puo essere
implementata direttamente, senza necessita di ulteriori modifiche al solutore, poiché
la geometria ¢ sempre preservata esattamente. Le equazioni RANS sono accoppiate
con un modello di turbolenza Spalart-Allmaras modificato, e le capacita predittive
del solutore sono migliorate grazie all'implementazione di equazioni di stato cubiche e
multiparametro, per considerare le caratteristiche di gas in regime non ideale. Il solu-
tore e stato validato con successo su una serie di casi test di riferimento che includono
regimi non viscosi e turbolenti, subsonici e supersonici. L’algoritmo di adattazione
in h viene descritto in dettaglio, confrontando diversi criteri di raffinamento e anal-
izzando I'impatto del raffinamento anisotropo sull’efficienza complessiva. Questo
lavoro esplora inoltre il potenziale dell’analisi isogeometrica nell’ottimizzazione di
forma per flussi turbolenti, grazie alla possibilita di modificare direttamente la ge-
ometria agendo sulla definizione NURBS anziché sui nodi della mesh. Un approccio
di programmazione quadratica sequenziale ¢ utilizzato per risolvere problemi di ot-
timizzazione con vincoli di uguaglianza. Viene eseguita un’ottimizzazione basata sul
gradiente, mostrando risultati promettenti che evidenziano i vantaggi di formulare
il problema di ottimizzazione rispetto alla posizione dei punti di controllo NURBS.
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Abstract

This thesis presents a high-order discontinuous Galerkin discretization for the
Reynolds-averaged Navier-Stokes (RANS) equations within a NURBS-based iso-
geometric analysis framework for both the ideal and real gas regime. The use
of NURBS allows to solve the equations on the exact geometry, as defined in a
computer-aided design environment, which is not influenced by the accuracy of the
geometry discretization, i.e., by the number of mesh elements. This approach is
coupled with an anisotropic h-refinement algorithm, which allows to refine an initial
coarse mesh according to the accuracy of the solution field, evaluated with different
refinement criteria. NURBS properties enable a straightforward implementation of
the mesh subdivision without the need of further manipulations since the geome-
try is always exactly preserved. The RANS equations are coupled with a modified
Spalart-Allmaras turbulence model, and the prediction capabilities of the solver are
enhanced by implementing a cubic and multiparameter equations of state to ac-
count for nonideal flow characteristics. The solver is successfully validated over a
series of benchmark test cases ranging from inviscid to turbulent, from subsonic
to supersonic regimes. The implemented h-refinement procedure is detailed, com-
paring different refinement criteria, and investigating the impact of the anisotropic
refinement on the overall efficiency. This work also investigates the potential of iso-
geometric analysis in shape optimization for turbulent flows, since a direct morphing
of the geometry is allowed by acting directly on the NURBS definition rather than
on the mesh nodes. A sequential quadratic programming approach is used to solve
the equality-constrained optimization problem. A gradient-based optimization is
performed, showing promising results that put in evidence the advantages of solving
an optimization problem with respect to the position of NURBS control points.
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Chapter 1

Introduction

Computational Fluid Dynamics (CFD) has become a fundamental tool in modern
industrial applications, playing a key role in both the analysis and design of systems.
Its ability to simulate complex flow phenomena complements physical experiments,
reducing the need for costly prototypes. Continuous advances in computational
power have enabled CFD to evolve beyond traditional methods, driving the devel-
opment and adoption of more accurate and efficient algorithms. As industries such
as aerospace, automotive, and naval engineering push the limits of performance and
efficiency, there is increasing interest to achieve highly accurate flow predictions,
which in turn has highlighted the limitations of conventional numerical methods.

1.1 Motivations

To evaluate the current capabilities and limitations of CFD in practical aerody-
namics, the American Institute of Aeronautics and Astronautics (ATAA) began the
High Lift Prediction Workshops (HLPW). These workshops, beginning in 2010, are
designed to assess the effectiveness of CFD tools in predicting maximum lift charac-
teristics in various high-lift configurations in industry-relevant applications. These
workshops have the objective of evaluating the impact of spatial discretization and
grid resolution on simulation results, focusing on flows with Reynolds numbers rang-
ing from =& 4 + 15 millions [1, 2, 3, 4].

The results of the workshops consistently reveal that the uncertainties inher-
ent in CFD methods present significant challenges. In terms of lift results, the
workshops demonstrated that lift predictions, especially near maximum lift, often
show considerable spread among CFD results, indicating variability between par-
ticipants and grid configurations. For example, a common conjecture is that the
CFD predictions of lift at high angles of attack show an oscillating behavior, that is,
simulations overpredict and underpredict lift near stall with respect to experimental
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value. Moreover, it is stated how the influence of the mesh is still quite dominant
for high-lift problems.

Such findings highlight the limitations of current CFD methods in delivering
reliable high-accuracy predictions. Innovative high-order and adaptive techniques
offer a promising direction for future work. Addressing these challenges requires the
development of accurate methods capable of resolving multiscale flow phenomena
while efficiently employing computational resources, increasing the reliability of CFD
for aerodynamic design.

The objective of this work is to develop a high-order, adaptive method for the
simulation of two-dimensional turbulent flows, that uses the exact geometry infor-
mation from the Computer Aided Design (CAD), allowing for more accurate results
and direct geometry manipulations, such as shape morphing and local refinements.

1.2 Previous work

1.2.1 Discontinuous Galerkin method

In response to the growing demand for accuracy, high-order numerical methods, in-
cluding discontinuous Galerkin (dG) methods, have gained significant importance [5,
6, 7, 8, 9, 10, 11]. Bassi et al. [5] discuss the use of dG methods to solve the
Reynolds-averaged Navier-Stokes equations (RANS) with a £ —w turbulence model.
The authors describe a dG approach for advection-diffusion problems and the han-
dling of viscous terms. Numerical results validate the approach with simulations of
turbulent boundary layers over flat plates and turbine blade wakes, demonstrating
the method’s stability, accuracy, and grid independence. Luo et al. [6] introduce a
dG method using a Taylor basis to simulate compressible flows on arbitrary grids.
The method represents the numerical solution using a Taylor series expansion in
cell centroids, allowing compatibility with both cell-centered and vertex-centered
finite volume (FV) schemes, since both can be viewed as special cases of this ap-
proach. Numerical experiments, such as shock tube and cylinder flows, are tested
to establish the accuracy and efficiency of the dG method compared to the finite
volume. Bassi et al. [7] study focuses on very high-order dG methods for turbulent
transonic flows for aeronautical configurations. Key features include a directional
shock-capturing technique to handle flow discontinuities and a description of solid-
wall boundary conditions for the k — w turbulence model. The results on different
wings geometries demonstrate the ability of the dG method to capture shocks and
provide accurate results even on coarse grids, showing the potential of dG to provide
accurate solutions in complex aerodynamic contexts. Uranga et al. [8] investigate
the use of a high-order dG method with Implicit Large-Eddy Simulation (ILES) to
predict the laminar-to-turbulent transition in low Reynolds number flows. The study
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demonstrates the ability of the dG method to resolve transitional structures such
as laminar separation bubbles and capture transition phenomena. Garai et al. [9]
examine scale-resolving simulations of bypass transition in a high-pressure turbine
cascade using a high-order spectral element dG method. The work demonstrates
the capability of dG methods to capture the features of transition and turbulence in
turbomachinery applications. The work of de la Llave Plata et al. [10] explores the
use of the dG method for Direct Numerical Simulation (DNS) and Large Eddy Sim-
ulation (LES) in wall-bounded turbulent flows. The authors highlight the benefits of
the dG method in terms of spectral accuracy, flexibility for high-order convergence,
and effective subgrid-scale modeling in LES, particularly with local hp-adaptation
to capture complex flow structures and improve computational efficiency. Bassi
et al. [11] present a p-adaptive, matrix-free dG method designed for ILES of in-
compressible transitional flows. Their results demonstrate significant reductions in
computational cost without compromising accuracy.

These methods offer substantial advantages, such as flexibility in mesh handling
and the ability to naturally incorporate h/p adaptive strategies [12, 13]. Further-
more, their compact stencils make them highly suitable for parallel computing envi-
ronments, allowing efficient use of computational resources. However, this increased
accuracy comes at a higher computational cost compared to traditional F'V meth-
ods [14], which has slowed the widespread adoption of dG methods in industrial
CFD.

1.2.2 Isogeometric analysis

One of the persistent challenges in CFD remains the mesh generation, particularly
in scenarios that require complex geometries. Generating a high-quality mesh can
be both time-consuming and computationally expensive, especially for aircraft, au-
tomotive, and ship design. The difficulty is further compounded by the fact that
once a mesh is generated, its connection to the original Computer-Aided Design
(CAD) model is often lost, limiting the effectiveness of adaptive mesh refinement,
an essential technique for resolving intricate flow features in regions not known a
priori.

IsoGeometric Analysis (IGA), introduced in the early 2000s, offers a promising
approach to address these challenges. Using CAD basis functions, such as Non-
Uniform Rational B-Splines (NURBS), IGA allows seamless integration of geom-
etry representation and solution approximation [15]. Unlike traditional methods
that rely on discrete geometric approximations, IGA maintains the exact geometry
throughout the analysis, which is critical for applications involving shape optimiza-
tion [16] and mesh refinement [17]. The ability of IGA to directly link the simu-
lation to CAD models has great potential for industries that require high-fidelity
simulations and efficient design cycles [18]. In the literature, IGA has been uti-
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lized primarily in the field of structural mechanics to address elliptic or parabolic
partial differential equations, with limited applications in CFD [19, 20]. Bazilevs
et al. [19] introduce a NURBS-based isogeometric variational multiscale approach
for wall-bounded turbulent flows, with weakly imposed Dirichlet boundary condi-
tions to simplify implementation. The approach demonstrates robustness and ac-
curacy on coarse meshes, showing potential for complex applications. Evans and
Hughes [20] developed a divergence-conforming B-splines for the unsteady incom-
pressible Navier—Stokes equations. This method provides pointwise divergence-free
solutions, ensuring mass conservation and enabling balance laws for momentum,
energy, vorticity, and helicity. The study demonstrates the ability of the method to
simulate benchmark flows like the Taylor-Green vortex, indicating the potential for
broader applications.

1.2.3 1IGA-based discontinuous Galerkin method

The first attempts to couple dG and NURBS (IGA-dG) can be found in Sevilla
et al. [21], Silveira et al. [22] and Zhang et al. [23]. Sevilla et al. [21] propose
the NURBS-Enhanced Finite Element Method (NEFEM). NEFEM improves the
accuracy of finite elements method (FEM) for problems with curved boundaries by
using exact boundary representations. Silveria et al. [22] focus on the treatment of
NURBS-based curved boundary representation. Zhang et al. [23] present an IDA-
dG approach to solving elliptic equations on 3D surfaces with multiple NURBS
patches. The method reduces geometric error and adapts to nonconforming patches,
supporting both h- and p-refinement. Langer and Toulopoulos [24] present an IGA-
dG method to solve linear diffusion with discontinuous diffusion coefficients. The
report provides an a priori error analysis that shows optimal convergence rates of
the discretization with respect to the error norm. Chan and Evans [25] develop a
multipatch IGA-dG method for wave propagation where, as a key feature, a weight-
adjusted approximation method is introduced to simplify the inversion of the mass
matrix in curved domains. Yu et al. [26, 27| developed an adjoint-based adaptive
IGA-dG solver for the Euler equations, where an error estimation procedure is used
to improve the estimation of outputs of interest. As a step forward, Duvigneau et
al. [28, 29] proposed a NURBS-based dG solver for compressible steady/unsteady
Euler and Navier-Stokes equations. The approach is based on a fully isogeometric
formulation to simulate laminar flows, demonstrating the effectiveness of the metohd
beyond inviscid flow simulations.

1.2.4 1GA-dG shape optimization

The direct link to the CAD definition made available by IGA plays a crucial role
in shape optimization procedures, where a manipulation of the geometry can be
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applied directly to the original definition without any further approximation. Wang
et al. [30] present an adjoint-based airfoil shape optimization algorithm using an
IGA-dG method for compressible Euler equations. The airfoil is parameterized us-
ing B-spline curves, with specific control points serving as design variables for a
gradient-based optimization, where the gradient is computed from the adjoint so-
lution. Pezzano et al. [31] introduce a CAD-consistent aerodynamic optimization
approach for airfoil design. A Bayesian optimization framework is employed to
optimize NURBS control points under single- or multi-objective functions, demon-
strating high parallelization efficiency.

1.2.5 Real gas modeling

The study of real gas effects in CFD is particularly important in high pressure
and high temperature regimes near saturation, where deviations from classical gas
dynamics arise, such as the suppression of shock waves. Real gas modeling often
involves articulated equations of state (EoS) to account for complex molecular struc-
tures. The focus on nonideal compressible fluid dynamics (NICFD) has intensified
because of its engineering applications in the conversion of renewable and waste en-
ergy sources. These include systems such as organic Rankine cycles (ORCs), power
plants utilizing supercritical carbon dioxide cycles, combustors that operate with
supercritical fluids, gas liquefaction processes, carbon capture and storage (CCS)
systems, and heat pump technologies.

The coupling of an accurate CFD solver with sophisticated thermodynamic mod-
els has been investigated, mainly in the finite-volume framework [32, 33, 34, 35].
However, the increasing computational power and the higher accuracy expected by
industry motivates the recent interest in higher-order accurate solvers for NICFD,
especially within a dG framework [36, 37].

1.3 Thesis overview

This thesis presents a further improved isogeometric discontinuous Galerkin solver
for the efficient solution of transonic turbulent flows. In particular, this work makes
the following contributions:

e an isogeometric dG discretization of the RANS equations and Spalart-Allmaras
turbulence model based on NURBS;

e a geometrically consistent anisotropic h-adaptation algorithm to improve the
accuracy and computational cost of the solver;

e a gradient-based shape optimization procedure using sensitivities provided by
the adjoint method;
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e an implementation of a real-gas model for accurate turbomachinery applica-
tions.

This thesis begins with an introduction to NURBS in Chapter 2. Here, the
mathematical framework and geometric representation capabilities of NURBS are
detailed, setting up a basis for mesh generation and surface modeling crucial for
isogeometric discontinuous Galerkin applications.

Chapter 3 introduces the discontinuous Galerkin framework, providing a compre-
hensive overview of the discretization of the RANS equations, the implementation
of a modified Spalart-Allmaras turbulence model and a shock capturing technique.
Information on the time integration scheme used here is also given.

Chapter 4 validates the accuracy and reliability of the solver by comparing the
computational results with experimental data and literature results, ranging from
inviscid to turbulent, from subsonic to transonic and supersonic flows.

Following validation, the focus shifts to the h-refinement techniques employed.
Chapter 5 demonstrates how refining the grid locally in critical regions improves
the accuracy of the results without excessively increasing computational costs, con-
tributing significantly to the efficiency of the solver.

Chapter 6 presents a gradient-based shape optimization procedure, employing
the discrete adjoint method for gradient calculation and the sequential quadratic
programming approach to minimize an objective function. The approach is tested
in aerodynamic optimization cases, illustrating its ability to act on quantities of
interest such as lift and drag.

Chapter 7 is dedicated to real gas modeling using the Peng-Robinson equation
of state in the context of a turbine cascade. This model addresses deviations from
ideal gas behavior, particularly under high-pressure, high-temperature conditions
typical for turbomachinery applications in ORCs and large heat pumps, providing
insight into the impact of real gas effects on flow features.

Finally, the thesis concludes in Chapter 8 with a summary of the research con-
tributions, discussing the strengths and limitations of the developed methods, and
suggesting future developments for NURBS-based dG solvers.



Chapter 2

NURBS representation and mesh
generation

CAD software representations are commonly based on B-Splines and NURBS [18].
In this chapter, the mathematical foundations of NURBS are introduced, detailing
how parametric curves and surfaces are defined through control points, weights,
and knot vectors. These concepts are used to define the basis functions used in
the solver for both geometric representation and solution approximation. Special
focus is placed on the basis manipulations necessary to make them suitable for a
discontinuous framework and on how all these concepts translate in the generation
of the computational domain.

2.1 Bézier curves

When dealing with parametric CAD geometries, having a clear understanding of
what Bézier curves are is first necessary. These notions become particularly impor-
tant since they play a key role within discontinuous frameworks, as will be outlined
in Sec. 2.3. Given Py, P;, ..., P, control points in the space, a Bézier curve of degree
p is defined as [38]:

C(¢) = ZB?(&)PZ-, (2.1)

where BY are referred to as Bernstein polynomials, and are expressed in the form:

sro = (.7 )ea-eo 22)

1—1

with £ € [0, 1]. Equation (2.1) acts as a transformation from the parametric domain
(&) to the physical domain (z,y), as shown in Fig. 2.1.
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/Q P,

Figure 2.1: Cubic Bézier curve mapped from the parametric domain to the physical
domain

The ease of definition and implementation of Bézier curves comes at the cost
of a series of limitations, like the i) global control issue, where moving any control
point affects the entire curve, making local adjustments difficult and unintuitive, )
curve degree directly related to the number of control points, meaning that a high
number of control points results in high-degree polynomials, that lead to numerical
instability, 4ii) lack of local refinement, as adding control points always alters the
entire curve, making it hard to refine just a specific section without affecting the
rest, iv) inefficient representation for complex geometries, where many control points
are needed to define intricate shapes, which in turn increases the curve degree and
computational complexity, v) absence of a knot vector, which limits control over
the curve’s parameterization and makes it hard to adjust the curve’s flexibility in
specific regions.

2.2 NURBS representation

To overcome the limits of the Bézier representation, the use of B-splines is necessary.
This class of curves can be used to represent complex geometries while maintaining
a low degree and a low number of control points. Still, B-splines cannot be used to
define conic sections, such as circles and ellipses. This is the reason why a further
generalization is needed, which can be found in NURBS.

2.2.1 NURABS basis function

NURBS functions are a rational extension of B-Spline functions [39].  One-
dimensional NURBS basis functions are defined over a parametric domain that
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—

is subdivided by knots and are not nonzero on the entire interval. Let 2 =
(€1, .., &n] € R™ represent a knot vector, a nondecreasing sequence of real numbers
(knots). The half-open interval [§;,&;11) defines the i-th knot span. In this work,
only open knot vectors are considered, meaning the first and last knots have a mul-
tiplicity of p+ 1 (ie., & = ... = &1 and &, = ... = uypy1), Where p is the degree
of the curve. In the physical space, this property ensures that the curve is both
interpolating and tangent at its endpoints.

NURBS can be considered as a generalisation of B-Splines, where the i** B-Spline
function is multiplied by a weight w; € R™, thus obtaining the NURBS function of
degree p, written as

, w;NY (€)
RE = 2.3
R SERTIEE 2
where
opy _ J1 &G <SE< &G
Ni(e) = {O otherwise 7 (24)
NP(E) = =S N () St =S pi) (25)

€i+p fl £i+p+1 - £i+1

It is worth noting that a zero value is given where 0/0 occurs. This is referred to as
the Cox-de Boor recursion formula [40, 41].

2.2.2 NURABS curves

NURBS curves in R? are constructed through a linear combination of rational basis
functions. The coefficients of the combination are the so-called control points P;,
which are in some way analogous to the nodal coordinates in finite element analysis.
In general, control points are not interpolated by the NURBS curve, which can be
defined as

_ iowilV, 2(

C(¢) = > Ow]Np ZR (2.6)
where C(§) are the coordinates of the curve points in the physical space. For the
Bézier curves, Eq. (2.6) acts as a transformation from the parametric domain (§)
to the physical domain (x,y). For example, each control point is associated with
a unique basis function, whose trend defines the influence of the respective control
point on the shape of the curve at a specific value of the parameter £. As a conse-
quence, in a NURBS framework, each control point has a weight; by increasing the
weight value, the curve will pass closer to that point, as visible in Fig. 2.2.

Rational geometries represented with basis expressed like in Eq. (2.6), hence with
a common denominator, exhibit a graceful geometric explanation that produces
efficient processing and compact data storage [39]. The basic idea resides in the
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\éveight increase

P, Py

Figure 2.2: Comparison of NURBS curves by varying the weight of control point P,

use of homogeneous coordinates to define a rational curve in n dimensional space
as a polynomial curve in (n + 1) dimensional space [42]. Starting with a control
point in a three-dimensional Euclidean space, P = (x,y, z), one can rewrite P as
PY = (wz,wy,wz,w) in a four-dimensional space, with w # 0 being the weight
assigned to it. Then P is obtained from P“ by dividing all coordinates by the
weight, obtaining P = (%, Lz, 1). This procedure acts as a mapping of P from

the origin to the hyperplane w = 1, as shown in Fig. 2.3.

2.2.3 Derivatives of NURBS Curves

To compute the first derivative C’(£) of a NURBS curve as defined in Eq. (2.6), the
quotient rule is applied [39]:

Yo wiNP ()P 320 g wiNT(§) = 3o wiNY (§) P - 327 g wiNy'(€)

C'(§) = 2 ’
(Zhowi2(©)
(2.7)
where the derivative of the i-th B-Spline is defined as:
NP(€) = NP7 — ———— NI (&), (2.8)
£i+p - fz 5i+p+1 - 5i+1

The expression in Eq.(2.7) can be simplified by defining the following quantities:

A(€) = Y wiNI(©P, (2.9

D(g) = D _wiNj(©), (2.10)
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T

Figure 2.3: NURBS circular arc defined in homogeneous coordinates (blue) and its
projection on the plane w =1 (red)

where A(&) is the weighted sum of control points and D(§) is the weighted sum of
the basis functions. Then, the first derivative of the NURBS curve becomes:

_ A(EDE) - AE)D'(E)

C'(§) (D)2 , (2.11)

where .
A(§) = 3 wiN(© P, (2.12)
D'(§) = ijNf'(Q (2.13)

For higher-order derivatives, a recursive application of the quotient rule is used. The
second derivative C” (&) is given by:

C(e) = A"(€)D(§) — 2A(E)D'(€) + A D"(E) ,(A(§)D(E) — A(E)D'()D'(€)
(D(€))? (D(£))?

Y

(2.14)
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where
A'(€) =) wN"(€)P, (2.15)
=0
D'(€) =) wN}"(6). (2.16)
=0

For a general k-th derivative C'*®) (€), the expression is recursively differentiated,
with each derivative involving both A and D terms up to order k, using the Leibniz
rule. This results in:

c® () = (D' e , (2.17)

where
ABE) =3 w NP ()P, (2.18)
DW(¢) = Z w; NP0 (¢). (2.19)

2.2.4 NURBS patches

NURBS surfaces generated by a tensor product of the one-dimensional basis func-
tions are used to represent bidimensional physical domains. The NURBS surface of
degree p in both parametric directions is defined as

S(&n) =YY RI(EMPiy, (2.20)

i=0 j=0

where S are the coordinate of the surface points in the physical space, while P; ;
compose the so-called control grid. Rz j(ﬁ,n) is the two-parameter basis function
obtained by the product of the one-dimensional i-th and j-th basis functions. An
example of a set of quadratic rational basis functions is shown in Fig. 2.4. As for
NURBS curves, Eq. (2.20) acts as a transformation from the parametric domain
(&,m) to the physical domain (z,y), as shown in Fig. 2.5. It should be noted that
the patch depicted in Fig. 2.5 also coincides with a Bézier patch of the same degree
and the same control points.

In this work, the application is limited to two-dimensional cases, but the exten-
sion to NURBS volumes is trivial, due to the tensor nature of the basis functions.
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U

0
0 1

Figure 2.5: NURBS patch mapped from the parametric domain to the physical
domain

2.3 NURBS implementation in a dG framework

NURBS basis functions are used to define a NURBS patch that represents exactly
the physical domain. Generally, these basis are not suitable for DG methods, since
they are not discontinuous across the knot spans, i.e. the elements. Therefore, the

NURBS patch must be subdivided into a set of subpatches which are able to enforce
discontinuities across the interfaces between elements.

2.3.1 Knot insertion

The subdivision of a curve or surface is achieved by applying a knot insertion pro-
cedure that does not change the original geometry. The possibility of inserting new
knots into the definition of a NURBS curve or surface is useful for both the Bézier
extraction (Sec. 2.3.2) and h-refinement (Sec. 5.1). For example, a NURBS curve
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defined by the knot vector E = [£1,...,&,], with n + 1 basis functions and con-
trol points, can be represented without altering its geometry using the knot vector
E= 4. & &&+1,...,&,]. This newly defined knot vector is modified by
introducing the additional knot £. Given for simplicity a B-spline curve, the knot
insertion procedure is defined as

(&) = D_NIOPi =Y NP, (2.21)

where Nf are the p-th degree basis functions on Z, and P; the control points com-
puted as

1 itie <k—p
Pi=(1-o)P;i1+aP;, a;= E.i_g_ig, itk—p+l<i<k. (2.22)
0 ifi>k+1

Notice that inserting an already existing node in the knot vector decreases the
regularity of the curve. Consider a curve of degree p at the knot &, which is
characterized by a regularity C?~", where r represents the multiplicity of the knot
& If the same knot is inserted one more time, the curve does not change its shape,
but its regularity decreases to CP~"~1, since the knot multiplicity is increased by 1.

2.3.2 Bézier extraction

The knot insertion procedure is used to subdivide curves (and surfaces) into sub-
patches that exhibit discontinuities in the underlying basis functions. In order to
obtain basis functions suitable for the discontinuous Galerking method, the multi-
plicity of each internal knot is increased to p, transforming each patch into a rational
Bézier patch of degree p, which are the elements of the computational mesh. The
transformation from continuous NURBS basis functions to discontinuous rational
Bézier basis functions for a curve is shown in Fig. 2.6.

2.4 NURBS mesh generation

In this section, the mesh generator tools developed in this work are described. These
tools can generate a series of different high-order meshes for a number of geometries
such as channels, airfoils, and blades. The focus will be on the three main techniques
utilized, namely ¢) lofting, i) generation of Coons patches and i) interpolation of
multiblock linear meshes.
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Figure 2.6: A single NURBS patch (left) defined by 5 basis functions is changed in
9 Bézier basis functions (right) with the extraction procedure

2.4.1 Airfoil geometry definition

The mesh generation process for isolated airfoils begins by defining the geometry
based on a given distribution obtained considering a continuous generalization of
the 4-digit series from the National Advisory Committee for Aeronautics (NACA)
or by using a different parameterization, which will be detailed later. The NACA
distributions taken into account here are modified for zero trailing-edge gap, where
the camber and thickness functions are

( ) { G [<1 - QZc,loc) + 2750710(:1: - xQ] for z < Zc,loc
c\r) =

L Pl : (2.23)

S (2 et — 2] for 2.2 Zeio

22"c,loc

and
t(2) = tmax (0.2969/z — 0.126z — 0.35162” + 0.28432° — 0.1036z"),  (2.24)

where 2. max 1S the maximum camber, that is, the first digit of the NACA series
divided by 100, zjoc is the location of the maximum camber, that is, the second
digit divided by 10, and %,y is the maximum thickness, that is, the last two digits
divided by 100. These expressions assume a unit chord airfoil with 0 <z < 1.

The second parametrization allows for more flexibility in the camber and thick-
ness profiles. It consists of polynomial expressions for both profiles, with bounding
multiplicative envelopes:

ze(z) = 2(1 — ) [co + 1w + - - - + ¢p.2P] (2.25)
t(z) = aabsymooth [VZ(1 — 2) (1 + tiz + - -+ + tp,2") ,0.22(1 — z)] (2.26)
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where ¢; are the coefficients of the order p. camber polynomial, ¢; are the coefficients
of the order p; thickness polynomial, and the smooth absolute value function is
defined for positive b as

if >0
astmooth(ag b) - {L%L_bz ' |a| -7 (227)

otherwise

2
The coefficient a enforces a constant airfoil area, A:

/1 t(z) dx = A. (2.28)

The mesh generator developed here handles both sharp and round trailing edges.

Turbine blade geometries are defined by a set of given points, without involving
any parameterization. For other simpler cases, such as flat plates and ramps, the
geometry definition is trivial.

2.4.2 Airfoil NURBS mesh generation

After defining the airfoil geometry, its points are approximated using a least-squares
NURBS fitting procedure that ensures that the curve fits the unconstrained data
points in a least-squares sense, while exactly interpolating the constrained points.
A more in-depth study of this approach can be found in Appendix A. Figure 2.7
shows the result of this technique, where an airfoil NACA4412 is fitted using a P3
NURBS curve. Generally, the leading and trailing edges are treated as constrained
points; a vertical direction is also imposed at the leading edge and at the trailing
edge in the case of rounded trailing edge airfoils.

The next step is to define the farfield boundaries using NURBS curves of the
same degree as the airfoil; then the computational domain is generated by lofting
the airfoil and the farfield curves, resulting in one or more NURBS patches. To
obtain a lofted surface of degree p, it is also necessary to create at least p — 1
intermediate NURBS curves. Lofting, also known as skinning [39], is a method
to construct a surface by blending a series of sectional curves together (a detailed
description can be found in Appendix B). The obtained NURBS surface undergoes
a Bézier extraction procedure, as detailed in Sec. 2.3, producing a high-order mesh
suitable for dG methods. If necessary, multiple knot insertion procedures are used
to generate a thicker boundary layer. An example of a P? O-grid airfoil mesh is
shown in Fig. 2.8, while a P3 C-grid is shown in Fig. 2.9.

2.4.3 NURBS geometry quality

Working with high-order schemes like the dG method requires the use of high-order
geometries to ensure the solver accuracy [43] and to achieve faster convergence and
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Figure 2.7: NACA 4412 airfoil P> NURBS fitting, x sample points, — NURBS
curve, o control points

faster decay of the integration error [22]. Silveira et al. [22] state that a faster error
convergence in integrations can be achieved by using higher order NURBS. High-
order NURBS also enhance the geometric approximation, resulting in the need of
a lower number of control points. Figures 2.10 to 2.13 show the comparison of the
curvature k and its derivative x’ along the airfoil suction side for different numbers
of control points. The curvature of a NURBS curve is computed with:

IC7(€) x C"(E)l

“O="oer (229
while its curvature first derivative is evaluated as:
(o)~ ICTEIP (C10) x C"() ~3(C'©) x C"©) (C©) - C"€) 5

1@l

The curvature and curvature derivative distributions show that, as expected, the
P? geometry presents discontinuities in both s and &/, while the P* geometry has
a continuous curvature but discontinuous x’. The distributions for higher-order
geometries are continuous along the suction and pressure sides. In addition, Fig. 2.14
shows the approximation errors between the NURBS geometry and an exact NACA
0012 distribution for different degrees and an increasing number of control points. As
expected, higher-order NURBS converge faster toward the machine error. Following
the results presented here and the work of Silveira et al. [22], a P? approximation is
considered optimal to represent isolated airfoils.
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Figure 2.8: Airfoil O-grid mesh composed of a single P> NURBS surface and close-up
of the near-body region
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Figure 2.9: Airfoil C-grid mesh composed of four P> NURBS surfaces
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Figure 2.10: NACA0012. Comparison of the curvature C' (left) and curvature deriva-
tive C" (right) along the suction side of a P> NURBS representation for different
numbers of control points (CPs); — 6 CPs, — 9 CPs, 12 CPs, — 15 CPs
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Figure 2.11: NACA0012. Comparison of the curvature C' (left) and curvature deriva-
tive C' (right) along the suction side of a P> NURBS representation for different
numbers of control points (CPs); — 6 CPs, — 9 CPs, 12 CPs, — 15 CPs

2.4.4 Channel-like mesh generation

The mesh generator tool described in Sec. 2.4.2 can also be used to create meshes
easily defined by 4 boundaries of rectangular-shaped domains, such as those for
the Ringleb flow problem or ramp geometries. The technique used to create these
meshes is the discrete Coons patch approach (a detailed description can be found
in Appendix C). An example of a P> NURBS mesh obtained with this approach for
the Ringleb flow is shown in Fig. 2.15.
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Figure 2.12: NACA0012. Comparison of the curvature C' (left) and curvature deriva-
tive C” (right) along the suction side of a P* NURBS representation for different
numbers of control points (CPs); — 6 CPs, — 9 CPs, 12 CPs, — 15 CPs

Figure 2.13: NACA0012. Comparison of the curvature C' (left) and curvature deriva-
tive C' (right) along the suction side of a P> NURBS representation for different
numbers of control points (CPs); — 6 CPs, — 9 CPs, 12 CPs, — 15 CPs

2.4.5 Turbine blade cascade mesh generation

A different approach is needed for turbine blade meshes. A multiblock linear mesh
generator is first employed to create a suitable computational domain capable of
handling periodic boundaries, since turbine blades are arranged in cascades. The re-
sulting 9 blocks obtained by the linear generation are fitted with high-order NURBS
of the desired degree. Each NURBS surface undergoes a Bézier extraction procedure
as detailed in Sec. 2.3. An example of a mesh obtained with this procedure is shown
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Figure 2.14: Discretization errors between the NURBS geometry and the analytical
NACA 0012 distribution; —e— P!, - P2, P3, - P4 ——P5

in Fig. 2.16.
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Figure 2.15: Ringleb flow mesh composed of a single P* NURBS surface
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Figure 2.16: ORC turbine nozzle mesh composed of 9 P> NURBS surfaces



Chapter 3

Numerical Framework

3.1 Isogeometric discontinuous Galerkin frame-
work

The governing equations considered here are the Reynolds Averaged Navier-Stokes
(RANS) equations for compressible flows, coupled with a one-equation Spalart-
Allmaras turbulence model. In this chapter, these equations will be described, with
particular attention to the implementation of the turbulence model (see Secs. 3.1.1
and 3.1.2). Section 3.1.3 details a standard dG discretization, while Sec. 3.1.4 de-
scribes the shock capture technique used. Section 3.1.5 is dedicated to the descrip-
tion of boundary treatment. Finally, Sec. 3.1.6 illustrates the time integration.

3.1.1 Governing equations

The flow model used in this work comprises the RANS equations coupled with
the Spalart-Allmaras turbulence model for compressible flows [44]. The governing
conservation laws are expressed as follows:

dp
5 TV (o) =0,
a(gtm Y [(pE+ P)ul = V- (p(v+ ) (Vi — VuT) 1) — kVT = 0, N
3.1
%JrV(pu@u)JrVP—v.(p(y+yt)<vu+vuT)):07
%+V’(uf7)—§[v((u+ﬁ)vm]:s,

where p represents the density, u denotes the velocity with components v and v, P
is the pressure, pE refers to the total energy, k is the thermal conductivity, T' the

47
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absolute temperature, v the kinematic viscosity, v; the turbulent eddy viscosity, and
v is the viscosity-like variable from the Spalart-Allmaras model. The source term s
is defined as
~ v c
s = cp SV — Cy1 fuw (E) + E (Vo -Vi), (3.2)
where d represents the distance from the wall, and S is a production term defined

in terms of the magnitude of the vorticity {2 and 7 as follows:
= Vu — VuT
S = 2d2 ——fr2, Q=V2w:w, w= — (3.3)

The turbulent eddy viscosity is computed as v, = v f,1, while the closure functions
and constants of the model are

X:E g=r+c (7"6—7") r:—y

I/’ w2 ; Sli2d2’
. (3.4)

vl X3+C%17 v2 1+va17 w g6—|—cw3 )
cp = 0.1355, cpe = 0.622, Cp1 = 7.1, o=2/3,
1 3.5
b= LI 08 e =2 k=0AL (3.5)
k2 o

3.1.2 Spalart-Allmaras modifications

Evidences from literature [45, 46|, show that the eddy viscosity decreases from a
positive value to nearly zero within a layer that becomes thinner as the Reynolds
number increases. For Re — oo, the equation permits weak solutions that lead to a
discontinuous Vi [44].

This phenomenon is closely tied to the numerical stability of high-order dG
solvers. As observed by Persson et al. [47], and further acknowledged by Oliver
and Darmofal [48], it can be attributed to the emergence of highly oscillatory or
potentially unstable solutions, often characterized by negative values of . Negative
values for turbulent eddy viscosity lack of physical interpretation. Moreover, the
closure functions (see Eq (3.4)) and closure constants (see Eq (3.5)) are valid only
for positive values of 7 .

In this work, corrections for negative values of 7 and for the closure function r
are adopted, as described by Crivellini et al. [49]. Following this work, the source
term of Eq (3.2) is rewritten as

_ Cblsl} - Cwl.fw (
C1SVg, + Cun (

)
)’

(Vo-Vi) x>0

+_2
o , 3.6
+ 22 (Vi-Vi) x <0 (3.6)

IR o I
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where
103X2
1+ x2

g, =1 (3.7)

Moreover, Crivellini et al. [49] introduced, for convenience, the diffusion coefficient
¢ = v + v, that appears in the form

v(1+x) x>0
5: 1 2 ) (38>
v(1+x+3x3) x<0
while the closure function r is rewritten as
Tmaz T <0 ~
3 * 4
r=<r* 0<7* < 7Tmazw » Tmaz = 10°, 7" = = ) (3.9)
Sk2d?

*
Tmaz T 2 Tmax

For all the turbulent computations presented here, the freestream turbulent viscosity
is set to Vo = 10731, as suggested by Crivellini et al. [49].

3.1.3 Space discretization

RANS and turbulence model equations can be written in conservation form as

0
= + V- Fe(a)+ V- Fy(q, V) +5(q, V) = 0. (3.10)

where q € R™ is the unknown solution vector of the m variables, F. € R™ ® R? and
F, € R"®@R? are the tensors that describe the convective and viscous flux functions,
s € R™ is the source term vector, while d is the number of dimensions. As d = 2,
the set of the m = 5 conservative variables employed is q = [p, pE, pu, pv, 7|7, while
the components of the convective flux function F. are

pU pv
puH pvH

fo(a) = |pu® +P|, g(a)=| pou |, (3.11)
puv pv? + P
uv VU

where H = FE + P/p is the total enthalpy. For ideal flows, P = (v —
p[E — (u® + v?) /2|, where v is the ratio between the specific heats of the fluid.
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The components of the viscous flux function F, are

0
(1 + pe) [u [2up + Mug +vy)] + v(vy + uy) + 7/ PrE]
f.(q, Vq) = (1 + ) [2uz + Aug +vy)] :

(k4 pae) [v2 + uy]
§/o v,

0
(g + ) [u(ve + uy) + v 20y + Mug +v,)] +v/PrE,)
g.(a,Va) = (b + pe) [vo + ] 7
(1 =+ pe) [25}/55 + Aug + vy)]

where p is the dynamic viscosity, u,; is the turbulent dynamic viscosity, Pr is the
Prandtl number and, under the Stokes hypothesis, A = —2/3. The subscripts indi-
cate the directional derivatives in either x or y direction.

The DG method is based on a weak formulation of the problem, which is obtained
by multiplying Eq (3.10) by an arbitrary “test function” v and integrating over the
domain 2. The integrals are expanded into a summation over a collection of non-
overlapping Bézier patches (2}, yielding

2.

Q;

- (312)

=0 Vv, (3.13)

d
/v—qu+/ vV-F(q,Vq)dQ+/ vs(q, Vq) dQ
o d Q, Q,

J

where F(q,Vq) = F.(q)+F,(q, Vq). By integrating by parts the flux contribution,
Eq (3.13) can be rewritten as

Z /Vd—qu—l—f vF(q,Vq) -ndl'
Q L/% dt 0

—/ VV-F(anQ)dQ+/ vs(q, Vq) dQ
Q Q;

J J

(3.14)
=0 Vv,

where 0€2; is the boundary of the patch €, whose normal is n. The continuous
functions q and v are substituted by their discrete counterpart, q, and v, and
Eq (3.14) can be rewritten as

d
Z [%/ vhqth+]{ vy, F(qy,, Vq,) -ndl’

) Q; 09,
Y (3.15)

—/ Vvh . F(qh,th) dQ+/ Vi s(qh,th) dQ1] =0 Vvh,

Q;
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e’qh(wv t)

Figure 3.1: Solution g; in the space of rational Bézier basis functions over two
elements

In an isogeometric framework, the test function and the numerical approximation
of the solution are based on rational Bézier basis functions of degree p as

qr = Q<X’ t)h\Qj = Z Qz(t>Rf<X)v
oo (3.16)
Vi = V(X)hlﬂj = ZVZRf(X) Vx € Qj,
=0

where the coefficients Q, and V; represent the degrees of freedom of the solution
and of the test function in the element ;. Figure 3.1 illustrates an example of a
discontinuous solution over two elements. When computing the interface integrals of
Eq (3.15), the flux terms lack of a unique definition due to the discontinuous function
approximation. Therefore, it becomes necessary to replace the Navier-Stokes flux
function F with a numerical flux function F. This numerical flux function depends on
the interface states u~ and u™t, which introduces a coupling between the unknowns
of neighboring elements. In this work the Roe “approximate” flux [50] is used for
the inviscid numerical flux function, while the numerical viscous flux is discretized
with the BR2 scheme [43]. As described in Chapter 7, a generalized version of
the Roe flux is employed (a detailed description can be found in Appendix D).
Finally, taking into account Eq (3.16) and introducing the numerical flux function
F, Equation (3.15) can be rewritten as

dQ;,
%: o /gszidex—;/Qj
J J

o3 [ IR (o (S i, () ) 00

OR
&EkF (an, Vaay, + 1 ([aq])) dx

30 s (@ Vi lad)x =0

(3.17)
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where the operator [-] is defined as the jump over the face 0€;

[1% ()nfo, + ()ngg, . (3.18)

while r and ryg; are the global and local lifting operators, respectively, naq; is a user-
defined coefficient, usually set to the number of neighboring elements. Figure 3.5
describes how normals and local frames are taken into account for a generic interface.
It should be noted that integrals are solved in the parametric space by multiplying
all terms inside these integrals by the determinant of the Jacobian matrix Jq of the
geometric transformation from the parametric to the physical space. The Jacobian
matrix for a two-dimensional transformation is

o¢ o i=0

Surface integrals are treated in the same manner, using the linear counterpart of
the Jacobian matrix. Standard Gauss-Legendre quadrature rules are used. For
a solution approximation of degree p and an integral of dimension d, a minimum
of (p + 1)% quadrature points are used. The impact of the number of quadrature
points on the accuracy of the integrals computation was investigated. Initially, the
integral of the non polynomial function f(z,y) = sin(x)cos(y) over a square domain
[0, 5] x [0, 5] represented with four P®* NURBS curves (see Fig. 3.2) is calculated with
F-F
: \ = \
F and F are the computed and analytical integral value, respectively. Afterward,
the integrals of the same non polynomial function f(x,y) = sin(x)cos(y) and of the
polynomial function f(x,y) = z?y* are computed over a highly curved, distorted
element 2. This element is shown in Fig. 3.3 and is characterized by an average
aspect ratio AR ~ 6 x 10°, a non constant thickness ranging between 107% and 10~7
mesh units. A curvature x = 6000 mesh units is prescribed at y = 0 for the P°
NURBS curves used to represent the upper and lower element boundaries, yielding
a high curvature value in that region. The analyzed element can be considered
representative of the boundary layer elements needed for a turbulent simulation.
Figure 3.4 shows the error convergence with respect to the number of quadrature
points for both square and distorted domain. These tests demonstrate how the
proposed method is able to correctly compute integrals with the Gauss-Legendre
rules over high-order, distorted NURBS domain of non polynomial functions, which
is a critical feature when solving turbulent flows on complex geometries.

(3.19)

an increasing number of quadrature points. The error is calculated as , where

3.1.4 Shock capturing technique

When dealing with flow discontinuities, dG methods require some form of stabiliza-
tion to control numerical oscillations. This problem is solved following the approach
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—0.2 —0.1 0
x

Figure 3.3: Details of the highly curved and distorted €2 element used for quadrature
evaluation

proposed by Bassi et al. [7]. In this work, the divergence term d, defined by Bassi
et al. [7] is considered null. The shock-capturing term is added to Eq (3.17). In
particular, an artificial diffusion contribution is explicitly introduced within each
clement 2; € €2, which is always and everywhere active, but introduces a numerical
viscosity only where nonphysical oscillations occur. The contribution can be written
as

Z/ﬂ & (> ) (b V) vi (b V) qy) dx, (3.20)

where ¢, is the artificial viscosity defined as

+
& (Qfa%) — Ch2 |3p (qh’qh)|

JW, Sp (Qi%) =
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Figure 3.4: Area integral error convergence with respect to the number of quadrature
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Figure 3.5: Normals and local frame at quadrature point P, on internal interface
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while the direction along the pressure gradient b is computed as

NSV (3.22)
[Vp(ay)| +¢
with € small value of the machine precision order.
The function s (qf, qh) is obtained by solving the problem
/ visk (qy, q,) dx = j{ Vi [Fn (an,a,n) — F(qy) - n} dr, (3.23)
Q, 0%

J

where C' is a user defined value, usually set to C' = 0.2. Bassi et al. [7] define the
element characteristic dimension hq; as

1
he, = , (3.24)
7 1 1
@2 T By

where Az and Ay are the maximum distance between element €2; nodes along the
x and y direction, respectively. However, this is not a suitable option for a Bézier
patch, since the control points usually do not interpolate the borders of the element.
In this work, hq; is computed as the minimum distance between element corners,
as suggested by Duvigneau [51].

3.1.5 Boundary treatment

The treatment of boundary conditions can be a complex task, as the required pre-
scribed quantities often differ from the vector of discrete conservative variables q; or
from some of its components. In addition, a generalized set of boundary conditions
must be determined to account for the effects of the real gas (see Chapter 7 for more
details). At the boundary, the information provided involves nonlinear functions of
conservative variables, denoted Byi(qy), for k = 1,...,p*, with p** < m. These
quantities could include, for instance, metrics such as pressure or the flow angle.
Importantly, both the number of quantities p? that need to be specified and the
specific characteristics of these quantities, exemplified by the explicit form of the
functions B (qs), depend on the local flow conditions.

The determination of both the number of conditions and quantities that can be
set involves examining the projection of the convective terms in a direction per-
pendicular to the boundary. This analysis reveals that the solution can be con-
ceptualized as a superposition of m traveling waves, moving inward and outward,
which are represented by nonlinear functions I'y(qy), known as Riemann invariants
for k. = 1,...,m. Since the boundary treatment for two-dimensional domains is
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discussed, m = 4. These functions propagate at speeds dictated by the eigenval-
ues A\;(qp) (see Appendix D). At the boundary, the solution integrates information
that travels outwards from and into the domain. Specifically, Riemann invariants
associated with characteristic lines possess a space-time slope where A\, > 0 if n
denotes the outward unit normal vector. In contrast, the inward travel information
requires an explicit prescription. Consequently, the number of elements that should
be prescribed corresponds to the count of negative eigenvalues, where A\ < 0.

The boundary state g% is, therefore, computed by combining the p* prescribed
data, where p* is the number of negative eigenvalues with the m — p* Riemann
invariants associated to the positive eigenvalues, i.e. as the solution of the system:

{Bk(qgc) =B, k=1,...,p

, (3.25)

where BY denotes the prescribed value of the quantity By, and gj, is the solution at
the boundary (which is different from g because of the weak enforcement of the
boundary conditions). To ensure the solution of the system, the functions By(qy)
must not be a combination of outward-traveling Riemann invariants. Since an ex-
tension of the Riemann invariants to real gas models is complex, a linearized version
of the system in Eq (3.25) with respect to the set of discrete primitive variables
v, = [p,p,u,v]T, as suggested by Colonna et al. [32]. The linearized By (v}) are
defined as 9B
Bu(w) ~ (o) (ol = ) + B(on),
" o (3.26)

8vh

so that the system to be solved in order to evaluate the boundary state can be
written as

or
D (vff) ~ (—) (6l — vp) + T (w),
Uh

(ﬁ)v ooy = By — By(vn)

<g%:>'vh 5vh - 0 |

where the unknown is dv;, = vzc — vy. Equations for the computation of dvy, in the

inflow and outflow boundary conditions can be found in Appendix E.

(3.27)

3.1.6 Time integration

After solving the integrals in Eq (3.17) using suitable Gauss quadrature rules, the
following system of nonlinear Ordinary Differential Equations (ODEs) is obtained
as

dQ

M—= + R(Q) =0, (3.28)
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where M is the mass matrix and R the vector of residuals. For steady solution on
highly stretched meshes, Eq (3.28) is integrated by means of the implicit backward
Euler method as

@ oQ
where OR/0Q is the Jacobian matrix associated to the dG space discretization, n
and n + 1 are the current and next time steps. Equation (3.29) is solved with the
FGMRES algorithm at each time step, enhanced by a system preconditioning that
relies on the block Jacobi method, where each block is solved with BILU(0). As
described by Bassi et al. [52], a pseudo-transient continuation strategy is employed
to integrate Equation (3.29). The CFL number is dynamically adjusted according
to a factor scpr, defined as

(M 8R) Q™' — Q") = ~R(Q), (3.29)

m

w53 (im) 69
N = \max(|[R;|2, [ Rol[2) 7

1=

where || R;]|5 is the L? norm of the residuals at the i-th time step, and || Ry|| the L?
norm of the residuals at the first time step. The CFL number is then calculated as

CFLuin
CFL = min (max <CF—Lex’ CFLmzn> 7CFLmax> s (331)
SCFL

where CFL,,;, and CFL,,,, are the minimum and maximum allowable CFL numbers,
respectively, while CFL,,, is an exponent applied to the factor scpr, to control the
sensitivity of the CFL number to changes in the ratio of current and initial residuals.
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Chapter 4

Solver validation

The solver validation is carried out on different test cases where analytical or ex-
perimental data are available: 7) the Ringleb flow (see Sec. 4.1.1), i) the laminar
flat plate (see Sec. 4.1.2), and i7) the turbulent flat plate (see Sec. 4.1.3). This first
part serves the purpose of validating the numerical implementation. The remaining
sections are instead focused on advanced simulations, where different flow regimes
around a NACA 0012 airfoil are investigated. For every simulation, the results are
given in terms of field solution and distribution of quantities of interest. A conver-
gence history study is performed, which is done once for each regime, since more
studies on the same regime would be redundant.

4.1 Numerical and model validation

4.1.1 Ringleb flow

The Ringleb flow provides an exact solution for the Euler equations with v = 1.4 [53],
and it is often used to check the formal order of accuracy of a solver. As shown by
Masatsuka [54], each point (z,y) of the domain can be computed as a function of
the physical variables (V, 0), i.e., the velocity and angle, as

171 L Y a3
$(¢, V) = ; |:2—‘/2 - 2:| + 5, y(¢, V) = :tp—v 1-— V2¢2, (41)

where 1) = sin0/V is a stream function, while p and L are

1 1 1 1 1+0
— o — _ 2 S e E - - — 7
p=1"5, b=+v1-0.2V2 L 2 3b3+5b5 2111(1—6)’ p=(1/7)b".

The mesh is generated by computing the boundary points with Eqgs. (4.1). The inflow
velocity is set at V,,;,, = 0.5. The flow is isoentropic and irrotational, reaching a

29
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Mach number M = 1.9 at y = 0 (see Fig. 4.1). Figure 4.1 also shows the P!
Mach number contours obtained using linear boundaries with an imposed slip-wall
boundary condition. As expected, spurious phenomena such as artificial shocks
arise, preventing the correct representation of the solution, especially in the re-
compression area of the domain. This result proves the higher accuracy and stability
of using high-order curvilinear boundaries. The exact solution is used for both field
initialization and boundary conditions. Figure 4.2 shows the convergence history
of the L? norm of the energy error with respect to the mesh spacing to verify the
convergence order of each solution approximation between P! and P°. The mesh
spacing considered for the study is the width of the boundary elements at y = 0.

(a) Linear boundaries (b) Curved boundaries
L[ I | | ~ TThms
0.51 0.7 0.9 1.1 1.3 1.5 1.7 1.9
M

Figure 4.1: Ringleb. Mach number contours on the geometries with linear and
curved boundaries; P! and P? solution approximation, respectively
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Figure 4.2: Ringleb. Convergence history of the L? norm of the energy error with
respect to the mesh spacing with different meshes and solution approximation; —e—
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4.1.2 Laminar flat plate

The second validation test case is the laminar flow over a flat plate for freestream
Mach number M = 0.3 and Reynolds number Re = 10°, based on the freestream
velocity us, and the plate length. The calculation is carried out on a linear mesh
of 1290 elements, which is designed to be sufficiently refined near the surface of the
flat plate to accurately capture details of the boundary layer. An adiabatic no-slip
wall boundary condition is imposed along the plate, while a symmetry condition is
used for the boundary located before the leading edge of the plate, as illustrated
in Fig. 4.5. The results are compared with the Blasius solution, both in terms of
the skin friction coefficient C distribution along the plate, and the velocity profile
U/Us, as shown in Fig. 4.3, where n = y\/% is the nondimensional y coordinate.
A perfect agreement can be assessed for both quantities.

4.1.3 Turbulent flat plate

In the second test case, the flow over an adiabatic flat plate with a Mach number
M = 0.2 and a Reynolds number Re = 1.1 x 107 based on the freestream condition
and the plate length is computed. The computation is carried out on a linear mesh
of 4902 elements, characterized by a different non dimensional height of the first cell
adjacent to the wall y* = =¥ = 1, with growth ratios of 1.2 in the normal direction
and 1.15 in the streamwise direction. The streamwise growth rate is changed to 1.00
at approximately 70% of the plate length. The aspect ratio of the first element at
the leading edge is set to 40. The solution approximation is P*.



62 CHAPTER 4. SOLVER VALIDATION

'10—3 6 %
'= !

8! . o -
! B 4 |
| =

6| 3 \8
\ £

S >3 1
=N
= o Il
4 =~ 2 i
21 i 1 4
\&ﬁvﬁw%fm
O0 0.2 0.4 0.6 0.8 1

U/ Uso

Figure 4.3: Laminar flat plate. Comparison of the C distribution along the plate
(left) and the velocity profile u/uy, (right) with respect to the Blasius solution; —
P* solution approximation, » Blasius solution

An adiabatic no-slip wall boundary condition is imposed along the plate, while
a symmetry condition is used for the boundary located before the leading edge of
the plate, as detailed in Fig. 4.5.

The results are compared with the law of the wall and the experimental data by
Wieghardt [55], both in terms of the skin friction coefficient C'y distribution along
the plate, and the velocity profile u™ = u/u,, as shown in Fig. 4.4. The law of the
wall can be written in the viscous sublayer as

while in the log-layer as

1
ut = ~logy" + B,
K

where k = 0.41 is the Von Karman constant and B = 5. A perfect agreement can
be appreciated for both quantities. The law of the wall in the viscous sublayer is
perfectly followed, while the trend in the log-layer reaches the freestream plateau as
described by Wieghardt [55].

Further investigations can be conducted by studying the effect of the degree P of
the solution approximation and the value y* on the distribution of the skin friction
coefficient and on the velocity profile. Figure 4.6 compares the results obtained on
the mesh with y* = 1 for different approximations of the solution P°~?* with the
experimental data of Wieghardt and Tillmann [55] and the law of the wall. The
results of P? deviate significantly from the expected values, likely due to the absence
of gradients, while the distribution of C}; progressively approaches the reference
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Figure 4.4: Turbulent flat plate. Comparison of the C} distribution along the plate
(left) and the velocity profile u™ (right) with respect to the experimental data by
Wieghardt [55] and the law of the wall; — P* solution approximation, --- law of
the wall, » Wieghardt exp. [55]
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Figure 4.5: Laminar and turbulent flat plate. Details of the boundary conditions
used for the simulations; = inflow, =—— symmetry, =— adiabatic wall, = outflow

data from P°?*. The velocity profiles are almost superimposed, with minor varia-
tions observed in the plateau region, suggesting a refined accuracy with increasing
polynomial degrees.

Four different computations were carried out on four distinct linear grids, char-
acterized by a different nondimensional height, y™ = =¥ of the first cell adjacent
to the wall (y* =1, y© = 10, y© = 20 and y* = 40). All meshes share the same
growth ratio along the normal (1.2) and streamwise (1.15) direction. The stream-
wise growth ratio is changed to 1.00 at approximately 70% of the plate length. The
aspect ratio of the first element at the leading edge is set to 40. The number of
elements for each mesh is listed in Tab. 4.1. The maximum solution approximation
is P*. Figure 4.7 shows the skin friction, ¢y, distribution (left), and the nondimen-
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Figure 4.6: Turbulent flat plate. ¢y distribution along the plate (left) and streamwise
velocity profile u™ (right) comparison for P°~* solutions and with theoretical and
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Table 4.1: Number of elements for each mesh at different y* values

yt Elements
1 4902
10 3510
20 2296
40 1702

sional streamwise, u™, velocity (right), obtained on meshes with different y* for a
P* solution approximation. The ¢; curves are almost superimposed up to y* = 40,
while some discrepancies are evident for the velocity profiles. In particular, as shown
in Fig. 4.8, in the viscous sublayer (left), the velocity profile for the y* = 40 mesh is
under estimated, while the log- and defect-layers (right) are correctly captured up
to yT = 40.

4.2 Inviscid flow test cases

This section is dedicated to the validation of the solver on inviscid flows, i.e. governed
by the Euler equations, around a NACAO0012 airfoil, a benchmark geometry that will
also be employed for the laminar and turbulent validation cases presented in Secs 4.3
and 4.4. For inviscid simulations, a C-grid mesh composed of 1392 P? Bézier patches
is used, as shown in Fig. 4.9.
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Figure 4.7: Turbulent flat plate. ¢y distribution along the plate (left) and streamwise
velocity profile u™ (right) comparison for different values of 4y and with theoretical
and experimental data, P* solution approximation; — y+ = 1, — y* = 10,
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Figure 4.8: Turbulent flat plate. Close-up of the streamwise velocity profile in the

viscous sublayer (left), and in the defect layer (right) on meshes for different values

of y*, P* solution approximation; — y* = 1, --- y+ = 10, yt =20, —

yT =40,--- ut =y™, law of the wall

4.2.1 Subsonic flow over a NACAQ0012 airfoil

The first case considered here is the subsonic flow characterized by an angle of attack
a = 3.00° and a farfield Mach number M., = 0.50. Figure 4.10 shows the P* Mach
number on the profile. The distribution of the pressure coefficient is compared with
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Figure 4.9: NACA0012. C-grid mesh used for inviscid simulations; 1392 P? Bézier
patches

the results obtained by Jameson [56], as illustrated in Fig. 4.11, showing a correct
distribution along the airfoil surface. For this test case, a study of the convergence
of the residuals of degrees P® — P* is performed, resulting in the expected quadratic
behavior, as shown in Fig. 4.12.

4.2.2 Transonic flow over a NACAO0012 airfoil

The second test case detailed here is the transonic inviscid flow over a NACA0012.
This case increases the complexity of the calculation since it deals with a shock
formation. The flow in the freestream is defined by an angle of attack a = 0.00°
and a farfield Mach number M., = 0.80. The P* Mach number contours of the
solution are shown in Fig. 4.13. The distribution of the pressure coefficient, see
Fig. 4.14, highlights the presence of a shock on both the pressure and suction side
at approximately 50% of the chord length. The results are compared with the data
presented by Jameson [56]. The solver also demonstrates the ability to correctly
simulate the fluid behavior for transonic inviscid regimes. The mesh used for this
simulation is the same as adopted for the subsonic flow, which is too coarse to
correctly represent the shock discontinuity. For this reason, an isotropic h-refinement
procedure was used to locally refine the mesh along the discontinuity. A more
detailed explanation of this procedure can be found in Chapter 5.
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Figure 4.10: NACA0012. Mach number contours, P* solution approximation (M, =
0.50, a = 3°)

Figure 4.11: NACA0012. Comparison of the pressure coefficient distribution C,, on
the airfoil surface with respect to the results of Jameson [56], P* solution approxi-
mation; — NURBS-DG, » Jameson [56] (M, = 0.50, o = 3°)
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Figure 4.13: NACA0012. Mach number contours, P* solution approximation (My, =
0.80, a = 0°)

4.3 Laminar flow test cases

This section is dedicated to the validation of the solver capability to correctly simu-
late laminar flows around airfoils for different Reynolds numbers. A mesh composed
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Figure 4.14: NACA0012. Comparison of the pressure coefficient distribution C,, on
the airfoil surface with respect to the results of Jameson [56], P* solution approxi-
mation; — NURBS-DG, » Jameson [56] (M, = 0.80, o = 0°)

of 1020 IP3 Bézier patches is used for the simulations at Reynodolds number Re = 73
and Re = 106 (Fig. 4.15), while a mesh composed of 2280 P* Bézier patches is used
for the simulation at Re = 5000 (Fig. 4.20). The Reynolds number used is computed
on the basis of the freestream velocity and with respect to a unitary chord length.
An adiabatic no-slip boundary condition is imposed on the airfoil surface.

4.3.1 Laminar flow over a NACAOQ0012 airfoil at Re = 73

In the first test case the laminar transonic flow at an angle of attack o = 10°,
freestream Mach number of M, = 0.80 and a Reynolds number Re = 73 is com-
puted. The P* Mach isolines are shown in Fig. 4.16. Figure 4.17 shows the dis-
tributions of the pressure coefficient and skin friction coefficient along the airfoil
compared to the results obtained by Bassi and Rebay [43]. The distributions closely
follow the expected trends.

4.3.2 Supersonic laminar flow over a NACAQ0012 airfoil at
Re =106

In the second test case the laminar supersonic flow at an angle of attack a = 10°,
a freestream Mach number of M, = 2.00, and a Reynolds number Re = 106 is
computed. The P* Mach isolines are shown in Fig. 4.18, where a detached bow shock
is clearly visible. Figure 4.19 shows the distributions of the pressure coefficient and
the skin friction coefficient along the airfoil compared to the results obtained by
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Figure 4.15: NACA0012. O-grid mesh used for the laminar simulations at Re = 73
and Re = 106 with a detail of the rounded trailing edge region; 1020 P3 Bézier
patches

Figure 4.16: NACA0012. Mach number contours, P* solution approximation (Re =
73, My = 0.80, o = 10°)



4.4. TURBULENT FLOW TEST CASES 71

Figure 4.17: NACA0012. Comparison of the pressure C, (left) and skin friction
Cy (right) coefficient distributions on the airfoil with the results from Bassi and
Rebay [43], P* solution approximation; — NURBS-DG, = Bassi and Rebay [43]
(Re = 73, M., = 0.80, a = 10°))

Bassi and Rebay [43]. This test case successfully validates the capability to predict
supersonic laminar flows in the presence of a shock.

4.3.3 Laminar flow over a NACAOQ0012 airfoil at Re = 5000

In the third test case the laminar flow for angle of attack a = 0°, a freestream
Mach number M., = 0.5 and a Reynolds number Re = 5000 is computed. The
Reynolds number is close to the upper limit for a steady laminar flow. This test
case is characterized by the detachment of the flow at the trailing edge, resulting in
the creation of a small recirculation bubble that extends into the near-wake region
of the airfoil, as can be seen in Fig. 4.21, where the Mach number P* isolines are
shown. As in previous test cases, the distribution of the pressure and skin friction
coeflicients is shown and compared to the available literature results [43] in Fig. 4.22.
A study of the history of convergence for the residuals of degrees P° — P* is shown
in Fig. 4.23.

4.4 Turbulent flow test cases

Finally, the turbulent flow around a NACA0012 at Re = 3 x 10° is investigated. The
mesh used consists of 3950 P* Bézier patches characterized by an average y™ ~ 1.
The patches are distributed in the same way as the mesh in Fig. 4.20, with a finer
boundary layer. A IP3 solution approximation is adopted.
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Figure 4.18: NACA0012. Mach number contours, P* solution approximation (Re =
106, M., = 2.00, o = 10°)
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Figure 4.19: NACA(0012. Comparison of the pressure C, (left) and skin friction
Cy (right) coefficient distributions on the airfoil with the results from Bassi and

Rebay [43], P* solution approximation; — NURBS-DG, = Bassi and Rebay [43]
(Re = 106, M., = 2.00, a = 10°))
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Figure 4.20: NACA0012. O-grid mesh used for the laminar simulation at Re = 5000;
2280 P3 Bézier patches
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Figure 4.21: NACA0012. Mach number contours, P* solution approximation (Re =
5000, M, = 0.50, a = 0°)

4.4.1 Subsonic turbulent flow over a NACAQ0012 airfoil Re =
3 x 109

The turbulent flow over a NACAQ0012 airfoil is considered, with a freestream Mach
number M = 0.15, a Reynolds number 3.0 x 10° and an angle of attack o = 10°. The
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Figure 4.22: NACA0012. Comparison of the pressure C, (left) and skin friction
Cy (right) coefficient distributions on the airfoil with the results from Bassi and
Rebay [43], P* solution approximation; — NURBS-DG, » Bassi and Rebay [43]
(Re = 5000, My, = 0.50, o = 0°))
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Figure 4.23: NACAO0012. Residuals convergence history; — p , — pE, pu,

— pv, — C'FL number (Re = 5000, M., = 0.50, a = 0°)

flow is characterized by a fully turbulent boundary layer over the majority of the
profile. Figure 4.24 shows the Mach number and 7 contours. The predicted pressure
coefficient distribution (see Fig. 4.25) agrees well with the experimental data by
Ladson et al. [57] and Gregory et al. [58]. The skin friction coefficient cannot be
validated since no data is available for this test case. Figure 4.26 shows the history
of convergence of the residual norms for solution approximations P® — P3. The
residuals show an initial oscillating behavior at P!, but recover in ~ 200 iterations.
The quadratic convergence is achieved for all degrees.
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Figure 4.24: NACA(0012. Mach number (left) and 7 (right) contours, P? solution
approximation (Re = 3 x 105, M., = 0.15,a = 10°)
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Figure 4.25: NACA0012. Comparison of the pressure C, (left) coefficient with the
experimental results, P? solution approximation; — NURBS-DG, = Ladson et al.
exp [57], X Gregory et al. exp [58] (Re = 3 x 10°, M, = 0.15, a = 10°)
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Chapter 5

Mesh Adaptation

5.1 h-adaptation

Because finer elements are clustered only where higher resolution is required for the
solution, a NURBS-based isogeometric DG framework can greatly benefit from a
h-adaptation strategy i) to increase computational efficiency and accuracy, and i)
to solve flow problems with complex features that are unknown in advance, such
as wakes, shocks, or separations. A NURBS framework can simplify the creation
of new elements with the standard knot insertion algorithm while maintaining the
correctness of the geometry, as seen in Sec. 2.3. In a standard CFD framework, the
implementation of a h-adaptation technique may not be simple, and the geometri-
cal discretization error may increase with each adaptation step if there is no direct
coupling with a CAD system. Notice that a conventional method with h-adaptation
may introduce significant geometrical discretization errors early in the process if the
initial mesh is coarse.. The error indicators utilized in a h-adaptation technique are
essential for identifying elements that require refinement. Various criteria can be
found in the literature and are here compared and evaluated in the adaptation of
the mesh used for simulating incompressible laminar flow around a circular cylin-
der. Furthermore, as the mesh is composed only of quadrilateral Bézier patches,
an anisotropic adaptation procedure is employed when the flow exhibits preferred
directions. This approach aims to minimize the number of new elements generated
during each adaptation iteration, particularly for various flow characteristics, in-
cluding boundary layers, wakes, and shocks. Figure 5.1 illustrates an example of
isotropic and anisotropic h-refinement achieved through knot insertion.

5.1.1 Refinement structure

The mesh refinement process is managed through a quad-tree structure [59], as
done by Rose et al. [60], where each element of the initial mesh is marked as a

77
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Figure 5.1: Isotropic and anisotropic refinement for a single Bézier patch

root at level 0. In an isotropic adaptation procedure, each refined element at level
[, referred to as the “father”, is divided into four smaller elements at level [ + 1,
known as the “sons”. Sons inherit properties from their fathers and communicate
information with their siblings, which are neighboring elements that share the same
parent. The nodes located at the lowest level of the hierarchy are referred to as
“leaves”, which indicate the smallest and most refined elements of the mesh. A
restriction on the level difference of adjacent elements is added to prevent irregularity
of the mesh. A maximum number of adaptation cycles, denoted na is selected

cyc,max?
in advance, along with the maximum level of refinement, deﬁnedy as (vl . The
user defines the polynomial solution approximation utilized for adaptation, denoted
as P Each adaptation cycle is executed after reaching solution convergence to
avoid the adaptation of spurious or transient phenomena. The integration of flux
at the interface between elements at different levels in the quad-tree is carried out
using the integration points of the smallest element, see Fig. 5.2, as proposed by
Duvigneau [51]. During refinement and coarsening, the solution needs to be exactly
conserved, when possible. This is achieved by using the same knot insertion applied
to the geometry, allowing for exact conservation of the solution. More problems
arise when coarsening occurs, as loss of information becomes inevitable. First, a

L?-minimization problem is employed, specifically:

" 2
m@in /Qf (; @iRi — qs,h> dS). (5.1)

The subscripts f and s refer to the father element and the son elements, respectively.
Q are the solution coefficients in the father element in a least-squares sense, n is
the number of the element basis function minus one, R; is the ¢ — th basis function
as defined in Eq. (2.3), while g, is the solution defined on the child elements. This
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Figure 5.2: Example of quadrature points positioning for flux integration at the
interface between patches at different refinement level

involves solving the linear system
MQ =b, (5.2)

where b = "= Q. R;Qd) and M is the mass matrix. Then, as suggested by

Duvigneau [51], the solution conservation is enforced in the following way:

TMsons

1 3
_o. b LA — a0 ) . .
Q=@+ (Z @[ @ ) 53

s=1

It is worth recalling that these integrals are solved in the reference space of the
element by multiplying the integral arguments by the determinant of the Jacobian
|Jq|. Unlike refinement, coarsening leads to a loss of information during the least-
squares fitting procedure. This approach guarantees only the conservation of the
average solution.

5.1.2 Marking procedure for refinement

The elements within the computational domain are ranked, based on some error
indicator, while a user-defined percentage threshold, ne®®, is applied to selectively
identify how many elements are refined. If elements already refined appear at the
bottom of the ranking below a certain threshold ne?, they are flagged for coars-
ening. An element can be refined following an isotropic or anisotropic strategy,
depending on the solution gradients that can reveal a preferred flow direction. For
mesh regularity reasons, each element cannot share an interface with more than two
other elements.
The error and anisotropy indicators are:

i) Small-Scale Energy indicator (SSED) [61], defined as

SSED — H(

0 pug), — (pun), 4 llo;, (5.4)
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where (pu) hp—1 1s the projection of the discrete momentum density on the
reduced-order functional space, and u is the vector velocity. The above cri-
terion can be considered as a discretization error for uy, or a feature-based
refinement indicator that measures the “kinetic energy” associated with the
highest-order modes. This indicator shows poor results if the mesh has a large
variation in element size. To prevent this behavior, the indicator is normalized
with the element size as

(pun), — (pun), 4l \ 2
SSED _ P p—1118%
77]' < |Qj| > 5 (55)

where |(2;] is the element size.

Spectral Decay indicator (SD) [62], normalized by the element total “energy”
and defined as
sp Ilpun), = (pun),_4llo,
;o= . (5.6)
[(pun),lle

Local Non-conformity indicator (LNC), evaluates the maximum jump in the
numerical solution across element faces. This indicator is based on the as-
sumption that the exact solution should be continuous across the elements,
and the presence of a discontinuity can be used as a measure of the error [63].
Naddei et al. [64] define this indicator as

1 = s 122" (20 = ()" ()l 5.7

0 [ (own) () + (pun) (a)]

where puy, (z,) is the discrete momentum density at the z, quadrature point.

Global Non-conformity indicator (GNC), evaluates the L? norm of all the
jumps in the numerical solution across element faces. This indicator is inspired
by the work of Duvigneau [51] and is defined as

oxe e o) () = (o)~ ()]
= 2 ) () + () Gl )

After an element is marked for refinement, an anisotropy indicator is evaluated to
choose between an isotropic refinement (the element is split into four subelements) or
an anisotropic refinement (the element is split into two subelements). The proposed
anisotropy indicator is based on the solution gradient, which is mapped onto the
parametric space through the inverse of the Jacobian matrix of the NURBS mapping.
Taking as reference Fig. 5.3, the gradient Vu, is known at the Gauss point P, =
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Sa(&,,n,), where Sq is the Bézier patch representing a generic element 2. The
inverse of the local Jacobian matrix, J 53, is used to project Vu, components onto
the space & — ¢, which is the mapping of the parametric coordinate system & — n
in the physical space centered in P,. Then, the projections of the gradient can
be compared in the parametric space & — . In this work, both the average of the
gradient and the inverse of the Jacobian is used, thus obtaining an averaged quantity
for the whole element. As the solution gradient is known at each Gauss point, a
weighted averaged solution gradient is defined as

> (qu'wq |JQqD
q

qu ‘Jﬂq‘ ’
q

Vug = (5.9)

where the subscript ¢ means the evaluation over the respective Gauss point, and w,
is the Gauss point weight. The weighted average Jacobian is defined as

) (Jﬁj 'wQ|JQq‘)
Jo =~ . 5.10
’ qu |JQq‘ ( )
q

The components of the mapped gradient are compared and isotropic/anisotropic
refinement can be initiated, as shown in Alg. 1.

Algorithm 1 Isotropic/anisotropic refinement

if Vumg > 3Vumm then

knot insertion at £ = 0.5 > anisotropic along &
else if Vu,q, > 3Vu;q¢ then

knot insertion at n = 0.5 > anisotropic along 7
else

knot insertion at £ = 0.5 and n = 0.5 > isotropic
end if

5.1.3 Comparison of refinement criteria

The simulation of an incompressible laminar flow past a circular cylinder allows to
compare the behavior of the different refinement criteria, as proposed by Naddei et
al. [64] and Ims et al. [65]. The flow is characterized by a Mach number M = 0.1 and
Reynolds number Re = 40. A P? O-type mesh with 16 and 18 Bézier patches in the
parametric directions is employed, where the freestream radius is set to R = 20D.
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Figure 5.3: Projection of Vu, onto the parametric space { —1 mapped in the physical
space as & — ¥

In the radial direction the size of the patches changes with a ratio of 1.2. The
h-adaptive algorithm is applied starting from a converged P? solution.

The key objective is to investigate the convergence of the mesh with the dif-
ferent refinement criteria toward a reference value, that is, the drag coefficient Cy,
previously computed through a simulation on a fine mesh, with 4608 elements, and
with P solution approximation, corresponding to 73728 DoFs (see Fig. 5.4). The
fine mesh is generated to reproduce the smallest element size resulting from the
refinement. The parameters governing the refinement are listed in Tab. 5.7.

All indicators mark for refinement the area where the flow detaches from the
cylinder and on the edges of the recirculation region (see Fig. 5.5). The SSED in-
dicator appears to excessively refine the detachment area, resulting in an increased
number of DoFs. The GNC indicator and the SSED indicator seem to adapt ex-
cessively flow areas outside the main regions of interest. The SD indicator seems to
be the most effective overall, as it successfully marks the essential flow character-
istics with a moderate number of DoFs. The local non-conformity error indicator
shows similar performance and should be used for lower solution approximations.
Figure 5.5 also demonstrates the capability of the indicators to adapt symmetrically
a symmetric flow field; for example, the cylinder is symmetric with respect to the
T-axis.

According to the evolution of the Cy convergence history of Fig. 5.6, all indica-
tors guarantee a comparable computational improvement, reducing the number of
DoF's with respect to the reference simulation, leading to a computational speed-up
of &~ 2 times. The SD indicator appears slightly more efficient in reaching the ref-
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Figure 5.4: Cylinder. Streamlines of the x-component velocity and contour of the
Mach number with the fine mesh, P? solution approximation

erence value. Moreover, the anisotropic refinement shows a higher computational
efficiency. Based on these considerations, the SD indicator is used for the following
computations, as it showed the best trade-off between accuracy and DoF's reduction.

5.2 Numerical results

In this section, the assessment of the local refinement procedure is performed through
a series of different test cases involving different key features that have to be de-
scribed in a correct way, i.e. the interaction of different shock waves in the supersonic
ramp case of Sec. 5.2.1, the transonic turbulent flow around a NACAO0012 airfoil of
Sec. 5.2.2, and, finally, the turbulent flow around the low pressure turbine blade
T106A of Sec. 5.2.3.

5.2.1 Supersonic ramp

The inviscid supersonic flow ramp test case is characterized by an inlet Mach number
M = 2.0. The geometry of the ramp, shown in Fig. 5.7 consists of a compression
ramp of 10° followed by an expansion corner of 10° along the lower channel wall.
The initial mesh, composed of 22 x 4 P! Bézier patches, is obtained by building a
Coons patch from the boundaries of the four sides. Information about the applied
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Figure 5.5: Cylinder. Refinement levels on the adapted mesh for the different indi-
cators: SD (top, left), SSED (top, right), LNC (bottom, left), GNC (bottom, right),
IP3 solution approximation
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Figure 5.6: Cylinder. Evolution of the C; convergence history for the different
indicators and an anisotropic (solid lines) and isotropic (dashed lines) refinement,
P3 solution approximation; —e— SD, =< LNC, SSED, -+ GNC, --- Cp,, =
1.41764. The first point in the comparison of the different indicators is avoided to
spotlight the differences in the results

boundary conditions can be found in Fig. 5.7. This simulation, characterized by
a P solution approximation, involves oblique shock waves, shock reflections, and
Prandtl - Meyer expansion fans, which analytical solutions can be found in many
gas dynamics textbooks [66, 67].

1 |
> 0.5 s
--1-.10°
0l 41/00 |
| | | | | | | | | | |
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
T

Figure 5.7: Supersonic ramp. Details of the geometry used for the simulation; —
supersonic inflow, =— symmetry, = slip wall, = supersonic outflow

An isotropic adaptation is performed using the parameters listed in Tab. 5.7.
The variation in the number of elements and degrees of freedom for each cycle
is listed in Tab. 5.1. The plot of the pressure coefficient in Fig. 5.8 shows the
comparison between the distributions computed on the coarse and the fine mesh.
The h-refinement procedure correctly targets the quantities of interest, allowing the
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Table 5.1: Supersonic ramp. Number of elements, degrees of freedom, DoFs, and
root mean square error with respect to fully adapted solution, RMSE, at each re-
finement cycle, cyc

cyc  DoFs Elements RMSE
0 1408 88 0.0555
1 3328 208 0.0337
2 8464 529 0.0241
3 21952 1372 0.0189
4 55360 3460 0.0137
5 136000 8500 -
0.8F 5
0.6
04|

02l T‘—'—; %

Figure 5.8: Supersonic ramp. Comparison of the pressure coefficient distribution C,
between coarse and fully adapted mesh; --- coarse, — adapted

solver to focus the computational effort on the key features of the flow, as shown
in Fig. 5.9, where both the fully adapted mesh with isobar contours and the Mach
number field are plotted. In Tab. 5.1, the root mean square error (RMSE) with
respect to the fully adapted mesh solution is also reported and demonstrates how
the error value falls in an acceptable range already after 3 refinement cycles.

The states computed in the test case are validated against analytical results up
to the point where the expansion fan interacts with the reflected shock, after which
the analytical solutions are no longer valid. Referring to Fig. 5.10, the oblique shock
relations are applied between the states 1 and 2, while the Prandtl-Mayer expan-
sion relations are employed between the states 2 and 3. Table 5.2 summarizes this
comparison, showing the Mach numbers of the three states and the corresponding
analytical values. In addition, the angle of the oblique shock for a M = 2 flow
past a 10° incline is 39.3139°, while the predicted value is 39.3196°. The solver was
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Figure 5.9: Supersonic ramp. Fully adapted mesh with isobar contours (top), re-
finement levels over the adapted mesh (middle) and Mach number field (bottom),
IP3 solution approximation

able to predict all relevant flow features, as an average error in the Mach number
below 0.004% and an error in the shock angle below 0.015% are observed. This test
case is also used to study the residuals convergence behavior when h-refinement is
involved. Figure 5.11 shows the history of the residual norms for solution approxi-
mations P — P3 and after each refinement cycle. The h-refinement has no impact
on the convergence overall, and the quadratic behavior is still verified at every cycle.

5.2.2 NACAO0012

The transonic turbulent flow around a NACAO0012 airfoil is computed, where a single
NURBS surface of degree IP? is used to represent the geometry of the airfoil. The flow
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Figure 5.10: Supersonic ramp. Schematic representation of the test case, with an
oblique shock followed by a Prandtl - Meyer expansion

Table 5.2: Supersonic ramp. Comparison between analytical and predicted Mach
number at different states along the ramp

State Analytical M Computed M %
1 2.00000 2.00000 +0.0%
2 1.64052 1.64048 <+ 1.64056 £0.0024%
3 1.98835 1.98827 =+ 1.98837 £0.0040%

! Refinement starts
/ il 1011

i 109

1107

CFL

10°

il 103

i 101

| | | | | | | | |
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N

Figure 5.11: Supersonic ramp. Residuals convergence history; — p , — pE, ——
pu, — pv, — C'F'L. number
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is characterized by a freestream Mach number M., = 0.751 and Reynolds number
Res = 3.91 - 10%, based on freestream velocity us, and the airfoil chord and angle
of attack a,, = 1.99°. This test case is studied to asses the capability of the solver
to correctly describe a transonic turbulent flow starting from a coarse mesh.

After a Bézier extraction procedure, a coarse mesh composed of 48 x 35 = 1680
Bézier patches is created. This mesh is then refined through a series of h-adaptation
cycles. The coarse mesh presents high y™ values along the airfoil that are reduced
by the adaptation algorithm only where needed. The adaptation is performed using
the parameters listed in Tab. 5.7. At the end of the adaptation cycles the mesh
consists of 8 308 Bézier patches.

Figure 5.12 shows the different refinement levels around the airfoil, while Fig. 5.14
shows the z-component velocity and entropy contours and the distribution. The SD
indicator targets the under-resolved areas of the domain, which lie along the shock,
the boundary layer and the wake region. In particular, the h-adaptation procedure
refines the separation bubble area, leading to a better location of the shock, and a
more correct distribution of both the pressure and skin friction coefficient. Moreover,
the anisotropic refinement behaves correctly in the boundary layer, subdividing the
elements in the direction normal to the airfoil surface to decrease the local value of
the y*.

The results of the coarse and adapted meshes are compared with the experimental
data of McDevitt et al. [68], and the reference results obtained with a fine mesh.
The fine mesh presents the minimum size of the elements and y* comparable to
the smallest values resulting from the h-adaptation procedure. The coarse, fine and
adapted mesh are compared in Tab. 5.3, where the maximum, minimum and average
values of the y*, and the number of elements are reported. The refinement in the
shock region allows to predict correctly the distribution of the pressure coefficient
C, along the airfoil, as demonstrated in Fig. 5.13, where the distributions of the
pressure and skin friction coefficients, C), and C/, for the coarse, fine, and adapted
mesh are compared. The skin friction coefficient C'y computed on the coarse mesh
is completely wrong, while the adapted mesh solution follows the reference solution.

Finally, the effect of the parameter ne®®, which sets the percentage of flagged
elements, on the accuracy and computational efficiency is investigated, comparing
the predicted results with the reference values obtained on the fine mesh. The results
of this study are summarized in Tab. 5.4. The accuracy of the results is assessed
by computing the deviation of the predicted drag coefficient C; with respect to
the reference value. All values of ne® guarantee a small deviation of the drag
coefficient, but lower values of ne® correspond to a lower number of DoFs, and, as
a consequence, to a greater computational efficiency (up to &~ 6x speed-up).
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Figure 5.12: NACA0012. Refinement levels on the adapted mesh, P? solution ap-
proximation

Table 5.3: NACA0012. Comparison of the y* distributions on the airfoil and number
of elements for the coarse, fine, and adapted mesh

Mesh Y™ Ylin  Ylme Elements
Coarse  177.399 0.553 339.476 1680
Fine 9.182  0.079 16.052 15 360
Adapted  5.126  0.054  38.592 8308

5.2.3 TI106A

Finally, the subsonic turbulent flow through the T106A turbine blades is considered,
where the geometry is defined by 9 NURBS surfaces of degree P2, which are arranged
in a typical multi-block fashion for turbomachinery applications. The blade wall is
considered adiabatic. At the inflow, the total temperature, the total pressure, the
flow angle ay = 37.7° are prescribed, while at the outflow the static pressure is
set, resulting in a downstream isentropic Mach number M; = 0.59. The Reynolds
number is Re = 1100000, based on the downstream isentropic conditions and on
the blade chord. The pitch to blase chord ration is s/c = 0.799. The objective of
this test case is to asses the capability of the solver to correctly describe the flow
in a turbomachinery application, starting from a coarse mesh with a y* value not
generally suitable for turbulent flows computations.

After a Bézier extraction procedure, a coarse mesh composed of 933 Bézier
patches is created. This mesh is then refined through a series of h-adaptation cycles.
The coarse mesh presents high y* values along the blade that are reduced by the
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Figure 5.13: NACA0012. Comparison of the pressure C,, (left) and skin friction C}
(right) coefficient distributions on the airfoil with the different meshes with respect
to the experimental data of McDevitt et al. [68], P* solution approximation; —
adapted mesh, --- coarse mesh, x fine mesh, « McDevitt et al. exp. [68]
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Figure 5.14: NACA0012. z-component velocity (left) and entropy (right) contours
on the adapted mesh, P? solution approximation
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Table 5.4: NACAO0012. Speed-up comparison for different fractions of refined ele-
ments and drag coefficient Cy deviation with respect to the reference value computed
on the fine mesh (Cp,, = 1.80200 - 1072)

ne®  DoFs  Speed-up Cy ‘Cngief' (%]
ref
6% 46528 ~5.9x  1.80805 1072 0.34%
12% 81232 ~ 2.9% 1.76780 - 1072 1.90%
20% 132928 ~2.7x 1.76816-1072 1.88%

adaptation algorithm only where needed. The adaptation is performed using the
parameters listed in Tab. 5.7. At the end of the adaptation cycles the mesh consists
of 5106 Bézier patches.

Figure 5.15 shows the distribution of the different refinement levels around the
blade, while Fig. 5.16 shows the Mach number and the entropy contours. The SD
indicator targets the under-resolved areas of the domain, which lie in the boundary
layer and wake region, with a particular focus on the leading and trailing edges, as
well as along the first half of the pressure side. Moreover, the anisotropic refinement
behaves correctly in the boundary layer, subdividing the elements in the direction
normal to the airfoil surface to decrease the local value of the y™.

The results of the coarse and adapted meshes are compared with experimental
data of Hoheisel [69] and the reference results obtained with a fine mesh. The fine
mesh presents the minimum size of the elements and y* comparable to the smallest
values resulting from the h-adaptation procedure. The coarse, fine and adapted mesh
are compared in Tab. 5.5, where the maximum, minimum and average values of the
yT, and the number of elements are reported. The pressure coefficient distribution
does not change much between the coarse and the adapted mesh, while the predicted
skin friction coefficient distribution along the suction side on the coarse mesh is
slightly different than the reference distribution on the fine mesh, as demonstrated
in Fig. 5.17. The predicted skin friction coefficient distribution along the suction
side on the adapted mesh is in perfect agreement with the reference distribution.

One of the main advantages of the h-refinement procedure is the computational
speed-up gained by increasing the DoFs only where it is necessary. Also for this
test case the effect of the parameter ne®”, which sets the percentage of flagged
elements, on accuracy and computational efficiency is investigated, comparing the
predicted results with the reference values obtained on the fine mesh. The results
of this study are summarized in Tab. 5.6. The accuracy of the computed flow fields
is assessed by computing the deviation of the predicted loss coefficient with respect
to the reference value, which is defined as

Po,1 — Po,2
(="

) 5.11
Po,1 — P2 ( )
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Figure 5.15: T106A. Refinement levels on the adapted mesh, P? solution approxi-
mation

Table 5.5: T106A. Comparison of the y* distributions on the blade and number of
elements for the coarse, fine, and adapted mesh

Mesh y+ Yimin  Yimae Elements
Coarse  31.019 5.763 76.869 933
Fine 0.821  0.0946 1.694 6847
Adapted 9.369  0.144 19.675 5106

where po; and pgo are the mass flow-weighted averaged total pressures at the inlet
and outlet section, respectively, and p, is the mass flow-weighted averaged static
pressure at the outlet section. All values of ne®” guarantee a small deviation of the
loss coefficient (< 1.5%), but lower values of ne®” correspond to a lower number
of DoF's, and, as a consequence, to a greater computational efficiency (up to ~ 3x
speed-up).
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Figure 5.16: T106A. Mach number (left) and entropy (right) contours on the adapted
mesh, P? solution approximation

Figure 5.17: T106A. Comparison of the pressure C), (left) and skin friction C/ (right)
coefficient distributions on the blade with the different meshes with respect to the
experimental data of Hoheisel [69], P® solution approximation; — adapted mesh,
--- coarse mesh, X fine mesh, » Hoheisel exp. [69]
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Table 5.6: T106A. Speed-up comparison for different fractions of refined elements
and loss coefficient ( deviation with respect to reference value computed on the fine
mesh (Ger = 2.417 x 1072)
ne”  DoFs Speed-up ¢ % (%]
5% 33392 ~2.6x  2.421-1072 0.17%
10% 56800 ~ 1.7x  2.381-1072 1.49%
15% 81696 ~1.5x 2.411-1072 0.24%

Table 5.7: Refinement parameters for the different test cases

Case Indicator ng;jg mae  SOlution app. net®  [v]a%
Cylinder ~ SD,SSED,LNC,GNC 4 P3 25% 4
Flat plate SD 7 P! ™% 7
Ramp SD 5 P3 45% 5
NACA0012 SD 4 P? 15% 4
T106A SD 5 P3 15% 5
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Chapter 6

Gradient-based shape optimization

This chapter presents the gradient-based shape optimization procedure used in this
work. The discrete adjoint method is used for efficient gradient computation. The
optimization process is carried out by applying the Sequential Quadratic Program-
ming (SQP) approach, with a damped BFGS algorithm used to determine the search
direction and merit function-based line search for the step calculation. The method’s
effectiveness is demonstrated through test cases focused on aerodynamic perfor-
mance improvements.

6.1 The adjoint problem

The adjoint method is a robust technique widely used in sensitivity analysis [70],
aerodynamic shape optimization [71, 72, 73|, and output-based error estimation [74,
75, 76]. Its primary advantage lies in its ability to compute gradients efficiently, with
a computational cost that is independent of the number of design variables. This
efficiency makes the adjoint method exceptionally well suited for large-scale opti-
mization problems, which often involve a high-dimensional design space. Optimiza-
tion problems for systems governed by PDEs typically require expensive derivative
computations. However, the adjoint method avoid these costs by constructing and
solving a linear system, providing the required derivative information with signifi-
cantly reduced computational overhead.

There are two main approaches to the adjoint method: the continuous one and
the discrete one [77]. The continuous adjoint method involves differentiating the gov-
erning PDEs prior to their discretization. In contrast, the discrete adjoint method is
applied after the discretization of the equations. Each approach has its advantages
and is suited for different applications, but the discrete adjoint method is particularly
favored in cases where strict consistency between the adjoint and primal solutions
is critical, as in high-order methods.

97
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In this work, the discrete adjoint method is employed. Consider a discrete state
vector @ € RY and a set of design variables pu € R+, A scalar output of interest,
such as lift, drag, or aerodynamic efficiency, can be expressed as a functional of the
state vector and the design variables:

F=FQp). (6.1)

The goal of the adjoint method is to compute the sensitivity of this output with
respect to a change in the residual vector. To achieve this, the discrete adjoint
vector, denoted as ¥ € RY is introduced. This vector represents the sensitivity
of the output F to each component of the residual vector R(Q, ). These changes
in the residual vector are usually caused by modifications to the input parameters,
p. By solving the adjoint problem, which is done after solving the primal solution
problem, one can compute the gradients of F with respect to the design variables
., allowing gradient-based optimization at much lower computational cost than
approaches that scale with the number of input parameters.

6.1.1 Adjoint for gradient calculation

To perform gradient-based optimization, it is necessary to compute the gradient of
all objectives and constraints with respect to all design variables. For the scalar
output F, this gradient is determined by applying the chain rule:

dF OF  OFdQ
" 9a 900 (6.2)

The term Z—Q can be evaluated by applying the chain rule to the residual R, and
"

taking the total derivative with respect to the design variables. Since the residuals
are driven to zero at each design point, their total derivative satisfies:

R _OR  0RdQ _
dp — op  0Qdp
Rearranging this equation yields:

iQ (8R>_1 OR
dp \o0Q) op

0. (6.3)

(6.4)

Substituting this expression for ‘fl—Q back into Eq. (6.2), the gradient of F becomes:
"

-1
dF OF OF (8R) OR 65)

dp o 9Q\0Q) op
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-1
This formulation can be evaluated directly by solving the linear system (%) gi:,
an approach known as the direct method. However, this method is computationally
expensive because it requires solving a linear system for each design variable. The

adjoint method introduces the adjoint vector ¥, obtained by solving the adjoint

problem: )
™ T
w;-(‘?ﬁ) or’ (6.6)
0Q 0Q
This adjoint system depends only on the number of output functions of interest,
rather than the number of design variables, significantly reducing computational
cost. Once the adjoint vector ¥ is computed, the gradient of F can be expressed
as‘ iF OF __OR dF
— = — + \I]T_7 —
dp O op’”  dp
The remaining partial derivatives on the right-hand side of Eq. (6.7) can be com-
puted efficiently, as they do not require solving the residual equations again. In
this work, these derivatives are calculated using finite differences. For each design
variable, a small perturbation is introduced and the residual vector and the output
in the perturbed state are recomputed. Then a forward difference approximation is
applied to estimate the gradients.
Fig. 6.1 shows the z-momentum contours for an inviscid supersonic flow around
a diamond airfoil with a maximum thickness equal to 15% of the chord length.
The imposed Mach number at the farfield is M = 1.5, while the angle of attack
is @ = 0°. Fig. 6.1 also shows the associated adjoint for a scalar output F, which
in this case is a pressure line integral. The adjoint field shows how the pressure
integral is not affected by residuals in areas from which any kind of information
cannot propagate toward the interested line. This result is in agreement with the
properties of supersonic flows, where the information propagates downstream within
a cone of angle ﬁ, called Mach angle. There is no upstream influence in a supersonic
flow.

€ RV Ne = N, sensitivities. (6.7)

6.1.2 Local sensitivity analysis

In the context of fluid dynamics, the parameters used to define the geometry or
to set the boundary conditions can be chosen as design variables. These variables,
defined as p € RV« affect the residual vector R, which in turn impacts the state
vector used to compute the output of interest. This leads to the formulation of the
following sequence of dependencies:

p, —RQu=0— Q — FQ) . (6.8)
~~~ S——— ~~~ S——

inputs € RVu N equations state € RN scalar output
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Figure 6.1: Diamond airfoil. z-momentum contours (top) and its associated adjoint
for a pressure line integral F (bottom), P solution approximation
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One way to test a discrete adjoint is to compare the output sensitivities computed
using the adjoint with the results obtained by perturbing an input variable and
solving again the primal problem. In this section, the comparison for the supersonic
laminar flow over a NACA 0012 airfoil at M = 2.0, Re = 106, a = 10°, presented in
Sec. 4.3.2. The focus is on the sensitivities of the lift, drag, and moment coefficients
with respect to changes in the angle of attack. The moment coefficient is calculated
with respect to the leading edge. Since these coefficients depend on the freestream
direction, they are directly dependent on the input parameters. Therefore, it is
necessary to extend Eq. (6.7) by incorporating the partial derivative of F with
respect to the input angle of attack, a, as follows:

dF JOR OF
do v da * da’ (6.9)
Fig. 6.2 illustrates the z-momentum field and the respective adjoint sensitivities for
the lift, drag, and moment coefficients with respect to the angle of attack. Fig. 6.3
presents a comparison between the locally linearized sensitivity calculations using
Eq. (6.9) and the results derived from the direct varying of the angle of attack,
showing perfect agreement.

6.2 Aerodynamic shape optimization

Aerodynamic shape optimization can be formulated as a constrained optimization
problem where the design parameters, p € R, are adjusted to minimize an ob-
jective function F(p) € R, subject to ny equality constraints h(p) = 0 and n,
inequality constraints g(pu) < 0, where h € R™ and g € R"™. The optimization
problem can be expressed as

minimize F(p)

by varying p
subject to g;(pn) <0,

hi(p) =0,

which can be solved by combining the objective function and the constraints into a
Lagrangian function:

(6.10)

F=F(p)+Ah(p) +oT(g(p) +s©s), (6.11)

where A € R™ and o € R™ are the Lagrange multipliers for equality and in-
equality constraints, respectively. The slack variable s € R™ transforms inequality
constraints into equality constraints and © denotes element-wise multiplication.
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Figure 6.2: NACA0012. z-momentum and respective adjoints (fields Re = 106,
My =2.00,a = 10°)

0.33 1 0.16 |-

0.16 |-

039 1 0.16

| | | | |
1 10. Uo 1[1 1 10 15 1 . 10 10.05 10.1 10.15 10.2 1 10 05 10 1 10 15 1 .
a

(a) Lift coefficient (b) Drag coefficient (¢) Momentum coefficient

Figure 6.3: NACAO0012. Lift, drag, and momentum coefficients adjoint-based sen-
sitivities comparison with solver results; — adjoint linearized sensitivity, o solver

results (Re = 106, M, = 2.00,a = 10°)
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Taking the derivatives of the Lagrangian with respect to the design variables p,
Lagrange multipliers A and o, and the slack variable s, and setting them to zero,
yield the following system of equations:

V. F =V, F+ A+ J]Jo =0,
VaF=h=0,
Vo F=g+s©®s=0,
VoJF=0s=0,
o >0. (6.16

Here, Jj, and J, are the Jacobians of the equality and inequality constraints, defined

as: _
Ohy . Ohy

oh o1 o Opiny, — VhI
J, = o : | = o, (nw X ny), (6.17)
Ohn Ohn T
Tuh e W_ _thh
91 .., 9] -
ag 8.“1 8ﬂnu Vg-lr
J, = 5 = oo i =, (g xny). (6.18)
i Ogng .. O9ng A\
o1 8.‘/%”_ - g

The conditions given in Equations (6.12) to (6.16) are known as the Karush-
Kuhn-Tucker (KKT) conditions [78]. These conditions must be satisfied at the
optimal point, corresponding to a stationary point of the Lagrangian. Solving this
system requires knowing the values of the objective function and constraints, as well
as their gradients with respect to the design variables. At the optimal point, the

first KK'T condition simplifies to:
0F _ .09, ,0h
op op o’
where g, denotes the set of active inequality constraints. By expressing the differen-

(6.19)

tial of the objective as dF = (g%) dp and combining active inequality constraints
with equality constraints, this equation can be rewritten as:

oh
dF = —AT—dp. 6.20
F ot (6.20)
This leads to the definition of the Lagrange multiplier \; for a given constraint ¢ as:
dF
A= ——. 6.21
an. (6.21)

The Lagrange multipliers thus represent the sensitivity of the objective function to
changes in the constraints. In other words, they quantify how much the objective
would vary if the constraints were relaxed.
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6.3 Sequential quadratic programming

The first Sequential Quadratic Programming (SQP) technique to solve constrained
nonlinear optimization problems was introduced by Wilson, R.B. in his Ph.D. the-
sis [79]. In the following years, SQP techniques have developed into a powerful
and successful class of techniques for a variety of optimization issues [80, 81]. Con-
ventional SQP methods find an approximate solution of a sequence of quadratic
programming (QP) sub-problems in which a quadratic model of the objective func-
tion is minimized subject to the linearized constraints.

6.3.1 Equality constrained SQP

A QP problem is an optimization problem with a quadratic objective and linear
constraints. In a general form, any equality constrained QP can be expressed as

1

minimize §wTHzc +q'x subject to Ax+b=0. (6.22)
x

The constraint is a matrix equation that represents multiple linear equality con-

straints, one for every row in A. This optimization problem can be solved analyti-

cally using the optimality conditions. First, the Lagrangian is formed as:

1
Flp,A) = §[J,TH[,L+ qp+AT(Ap +b). (6.23)
The partial derivatives are then set to zero:
V. F=Hp+q+ATA=0, (6.24)

VaF=Ap+b=0. (6.25)

These equations can be written in matrix form as

H A7 (p —q

IR 029
These are linear equations, so they can be solved directly without any iteration.

As long as H is positive definite, the linear system always has a solution corre-

sponding to the global minimum of the QP problem. The relative ease of solving
a QP motivates the use of this technique. For a general constrained optimization
problem, the nonlinear problem is locally approximated by a QP, which is then
solved. This process is repeated iteratively until convergence is reached, requiring
the solution of a sequence of QP problems, hence the name sequential quadratic
programming.
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To formulate the QP, the Lagrangian is approximated quadratically, while the
constraints are approximated linearly for a step p near the current point in the
optimization process. This leads to the following locally approximated QP:

1
minimize EpTH[;p +V,Fp subject to Jyp+h =0, (6.27)
p

where H, is the Hessian of the Lagrangian with respect to the design variables.
Plugging the gradient of the Lagrangian into the objective yields:

1
§pTH£p +VFTp+ ATdp. (6.28)
The constraint J,p = —h can then be substituted into the objective, resulting in:
1
§pTH£p +VFTp — ATh. (6.29)

The last term in Eq. (6.29) can be omitted, as it does not depend on the step p.
This simplifies the problem to the following equivalent form:

1
minimize épTng +VF'p subject to Jyp+ h=0. (6.30)
p

Using the QP solution method, the problem can be reduced to solving the following
system of linear equations:

HE J]I pu . —V.F
{ i OHAM Snd: (6.31)
Replacing Ar11 = A + py and multiplying through yields:
H£ J}I pu J}I . —V.F
e 1] ] 5,2 [57] o

Finally, subtracting the second term from both sides, and using the definition in
Eq. (6.12) simplifies the system to:

il o

This system consists of n, + n;, linear equations, where the Jacobian matrix Jj, is
square. The shape of the matrix and its blocks is shown in Fig. 6.4. A sequence of
these QP problems is solved iteratively to converge to the optimal design variables
and the corresponding optimal Lagrange multipliers. At each iteration, the design
variables and Lagrange multipliers are updated as follows:

i1 = Mk + Py, (6.34)
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Figure 6.4: SQP system dimensions

)\k+1 = )\k -+ P (635)

The parameter oy indicates that the full Newton step (corresponding to o = 1)
is not automatically accepted. Instead, a line search is performed to determine the
optimal step size. The step p, calculated by solving Eq. (6.33), is used as the initial
step in the line search procedure.

The reduction of objectives and the satisfaction of constraints often conflict,
making it necessary to modify the objective function during the line search for
comparison purposes. In this work, the following merit function is employed to
compare the trial points and determine the progression of the algorithm:

~

F(u,7) = F(p) + 7l|h(p)], (6.36)

where 7 is a arbitrary penalty parameter which is kept constant throughout the
optimization.

6.3.2 Quasi-Newton SQP

One problem that might arise while trying to solve a SQP problem is the necessity to
have the Hessian matrix of the Lagrangian H, which might not be available or be
too expensive to compute. To avoid having to deal with the exact Hessian, a quasi-
Newton approach is needed to approximate it. This approximation at iteration k of
the optimization procedure is denoted as H z.- The technique used to calculate the
approximate Hessian in this work is the Broyden-Fletcher-Goldfarb-Shanno (BFGS)
update [82, 83, 84, 85].

The version of this method used for constrained problems is the damped BFGS
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update [81], where the Hessian update is computed as:

B B j{ Tj{ T
Hppor = Hpy — 200000k BT (6.37)
8. H 8k TSk
where
Sk = Mit1 — Mk, T =O0uyr+ (1 —0c)Hp, sy, (6.38)
with
Ye = VuF (i1, Mey1) — Vi F (g, Aet1), (6.39)
1 if sty > 0.2sLH , 55,
by — (6.40)

O.BS;I:IQC E

T TL
——k—— if s < 0.2s, H, sg.
siHpr, spk—SLyr kY k4L Lok

The parameter 7, in Eq. (6.38) is needed to ensure a positive definite H .k, condition
that is necessary for Eq. (6.33) to have a solution. It is important to point out that
the Lagrange multiplier is fixed to the latest value when approximating the curvature
of the Lagrangian, since only the curvature in the space of design variables must
be evaluated. Algorithm 2 details the equality constrained optimization procedure
employed in this work. During the approximate Hessian update, an occasional
reset to the identity matrix might be required since, as the optimization iterates in
the design space, curvature information gathered far from the current point might
become irrelevant or even counterproductive. In the proposed method, the number
of optimization iterations before the reset is generally set between 5 and 10.

6.3.3 Shape Optimization with concurrent trimming

In shape optimization, concurrent trimming consists of adjusting a set of trim vari-
ables p™™ such as the angle of attack, throughout the optimization problem to
weakly enforce target values on a set of trim functions F ™™, such as the lift co-
efficient (. This method is useful in aerodynamic applications since generally the
satisfaction of target coefficients is mandatory. In addition, changes in the trim
variables can also affect the main objective function, such as in the case of drag
minimization with « as the trim variable. The following method takes into account
this codependency while not interfering with the main optimization problem. Start-
ing from an initial design, pg, the trim parameters are first optimized using multiple
solver iterations. At each iteration, the trim parameters are updated according to:

dFTmIT
|,

P = i Al A e = {W FU - F ). (641)
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Algorithm 2 Equality constrained SQP with quasi-Newton approximation

Require: py: starting point, 7.p: optimality tolerance, Tg,s: feasibility tolerance
Ensure: p*: optimal point, F(u*): Corresponding function value
1: Ao <0 > Initial Lagrange multipliers
Qinit < 1 > For line search
Evaluate functions (F, k) and derivatives (V.F, J},)
V., F=VF+JI\
kE<+0
while ||V, F||s > Topt OF ||R||cc > Tteas dO
if £k =0 or reset = true then
H; « 1 > Initialize to identity matrix
else
Update I:I[;k,+1 > Compute damped BFGS, Eq. (6.37)
end if
Solve QP subproblem, Eq. (6.33), for p,, px
minimize pl H p, + V,FTp,
subject to Jpp, +h =0
13: Aki1 & Ak + Dy
14: « < linesearch(p,, Qinit) > Use merit function F
15: Mit1 < Mg+ QPy
16: Evaluate functions (F, k) and derivatives (V.F, J},)
17 V,F=VF+ I\
18: k<« k+1
19: end while

— = =
I T
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where ‘if;—::, is computed using the discrete adjoint method. A user-specified trim

tolerance, Ti;im, is used as the termination criterion.

Once the trimming is complete, the shape optimization begins. FEach design
evaluation consists of solving forward solutions for the state Qy, adjoint solutions for
the objective F, and trim functions F ™™, The adjoints computed this way are the
sensitivities of all functions with respect to both the design and the trim variables.
The trimmed gradient of the objective with respect to the design parameters is then
computed as:

dF B dF N dF d“trim dﬂtrim B JF trim -1 JF trim © 42)
At |y dp dpt™ dp T dp [ dpti dp '
that ensures that changes in the design and trim parameters, p and Jpu™™ | satisfy

trim

dftrim o d]:trim
P 6[1, =0and W(;[J,

the Lagrangian gradient VL.

= 0. The gradient in Eq. 6.42 is then used to compose

These modifications incorporate in the objective function a linearized trim pa-
rameter update and an off-trim correction. Before solving the problem within the
line search, the design and trim parameters are updated using the current trial step
size o as:

trim

dp

p(a) = py +ap,,  p" (@) = ppt - ap,, (6.43)

where the purpose of the trim modification is to maintain linearized trim conditions.
The corresponding flow solution Q(«) may not strictly satisfy the trim conditions
as the states and outputs are nonlinear. However, the trim modification accounts
for linearizations about the zero step size state and design, resulting in a gradual
convergence toward the target value throughout the whole optimization problem.
The objective function is then modified using an off-trim correction:

dF

i Ap™™(a), (6.44)

Q(a),u(a)

Fla) = F(p(a)) +

where the trim parameter change, Ap™™(«), is computed using Eq. (6.41) and
depends on Q(«) and p(«). The updated objective value, F(«), is then used to
compose the merit functions. Once the line search converges, the obtained step,
combined with the search direction p,, updates the design parameters (the Lagrange
multipliers A are updated prior to the search). Finally, the trim parameters are
modified using both Eq. (6.43), for the linearized correction, and Eq. (6.41), for the
nonlinear correction.
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Table 6.1: Parameters for the aerodynamic optimization

Category Variable Quantity Value

Objective Cq 1 -
Variable c 5 -
t 4 -
Yep 12 -
Constraint A 1 0.06
Trim variable « 1 -
Trim objective G 1 0.5
Tolerance Topt 1 1075
Tteas 1 106
Tirim 1 107

6.4 Drag minimization over an airfoil

This section is dedicated to the application of the described method for the aero-
dynamic optimization of an airfoil in both inviscid and turbulent regimes. The
geometry chosen as the object of optimization is obtained from Eqgs. (2.25)—(2.26).
This choice lies in the fact that, thanks to this definition, both the equation param-
eters and the NURBS control points can be used as design variables, thus allowing
the comparison between a standard parametric optimization and a CAD consistent
optimization that acts directly on the geometry definition rather than on some exter-
nal quantity. Specifically, the position of the control points is adjusted by displacing
only the y coordinate, allowing each control point to move along a vertical line. The
leading edge and trailing edge are kept fixed. For notation purposes, the subscript
(1)et is used to refer to quantities relative to the optimization of coefficients, while
the subscript (-)., refers to the optimization of control points.

The flow analyzed is characterized by a freestream Mach number M., = 0.80
for both the inviscid and turbulent regimes, with a Reynolds number Re = 10°¢ for
the latter. The optimization parameters are the same for both cases and are listed
in Tab 6.1. It is worth underlying that the camber-thickness coefficients, ¢ and t,
and control points are not optimized at the same time but are chosen as distinct
input variables in distinct computations, while in both cases « is adjusted so as to
satisfy a target lift coefficient C; through trimming. The only constraint is on the
area A, with an equality constraint defined as % = 0, where A is the target area.
A normalization of both the constraint and the design variables resulted in better
scaled problems resulting in enhanced optimization convergence. Optimization is
performed over a P? solution approximation.
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6.4.1 Transonic inviscid flow

The first aerodynamic shape optimization case presented here investigates the results
for the case of an isolated airfoil in a transonic inviscid flow. Using the parameters
listed on Tab. 6.1, the optimization is performed for both the camber-thickness
coefficients and the control points coordinate y. Figures 6.5-6.6 show the history
of the drag coefficient function Cy, the constraint violation, the lift error, and the
angle of attack throughout the two optimizations. Although the optimized Cj is
approximately the same, a faster convergence to that value is observed for the case
with the coefficients as design variables, while the control points achieved a stronger
satisfaction of the equality constraint. Moreover, it is interesting how the final angle
of attack has taken a very different path for the two cases during trimming, yielding
the same drag coefficient for very different values.

Figure 6.7 shows, on the left, the geometries obtained with shape optimization
compared to the starting airfoil on the left, while on the right, the pressure coeffi-
cient distributions for the P? solution approximation are compared. The geometry
obtained with the optimization of the control points presents a less curved pressure
side in the section near the trailing edge and a less blunt leading edge compared
to the shape obtained by optimizing for the camber and thickness coefficients. The
pressure coefficient distribution, for the optimization of the control points, shows
a higher pressure differential between the suction side and the pressure side in the
first section, while it becomes narrower toward the last airfoil section, while a oppo-
site behavior is visible for the optimization of the camber and thickness coefficients.
For both cases, the initial shock is almost completely dissipated, resulting in an
overall reduced drag coefficient. Figure 6.8 shows the Mach number contours and
the z-momentum adjoint fields for the two optimization results. Overall, for the
inviscid aerodynamic optimization, both approaches yield similar results, but follow
very different optimization paths. This motivates an increased interest toward the
control point position optimization, since it may lead to an objective minimum not
achievable with other more standard approaches.

6.4.2 Transonic turbulent flow

The second aerodynamic shape optimization case presented here investigates the
results for the case of an isolated airfoil in a turbulent flow at Re = 10°. Using the
parameters listed on Tab. 6.1, the optimization is performed for both the camber-
thickness coefficients and the control points coordinate y. Figs. 6.9-6.10 show the
history of the drag coefficient function Cy, the constraint violation, the lift error, and
the angle of attack throughout the two optimizations. In this case, the optimization
of the control points reaches a slightly lower minimum drag coefficient than that
of the camber and thickness coefficients. The vertical displacement of the control
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Figure 6.5: Inviscid shape optimization. History of drag coefficient Cy and constraint
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Figure 6.7: Inviscid flow shape optimization. Geometry and pressure coefficients
comparison, P? solution approximation; --- initial, — control points, — coeffi-
cients

points allow a more efficient exploration of the design space, allowing the geometry
to be morphed in a way that minimizes the drag coefficient more. Also, as for the
inviscid case, the final angle of attack is different.

Figure 6.11 shows, on the left, the geometries obtained with shape optimization
compared to the starting airfoil on the left, while on the right, the pressure coeffi-
cient distributions for the P? solution approximation are compared. Interestingly,
the shape obtained with the control point position optimization presents a rather
narrower leading edge compared to the one obtained when the airfoil parameters
are optimized. For both cases, the shock spreads and dissipates, resulting in a lower
value in the drag coefficient. Figure 6.12 shows the Mach number contours and the
x-momentum adjoint fields for the two optimization results. As in the previous case,
similar results are achieved even when very different optimization paths are taken,
increasing the interest toward non-conventional optimization techniques such as the
displacement of control points. Acting directly on the NURBS definition in this way
allows an interesting way of eplore the design space.
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Figure 6.8: Inviscid flow shape optimization. Mach number contours (top) and
drag z-momentum adjoint field (bottom) for the optimized control points (left) and
optimized coefficients (right) geometries, P? solution approximation
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drag z-momentum adjoint field (bottom) for the optimized control points (left) and
optimized coefficients (right) geometries, P? solution approximation
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Chapter 7

Real gas simulation

This chapter is dedicated to assess the capability of the solver to simulate turbu-
lent flows in nonideal flow conditions. The use of generalized equations of state
is necessary when the flow conditions are far from being ideal, such as in turbo-
machinery for ORCs and carbon capture and storage. Nonideal compressible fluid
dynamics (NICFD) implies a correct description of the thermophysical properties of
the fluid, which is a key aspect for solver robustness. In this work, the thermody-
namic models implemented are the pressure-explicit cubic equations of state (CEoS)
of Peng-Robinson [86] and van der Waals [87], and the multiparameter Helmholtz
energy equation of state (MEoSs) of Span-Wagner [88], implemented following the
work of Mantecca et al. [36]. MEoSs typically require a greater number of coef-
ficients compared to CEoSs, resulting in considerably higher computational costs.
Nevertheless, they offer higher accuracy for thermodynamic quantities that are of
key importance in fluid dynamic simulations, like the speed of sound.

7.1 Peng-Robinson and van der Waals model

The Peng-Robinson and van der Waals CEoS can be obtained from the general
formulation [89]

pRT A(T)p

L) = =By " (1= pB+ pO) (1 —pB 1 D) (1)

where p is the fluid pressure, p the density, T' the temperature, R* = R/m; the
mass-specific gas constant, R = 8314.463 J/(kmol - K) the universal gas constant,
and mys the molecular weight. The term A(7') in Equation (7.1) takes into account
the intermolecular attractions, while the terms B, C', and D take into account
the molecular volume. The term A is usually written as A = aa?(T), where the
function a(7") (if not null) contains the dependence of A(T") on the molecular shape,

119
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Table 7.1: Parameters for the Peng—Robinson and van der Waals Equations of State

Parameter Peng-Robinson van der Waals
a 0.45724 (R*T..)* [ per 0.421875 (R*T..,)* [ per
b 0.0778 R* T/ per 0.125 R*T,,. / per
h 0.37464 4 1.54226 w — 0.26992 w? 0
a 1+ h(l—\/T/T.) 1
A ac’ a
B b b
C (2+V2)b b
D (2 —+/2)b b

while a is a constant. A, B, C', and D depend on some input parameters: critical
pressure p., and temperature 7., molecular weight and acentric factor w, which is
an estimate of the non-sphericity of the molecules defined as w = (—log,,(pf**) —
1)|1.—0.7, where p2** = peui/per, T = T/T.,, and p**(T) is the saturation pressure.

Table 7.1 summarizes the expressions for A, B, C, and D, which finally yield the
pressure equations of the Peng-Robinson and van der Waals models:

_ pR'T
T 1—pb

_ pRT ac®(T) p?

— ap® T)= — : 7.2

p(p,T)

Note that when A = B = C = D = 0 the ideal gas law p(p,T) = pR*T is
recovered. From the expressions in Equation (7.2), a complete characterization of a
pure single-phase substance can be derived from the determination of at least one
caloric EoS for each model [90], that is, determining an expression for the specific
internal energy. A detailed procedure on how to obtain other flow quantities can be
found in Appendix F.

7.2 Span-Wagner model

The Helmholtz-explicit MEsSOS of Span-Wagner is developed through an optimized
fitting of experimental data, applicable to any fluid with an accurate and adequate
comprehensive data set [91]. This resulting EoS is expressed for the free Helmholtz
energy state function, a(p,T) = e(p,T) — T's(p,T), presented in a dimensionless
form with the sum of contributions from both an ideal gas and a real gas residual
as follows:

=(0,7) = v°(0,7) + ¥'(8,7), (7.3)
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where § = p/pe- is the reduced density and 7 = T,,./T is the inverse of the reduced
temperature. In Equation (7.3), the dimensional ideal gas part is defined as

T
a®(p,T) = ho + / ch(n)dn — R*T
T (7.4)

T 0 — R*
—T[so—l—/ Mdn—R*log <£)1,
Ty n Po

since for the ideal gas p/p = R*T. Thus, when a proper approximation of cg(T)
is given, a’(p, T) can be fully established by evaluating two integrals. Within this
study, four distinct functional forms can be chosen to be activated, as the imple-
mentation of ¢)(T) is set up by

Mot Reap /T \° /
0 _ co.i ) LY —C24 T
Cp(T> = E (Cl,iT 2 ) + E Ci,i <1 . e—CQJ/T) e

i=1 i=npe1+1

'thyc /T TLhyS /T2 (75)
C1, C1,i
N Z lcosh (2,:/T?)? } +, Z+ |:Sinh(02’i/T2>2:| ’
=Npye

where each term stands for an approximation related to the statistical mechanical
behavior of the heat capacity of an ideal gas, as proposed by Aly and Lee [92]. In
Equation (7.5), coefficients (¢, ¢2;) are arbitrary parameters, as many functional
fittings can be found in the literature. The dimensionless residual part of Equa-
tion (7.3) is provided similarly as a summation of various activable terms. The
nondimensional residual part of the Helmholtz energy is given as:

Npol Nexp

Z 1 Zé‘cg i -C3.i + Z <Cl7i562’i7'c3’i67664’i>
1=Npor+1
+ Z {0111602,1‘7_03,1‘ exp [—0471(5 — C57i)2 — Cq,i (T - C77i)2] } (76)
1=TNegp+1
Nga2
+ Z {CLZ'A;ZJ exp [—0771'(5 - 1)2 — C&i(T — 1)2} } s
i:nga1+1
with )
Ai = {(1 — 7') + C3,i [(5 — 1)2} m} + 05,1‘[(5 — 1)2]C6’i. (77)

The last Gaussian bell-shaped sums are generally used to improve fluid description
near the critical point.
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The definition of Helmholtz energy allows for the calculation of all other perti-
nent thermodynamic properties through the application of Maxwell’s relations, for
instance:

e = (5), D=~ () - oD =ao D)+ To0T), (15)

whereas the calculation of the enthalpy, specific heats, speed of sound, and funda-
mental derivative is the same as for the cubic models and is detailed in Appendix F,
exception made for the density and the temperature.

7.3 Generalization of fluxes and boundary condi-
tions

The implementation of the Peng-Robinson CEos requires a generalization to the

algorithms that compute the convective numerical flux and to the boundary condi-

tions. Concerning the numerical flux, the generalization of the Roe solver proposed

by Vinokuer and Montagné [93] is adopted. This generalized Roe solver differs from

the original version, since in the real gas regime the description of the Roe aver-

aged state must be enriched with the definition of averaged values of the pressure
dp

derivatives y = <a_p> and k = (%)p between the two sides of every mesh interface.

These values are obtained here following the procedure proposed by Glaister [94]
and then used to generalize the Roe averaged speed of sound for the determination
of convective eigenvalues. The Harten entropy fix [95] is also employed to prevent
null eigenvalues under sonic conditions.

Moreover, a generalized set of boundary conditions has to be determined, espe-
cially for inflow/outflow boundaries, which are normally based on the theory of the
Riemann invariants. The extension of Riemann invariants to real gas models is quite
complex, and, for this reason, the linearization proposed by Colonna and Rebay [32]
is used in this work to solve the boundary problem in a consistent and generalized
way. For the viscous part, the generalized multiparameter correlation of Chung et
al. [96] is applied to determine transport properties in the real gas regime. In par-
ticular, the procedure allows for the estimation of reliable values of the molecular
dynamic viscosity and thermal conductivity of polar and nonpolar fluids as func-
tions of p and T'. The additional input data required are the critical density p.,, the
dipole moment of the fluid molecules, and the equilibrium dissociation constant of
the substance.
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7.4 Model validation on a ORC turbine nozzle

To validate the implemented real gas model, the turbulent flow through an ORC
turbine nozzle (geometry provided by Turboden S.p.A. [97]) with Siloxane MDM as
the working fluid is computed. The turbine operating conditions, which also happen
to be the prescribed boundary condition (except for the compressibility factor), are
listed in Table 7.2. The expansion is shown in the 7' — s diagram in Figure 7.1.
In Figure 7.2, the throat area A; and the exit area A, of the nozzle are illustrated.
For this context, the exit-to-throat area ratio is calculated as fo = 2.04. Since the
passage is considered rectangular, this area ratio is equivalent to the length ratio.
The grid is composed of 3551 P? Bézier patches with an average y* ~ 0.8, obtained
from 9 NURBS surfaces arranged as described in Sec. 2.4.5, and shown in Figure 7.3,
while a P? solution approximation is adopted. The results are compared with those
obtained by Mantecca et al. [36], Colonna et al. [98] (who solved for the Euler
equations) and those obtained by using the polytropic ideal-gas (PIG) law. The PIG
model predicts erroneous caused by not correctly modeling the real gas behaviors.
Specifically, the PIG model is given by P = pRT, where R = R/M is the specific
gas constant, with M being the molecular weight and R = 8.314/mol-K. In the PIG
model, a fixed ratio of specific heats, v = 1.01733, is used. This value is determined
from the ideal-gas specific heats at constant pressure and volume, measured at the
critical temperature. This approach is chosen because this temperature is close to
the turbine inlet temperature, similar to the method used by Colonna et al. [98].

Table 7.2: ORC turbine nozzle operating conditions

Value
Pressure ratio Po1/ Py, - 6
Inlet total pressure Py, bar 8
Inlet total temperature To1, °C  270.5
Inlet compressibility factor Zo1, - 0.72
Outlet static pressure Ps, bar 1.33
Outlet compressibility factor Ly, - 0.96

Figure 7.4 shows the contours of the Mach number and the compressibility factor,
defined as Z = p/pR*T. The absence of non-reflective boundary conditions gener-
ates reflections that disturb the downstream solution. The Mach number contours
show that, from inflow to outflow, the fluid accelerates to supersonic velocities. The
trailing edge generates a series of weak shocks, while further downstream the flow
bends due to an overexpansion, generating a weak oblique shock wave. In addition,
the contours of Z suggest that the expansion of which occurs only for a portion
under nonideal fluid conditions, while downstream Z ~ 1 occurs almost everywhere,
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Figure 7.1: ORC nozzle expansion in the temperature-entropy plot for the MDM
working fluid

Figure 7.2: Definition of throat area A, and exit area A, in the turbine nozzle
passage; the geometry aspect ratio is deformed due to confidential property
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Figure 7.3: ORC turbine nozzle mesh composed of 9 P? NURBS surfaces with
average yt ~ 4

where Z = 1 represents the perfect gas conditions.

Figure 7.5 compares the pressure coefficients obtained along the blade, with
the PIG law and the Peng-Robinson model, with the numerical data obtained by
Colonna et al. [98] and Mantecca et al. [36], while for the 7, only the Mantecca et al.
data are available. The distributions are plotted on the /5y, where the curvilinear
abscissa s along the suction and pressure sides is normalized with the curvilinear
length Sy of the suction and pressure sides, respectively. The distribution of the
pressure coefficient for the real gas model shows a behavior similar to the literature
results, except for the last section of the suction side, where, at 5/5y ~ 0.67, the
oblique shock coming from the trailing edge of the upper blade in the cascade causes
the separation of the boundary layer. The separation causes a pressure drop, while
the plateau is ascribed to the recirculation bubble created after the shock. The
flow field does not reattach before the trailing edge. This different behavior can be
motivated by the different turbulence models employed. Figure 7.6 shows the density
distribution along the blade surface obtained using the Peng-Robinson model and
the PIG law. The density is notably high at the leading edge of the blade; however, it
diminishes as the fluid expands into the region defined by a dilute ideal gas. Initially,
the density calculated using the PIG model is observed to be = 28% lower than the
one obtained with the CEoS of Peng-Robinson. However, as the fluid continues to
expand towards lower pressure states - in accordance with ideal gas behavior - this
density discrepancy progressively reduces, reaching only a ~ 3% difference along
the rear section of the pressure side, while the values are similar along the end of
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the suction side. Additional differences between the ideal gas model and the Peng-
Robinson modeel can be analyzed along the pitchwise distribution in the outflow
section for the flow angle, the Mach number, the total pressure loss coefficient (
and the Spalart-Allmaras turbulence model variable 7 (see Figs. 7.7 and 7.8. The
PIG law solution tends to predict a reflected shock location slightly lower, causing
a visible displacement in all the distributions at the outflow. The outflow angle is
similar for both cases, except for the oscillatory region near the shock, The mach
number shows higher values for the PIG law, while the loss coefficient is higher for
the CEoS. Higher © values are predicted for the PIG law.
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Figure 7.4: ORC nozzle. Mach number (top) and compressibility factor (bottom)
contours on the adapted mesh, P* solution approximation
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Figure 7.5: ORC Nozzle. Comparison of the pressure coefficient C, (left) and 7,
(right) distributions on the blade surface with respect to the literature results, P?
solution approximation; — NURBS-dG Peng-Robinson, - -- NUBRS-dG ideal gas,
s Colonna et al. [98], x Manetecca et al. [36]
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Figure 7.6: ORC Nozzle. Comparison of the density distributions on the blade
surface obtained with the Peng-Robinson model and PIG law, P? solution approxi-
mation; — NURBS-dG Peng-Robinson, --- NUBRS-dG ideal gas



7.4. MODEL VALIDATION ON A ORC TURBINE NOZZLE

—70 . R
185} E
75 ﬂﬂ/\ﬁ\\\‘////X/\\vm : /ﬁﬁ
| N i A
| . ;
sl | “ [
¢ —80 = . / |
175 il
—85
L7} .

0| "™

1 1 1 1 1 1
—06 -05 -04 —-0.3 —0.2 —-0.1
Y

0

129

1 1 1 1 1 1
-06 -05 —-04 —-03 —-0.2 —-0.1
Y

0

Figure 7.7: ORC Nozzle. Comparison of the flow angle « (left) and Mach number
M (right) at the outflow between Peng-Robinson model and PIG law; P? solution
approximation; — NURBS-dG Peng-Robinson, - -- NUBRS-dG ideal gas
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Figure 7.8: ORC Nozzle. Comparison of the loss coefficient ¢ (left) and & (right) at
the outflow between Peng-Robinson model and PIG law; IP3 solution approximation;
—— NURBS-dG Peng-Robinson, --- NUBRS-dG ideal gas
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Chapter 8

Conclusions

8.1 Summary and conclusions

This thesis introduces a new isogeometric dG method for the RANS equations. This
approach integrates high-order CAD-consistent meshes with an adaptive anisotropic
mesh refinement, allowing simulations to be performed on exactly preserved CAD
geometries, following the isogeometric analysis paradigma.

Tools for generating high-order NURBS meshes are developed and show a wide
range of representation capabilities, from single-block isolated airfoil meshes to
multi-block turbomachinery cascade meshes. The curved boundaries described by
NURBS of order p allow one to achieve overall smoothness up to the derivative p—1,
improving both accuracy and stability with increasing orders. Moreover, high-order
NURBS with a low number of control points present satisfactory capability of fitting
a set of points, when the original CAD geometry is not available.

A NURBS-based discontinuous Galerkin discretization is employed, where the
same basis functions used for the geometry are also used for the solution approxi-
mation. The method solves the RANS equations coupled with the Spalart-Allmaras
turbulence model, modified so as to prevent the appearance of spurious phenomena
due to nonphysical values of the turbulent variables. Particular attention is given
to spatial integration, where a study assesses the goodness of the Gauss-Legendre
quadrature rules to solve area integrals of nonpolynomial functions over a highly dis-
torted domain represented with rational basis functions, demonstrating capabilities
of accuracy and stability when a sufficient number of quadrature points is used.

The solver accuracy and performance are evaluated on well-documented test
cases, such as the Ringleb problem, the laminar, and turbulent flow over a flat plate,
and different flow regimes over a NACA 0012 airfoil. The errors converge toward
an analytical solution and the residual convergence show the expected trend, while
the solution accuracy for more complex cases is assessed through a comparison
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of nondimensional quantities with the experimental and literature results. A key
aspect for the efficient implementation of the proposed solver is the mesh refinement
strategy, which covers both isotropic and anisotropic approaches.

The h-adaptation process is based on a quad-tree structure to store and use the
data needed by the refinement algorithm in an efficient manner. Different error indi-
cators are investigated, and the spectral decay emerges as the best, as it guarantees
the best accuracy in representing the flow field by minimizing the number of DoF's.
Anisotropic and isotropic refinements are compared, with the former using a lower
number of DoF's for the same level of accuracy. The use of anisotropic refinements is
particularly advantageous when there are directional flow features, such as bound-
ary layers, shocks, and wakes. A speed-up of ~ 6x with respect to the standard
nonrefined meshes is achieved.

The proposed method is also used to perform a gradient-based constrained shape
optimization, where an objective function is minimized while subjected to equality
constraints, and where gradients are computed using the discrete adjoint method.
The procedure is carried out with the SQP approach, where, at each step, a damped
BFGS method is used to approximate the Hessian matrix. This method is coupled
with a merit function-based line search technique to estimate the step size used to
explore the design space in the direction obtained by solving the current QP. This
approach is tested on airfoils in turbulent flows with the aim of minimizing the drag
coefficient while satisfying area and lift coefficient constraints. Optimizations with
respect to airfoil parameters and control points are compared, showing better and
promising results when vertical displacements of the control points are chosen as
design variables.

Finally, the implementation of real gas models is described and assessed on an
ORC turbine nozzle, where strong nonideal gas behaviors arise. Two cubic equations
of state and a multiparameter model are implemented and described to obtain a full
flow characterization. The turbulent flow in an ORC turbine nozzle is simulated,
obtaining satisfying results as compared to the data in the literature.

In summary, this work provides a substantial contribution in the IGA field, as
the proposed isogeometric DG solver can represent a viable solution for the efficient
simulation of turbulent real gas flows around complex geometries while performing
shape optimization for the minimization of a desired objective.

8.2 Future Work

Many areas for future work remain. Some ideas for further research are described
here to expand the applicability and efficiency of the method.

An hp-refinement strategy could further enhance the method accuracy and ef-
ficiency. hp-refinement in a NURBS-based framework is straightforward to imple-
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ment, since the well-known knot insertion and degree elevation algorithms can be
used. This approach would allow efficient and dynamic handling of regions that
require fine detail through a dynamic refinement strategy based on error indicators
to determine whether h, p, or a combination is most effective.

The extension of the refinement strategy to k-refinement, where the regularity
of the NURBS basis functions is adaptively modified, represents a promising way
for improving efficiency. By employing output-based error estimation techniques
using the discrete adjoint method, the sensitivity of the solution error to changes
in refinement could be quantified. This quantification could be used to drive the
refinement to optimally modify the smoothness k of the basis functions. This method
would be particularly beneficial in regions with sharp gradients or discontinuities,
where controlling the smoothness could mitigate spurious oscillations.

The current solver is restricted to two-dimensional domains, which limits its
application to more complex problems in engineering and physics. Extending the
solver to three-dimensional domains would involve the development of tools able to
generate 3D NURBS meshes, while the extension of the rational representation is
helped by the tensor product nature of the basis functions.
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Appendix A

Least squares curve fitting

This appendix is dedicated to the weighted and constrained least squares curve
fitting method with curvatures presented by Piegl [39], adapted to NURBS from an
algorithm by Smith et al. [99]. Let {Q;},i = 0,...,r, represent the data points to
be approximated. Optionally, the first derivative D;, direction Dir;, and curvature
Curv; can be specified at any @Q;. Let {ng),Dirgj),Curvfj)},j =0,...,s, be the

set of derivatives, directions, and curvatures; s < r, where s = —1 means that the

derivatives, directions, or curvatures are not specified. Furthermore, any @);, DZQ ),
Dz'rgj ), or Curvi(j ) can be constrained (precisely interpolated).

{Q.}, {ng )}, {Dirgj )}, and {Curvz-(j )} are divided into unconstrained and con-
strained sets. Denote by Q!, @, D, D' Dir™ Dir, Curv!™ and Curv®

the unconstrained and constrained items. The total number of data points is:
r=r,+r.+1, (A.1)
and the total number of derivatives, directions, and curvatures is:
B=DB,+B.+1. (A.2)

The aim is to approximate the unconstrained data in the least squares sense while
interpolating the constrained data exactly. The algorithm requires:

m. < n -coordinates and m.+ n - coordinates < m,, + 1. (A.3)
Now, let Sy, k = 0,...,m,, represent the unconstrained data items, and T}, k =
0,...,m., represent the constrained data items. Define the vectors/matrices:

where N = [N, ,(u)] and M = [M;,(uy)] are the basis function matrices for the
unconstrained and constrained data points, respectively, including their derivatives,
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directions, and curvatures. The system of equations becomes:

NP =S, (A.5)
and the constrained equations are:

MP=T. (A.6)

The aim is to minimize the sum of the weighted squares of the error, subject to
MP =T. The error in the unconstrained data is S — IN P, thus minimizing:

(ST - P'TNT"YW(S - NP)+ A" (MP —-T). (A7)

To minimize with respect to the unknowns A (Lagrange multipliers) and P, differ-
entiate and set to zero:

—2(8"WN - PPNTWN)+ A™M =0, (A.8)
MP-T =0. (A.9)
By transposing and factoring out constants, the system can be written as:
N'WNP+ MT"A=N"WS, (A.10)
MP=T. (A.11)

In matrix form, the full system is:

Y
This system is solved for P and A. To find P, first solve for A:
A= [M(N"WN)"'M"]" [M(N"WN)'N"WS -T]. (A.13)
Then, substituting A back, we obtain P, the control points:
P=(N"WN)'N'"WS - (N"WN)'M"A. (A.14)

Figure A.1 (top) shows the result obtained by fitting a set of 30 points with a
P3 NURBS curve of 13 control points. The only constrained points are the first and
the last, whereas no directions, derivative, or curvature are imposed. Figure A.1
(bottom) shows the fit of the same data set with two additional constrained points,
two constrained derivatives at the first and last points, respectively, of (10,0) and
(5,5), and a constrained curvature of —1 at the first point; these numerical values
are defined with respect to the unit length in space x — y.
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Figure A.1: Fitting of a data set with a P> NURBS under different constraints;
unconstrained points, ® constrained points, c NURBS control points
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Appendix B

Planar lofted surfaces

Given a set of B-Spline section curves, the action of blending them into a single sur-
face is called lofting or, more precisely, skinning [39]. In this work, this technique is
used to generate two-dimensional NURBS domains; therefore, only coplanar curves
are taken into consideration, even if a more general discussion would expect a set of
curves in the three-dimensional space.

The set of cross-sectional curves {Ck(§)}, k = 0,..., K, is planar in the £ di-
rection. The lofting process blends these curves in the n direction, also called the
longitudinal direction, to form a smooth surface. Each curve is defined in terms of
B-Spline basis functions, Egs. (2.4) and (2.5), and its control points as:

Ci(&) =D NPy, k=0,... K (B.1)
1=0

These curves are defined on the same knot vector = and have the same degree p. If
necessary, the section curves can be brought to a common knot vector = through
knot insertion (see Section 2.3.1).

The lofting procedure constructs a surface by fitting between the control points
of the section curves in the 7 direction with B-splines of degree ¢. It is important
to note that, while setting all control points as constrained data, i.e. interpolating
all of them, would be preferred for more general applications, in this work only
the boundary control points are set as constrained data, while the internal control
points are set as unconstrained. This approach demonstrates better results in the
smoothness of the final mesh while preserving exactly the geometry of the bound-
aries. During this fitting process, directions and derivatives can be imposed along
the boundaries; this is of particular interest when element edges normal to the body
surfaces are desired.

The surface generated by the lofting procedure is expressed as:
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K

S(&m) =Y MI()C;(8), (B.2)

j=0

where M(n) are the B-spline basis functions of degree ¢ in the 1 direction, and
the section curves C;(§) act as the control curves along the u direction. For each
control point P, from the section curves, the lofting process approximates in the
n direction to generate the control points Q; ; of the surface. These control points
are computed as:

K
Qij=> MinPy, i=0,...n j=0,. K (B.3)
k=0

Thus, the control points Q); ; define the skinned surface, ensuring a smooth blend
between the section curves, as can be seen in the example of Figure B.1.

If any of the section curves {Cy(&)} is rational, the fitting in the direction 7
is carried out in the homogeneous space. This ensures that the rational properties
of the curves are preserved throughout the lofting process. For 2D curves, control
points P are treated as three-dimensional points P,y = [z;, y;, w;], where w; are
the weights of the rational curves. After the interpolation is complete, the resulting
control points Q;; are projected back into the two-dimensional space by dividing
by the homogeneous weight:

Qi — (& &) | (B.4)

7
Wi j Wi,j
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Appendix C

Discrete Coons patch method

In this appendix, the discrete Coons patch method [100] is described in its applica-
tion to construct NURBS surfaces given the control points of four boundary curves.
The Coons patch is a bilinearly interpolated surface, and this method extends it to
discrete points, specifically control points of the four boundary curves, to generate
a surface that smoothly interpolates between them.

Let the four boundary curves be represented by C;(£),Ca(n), Cs(§), Cy(n),
where C and C3 are NURBS curves in the ¢ direction and Cy and C are NURBS
curves in the n direction. The traditional Coons patch surface S(&,n) is obtained
by blending the four boundaries in a bilinear way as follows:

S(&,n) =(1—&)Cun) +£C2(n) + (1 —n)C1(§) + nC5(&)

(- )P+ &1 )Pt (1— Py + Py, OV

where Py, Py, Py, Py are the corner control points defined by the boundary curves.
The terms on the right-hand side consist of interpolation along the ¢ axis (first two
terms), interpolation along the n axis (next two terms), and a bilinear correction
term to remove the double counting of the corner points (last four terms).

The discrete Coons patch method instead involves the control points of the
boundary curves. Let C; be defined by n; control points P{, i =0,1,...,n;—1, Cy
be defined by ny control points P2j, 7=0,1,...,n9 — 1, C3 be defined by n; control
points P} and C, be defined by ny control points P;.

Let Xiy, is] represent the control point of the surface at position (i1, i5), where
iy € [0,ny — 1] and iy € [0,n9 — 1]. The boundary control points are set by the
boundary curves as follows:

X[iy,0] = P, X[ni—1,i0) = Py, Xl[iy,no—1] = Py*,  X|[0,iy) = Pj>. (C.2)
For the interior points, the bilinear interpolation is used to compute the surface
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control points. For each interior point X[i1,is] with 1 < i3 <n; —2 and 1 < iy <
no — 2, the control point is given by:

b

X[il,ig] = (1 — ny — 1) X[O,Zz] + ™ 1_ 1X[77,1 — 1,22]+

(C.3)

<1— v 1>X[21,O]+ v 1X[i1,n2—1]—B(i1,i2),

ng — ng —

where the bilinear correction B(iy,12) is computed as:

N T i i 0 B
B(’Ll,ZQ)—(]. nl—l) <1 n2_1)X[O,O]+n1_1 <1 n2_1>X[n1 1,0]
+ (1— e ) 2 X[0,n0— 1] +

7’L1—1 TLQ—l

(C4)
This procedure ensures that the control points are interpolated smoothly between
the boundary curves and that the surface accurately conforms to the shape pre-
scribed by the boundary control points. An example of a P> NURBS surface ob-
tained by applying the discrete Coons patch method is shown in Figure C.1.
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Figure C.1: P3 NURBS surface obtained by applying the discrete Coons patch

approach; ® NURBS surface, =— boundary curves
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Appendix D

Generalized Roe approximate flux

In this work, the Glaister generalized Roe numerical flux [94] is employed to handle
the ideal and the real gas regimes. This appendix is dedicated to a description of
this approach. The Roe-averaged state with the following relations:

p=/p -pt, (D.1)
_ Np e+ /ptoet
€= N , (D.2)
a:\/p_\'/z_:j:g'w, (D.3)
@:\/p__\'/z__ig'w, (D.4)
SN D)

Voo Vet
where the superscripts (-)~ and (-)* represent the left and right sides, respectively.
In this appendix, the notation -~ refers to the Roe averaged value of the quantity (-),
while the Spalart-Allmaras turbulent variable is here referred to as 7, to distinguish
it from its Roe averaged value 7. The Roe averaged total enthalpy h is given by:

Vp~  hg +pt e h§
Voo et

where h; and h;" are the total enthalpies in the left and right states, calculated as

B:

(D.6)

he = e + 1;—_ M (D.7)
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gi_+(u+f-+(v+f
pt 2 '

The Roe-averaged speed of sound ¢ is calculated by using Glaister’s method:

R(CECER

where (%) and (%)~ are the partial derivatives evaluated at the Roe-averaged
14 ] e/ p

hi =e" + (D.8)

state. These derivatives are calculated using the Peng-Robinson CEoS [86].
Using the Roe-averaged values computed above, the eigenvalues of the flux Ja-
cobian matrix, representing the wave speeds, are determined as follows:

where ||@|,, = @n, + ¥ n, is the Roe-averaged normal velocity, with n = [n,, n,|T
being the interface normal.
To prevent numerical instabilities near discontinuities, Harten’s entropy fix is

applied [95]:
A2+462 .
M:{2évﬁWR5 (D.11)

Ais otherwise

where 6 = 0.1¢ is a small threshold value. These first and last eigenvalues must be
modified to account for real gas effects in the following way:

AT =S (3] = [A) (D.12)

N | —

1
/\+:—|/\2|+§(|)\3|+|)\1|). (D.13)
Then, the following auxiliary quantities d; and dy are introduced:

ATA AT ApAg,
BENEY N

62

dy

(D.14)

C

A Ap

da

+ AT Ap Ag,, (D.15)

where Ap = pt —p~ is the pressure difference, Ap = p* —p~ is the density difference,
and Al|ul|, = [Jull} — ||ul|,, is the difference in normal velocities between the left
and right states defined as ||u|,, = un, + vn,. The difference in convective fluxes
between the left and right states is defined as AF,., while an average quantity vector
¢, and the vector F,, are introduced as:
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S
N
3

, Fo=| n. |, (D.16)

2
3
N

The flux F is finally calculated as:

F = |)\2|AFc+dléa+d2Fn, (Dl?)

. F-+FF—
. c*zc L (D.18)
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Appendix E

Boundary conditions

This appendix details the specific boundary conditions used in this work. Convective
and viscous fluxes, which depend on both the boundary state and its gradient, are
used to weakly enforce the prescribed quantities. Here, a detailed description of
the calculation of the boundary state for the boundary conditions used in this work
is given. These boundary conditions are described for two-dimensional domains,
therefore m = 4.

E.1 Subsonic inflow

At the inflow boundary, with subsonic flow M, = ||ul|,/c < 1, there is only one
positive eigenvalue ||u||, + c¢. This means that m — 1 quantities are prescribed,
including static pressure p”, density p°, and flow direction. The subscript (-),
represents the quantity (-) in the normal direction, so ||u|, = un, + vn,, where
n = [n,,n,|T is the outward normal boundary. The missing information to complete
the boundary state is the Riemann invariant associated with ||u||,,+c evaluated from
inside the domain. For turbulent simulations, the value of © is also prescribed as
explained in Section 3.1.2. From the EoS used, the total specific enthalpy hy and
the specific entropy s can be computed. The equations for the definition of v are:

Sho = Sh, (E.1)
§s = 65", (E.2)
op + pcdllull, = 0, (E.3)

here the superscript () indicates the prescribed boundary condition, ¢ is the speed
of sound. The direction of the boundary velocity u® is prescribed, while its mag-
nitude [|ul/* is to be determined. If B is the unit normal vector along u’, then

151



152 APPENDIX E. BOUNDARY CONDITIONS

ub = B|u||’, yielding:
Sllulln = Bndllull —0¢, 6§ = [lulln — Bn [lul (E.4)
where 8, = 3 - n. This leads to the modified equation for JP:
p + pc By 6||ul| = pcdg (E.5)

The missing relation is provided by the Gibbs-Duhem equation with no phase chang-
ing:

5h = Tyds + ‘%p (E6)
This allows expressing dp as a function of dhg and ds:
Sho = Tyds + % + %(5||uH2 (E.7)
Solving for d||ul|:
(Olleel)* = (B — Jlull) £ \/(Cﬁn = llul)? = 2(cd€ + Tods — dhiy) (E.8)
For a subsonic inflow boundary where £, < 0 and ¢f,, — ||u| < 0, the solution

(0g)™ is selected to obtain 0||u|| = 0, completing the boundary state evaluation. For
the viscous part, the gradient employed in the calculation of the numerical flux is
extracted from inside the domain, that is F, = F, (q, Vaq,q*,Vq; n) This applies
for all the inflow and outflow boundary conditions.

E.2 Supersonic inflow

The calculation of the boundary state for an inflow boundary that is supersonic
in the normal direction is trivial since all the eigenvalues are negative and m the
boundary data must be prescribed, therefore the entire vector g* is the prescribed
data in this case.

E.3 Subsonic outflow

For an outflow boundary, defined as a subset of 02 such that w-n > 0. If the flow
in the normal direction is subsonic, there is only one eigenvalue A = ||ul|, — ¢ < 0.
The equations that allow for the computation of the boundary state are

op + pedlull, =0 (E.9)
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6p+0op =0 (E.10)
Sp = op* (E.11)

The solution of the system in this case is trivial:

5pbc
op=— = (E.12)
5pbc
Ol|ull, = e n (E.13)
5p = 6p™° (E.14)

E.4 Supersonic outflow

In the supersonic case, since all the eigenvalues are positive, no condition needs to be
imposed. The boundary state is simply equal to the internal state, that is, ¢ = q.

E.5 No-slip adiabatic wall

At a no-slip, adiabatic wall, the desired conditions are zero velocity, heat flux, and
eddy viscosity at the wall. Using this information, the boundary state is given by:

1 T
qbc =P pE - §pHU||2,O, 070 (E15)

The inviscid flux is computed using the nonnumerical flux function F(g"). In
addition, an adiabatic condition requires that the viscous flux in the energy equation
satisfies VE -n = 0. For this reason, the viscous flux is computed using the interior
gradient, except for the energy-equation component, which is set to:

fu=u—|ulln-n. (E.16)
fo=v—|lulln ny (E.17)
fome— 5 W+ 4 24 £2) (B18)

V(pE)be:fe-Vp—i—fu~V(pu)—|—fv-V(pv). (E19)
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E.6 Symmetry plane

The boundary condition applied to the plane of symmetry requires that the state
exhibit symmetry with respect to the plane and ensures continuity in its deriva-
tives, which are perpendicular to this plane. This necessitates that the flow remain
tangential to the symmetry plane. Consequently, the boundary state is adjusted to
match the interior state with the subtraction of the normal component of velocity:

P =p (E.20)

(pE)" = pE (E.21)
(pu)* = p(u = 2|ulln.) (E.22)
(pv)" = p (v = 2[[ulluny) (E.23)
= (E.24)

Regarding the state derivatives, the presence of the symmetry plane requires that
the normal derivatives of the scalar quantities p, pF, and v are zero. Similarly, the
normal derivative of the tangential velocity is also zero. However, this condition
does not provide any data about the normal derivative of the normal velocity or the
tangential derivative of any variable. The boundary state gradient is determined by
integrating the information available on the normal derivatives with the derivatives
from within the interior. Be R the reflection matrix with respect to the boundary
normal n = [n,, n,|T defined as:

1—2n? —2nxny]

—2n,n, 1—2n’ (E.25)

R:I—anT:{

where I is the identity matrix. The reflected gradients to be imposed are obtained
by applying the reflection matrix R to each gradient vector:

be 1= 2n? —2n,n, [P

Vp™=RVp = [_2%% 1_ 2n§ o) (E.26)
1—2n2 —2n,n,]| [(pE)
bec _ x x 'ty T

V(pE)* = RV(pE) = [_2%% 1 _ 2n§_ {(pE)y , (E.27)

1—2n2 —2n,n,] [V

~bc __ ~ x x'ty T
Vi = RVD = [—anny 1_ 2n§] _Dy] . (E.28)

For the momentum component, the reflection matrix is updated as:
1 —4n?2 —4n,n

’__ - T _ T z!lby

R' =R -2nn [—4nzny 1_ 4n§] , (E.29)
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which is then used to define the momentum boundary gradients:

Vi = RV = |1 e Tl e (e
o w- (3 ] o
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Appendix F

Generalized EoS flow
characterization

Following the expressions in Equation (7.2), the mass-specific internal energy can
be defined as:

T P 0
e(P,T)=€o+/T Cg(ﬂ)dﬁ+/0 5—2[ —T(a—;)
0 3

while the mass-specific entropy can be written in the form:

) p 71 dp
s(p,T) =5 +/ ————=dn—R"lo (—)—i—/ — |R" — (—)
(p.T) = 50 Ty el @ or ).

where ¢ and 7 are used as symbolic substitutes of p and 7" in the integral functions,
while (po, Tp) identifies the chosen reference state. The last terms in both Egs. (F.1)
and (F.2) represent departure functions from the nonpolytropic ideal gas behavior
since they vanish for sufficiently rarefied thermodynamic states, i.e. p — 0. The
remaining two integrals instead require an expression for the contribution of the
ideal gas to isochoric specific heat ¢j(T"), which is by definition the limit of ¢,(p, T)
as p — 0. In this work, a polynomial function of absolute temperature in the
form ¢(T) = ¢)(T) — R* = ¢o + a1 + T° + ¢3T% — R* is used for each fluid
considered, where cg(T) is the contribution of the ideal gas to the specific isobaric
heat. The coefficients ¢; for © = 0,...,3 can be theoretically determined from
chemical group contribution methods [101], or from given polynomial fittings of

available experimental data.

d, (F.1)

¢, (F.2)

The values of p(p,T") and e(p,T") are sufficient to determine all other relevant
thermodynamic properties. For example, the mass-specific enthalpy and real gas

157
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isochoric specific heat are obtained as

Mo T) = elp.T) + L0 eafT) = (;’—T) (F3)

The real gas isobaric specific heat and the speed of sound are obtained from

op\2
Cp(p, T) =c,(T)+ % é;;;” : cp(p, T) = \/% (g—];)T (F.4)

The fundamental derivative of gas dynamics can be expressed following the work of

Cramer [102]:
op 3p*T ( Op d*p
2% | = —=
e (ap) Ay (aT \opoT

1 9*p
L(p,T) = e {'048_;)2
cvﬁTp OTZpTﬁTp cvan
(F.5)

The density is obtained from the pressure equation. When the models are based
on Equation (7.2), the thermal EoS can be reformulated as a third-degree polynomial
in the density, whose coefficients are a function of temperature and pressure, that
is, dy + dip + dop?® + d3p® = 0, with d; = d;(p,T) for i = 0,...,3. For temperature,
Newton’s iterations are used in functions p(p,T') and e(p, T), since their derivatives
are known and the resulting formulation is more complicated. Initial guesses are
calculated using the ideal polytropic gas model with v = cg(Tg) /(Ty).

When the model is instead based on Equation (7.3), Newton’s iterations are
also used for density, but since the number of roots may be higher than in the
CEoS case, some initial guesses are chosen as suggested by Span [91]. Specifi-
cally, the initial estimate for the density is provided by the Peng-Robinson model,
whose coefficients are calculated and stored once. For the temperature, a simpli-
fied version of the van der Waals model with a power law ideal gas-specific heat
is analytically inverted. The adopted expression is ¢2(T) = (To)(T/Tp)", where
n = log(c(Ty)/P(Ty))/log(Ty/Ty) and Ty < Ty < Ty, as suggested by Aly and
Lee [92]. Furthermore, the van der Waals coefficients are calculated and stored
before computations. For the first and second derivatives of the thermodynamic
properties the reader is to the work by Mantecca et al. [36].

+
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