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ARTICLE INFO ABSTRACT
Keywords: By following the work in (Rubin and Bardella, 2024), this investigation develops measures of rates of elastic
Crystal plasticity incompatibilities, denoted as R;;, for crystal plasticity. This effort relies on Eulerian constitutive equations for

Elastic incompatibility
Eulerian formulation

Large deformation
Small-scale metal plasticity
Uniform bending
Size-effect

finite-deformation anisotropic elastoplasticity governed by the evolution of microstructural material vectors.
The rates R;; depend on the crystallography as the latter enters the rate of plasticity L, and the R;; are obtained
by evaluating the opposite of the current curl of L, relative to the microstructural vectors. Each component
of R;; is invariant under superposed rigid body motions, such that it can be independently employed in the
constitutive equations. In crystal plasticity, the adopted Eulerian framework allows for singling out in R;; the
contributions due to rates of densities of geometrically necessary dislocations and to the elastic distortion of
the crystal lattice. In this work, R;; are used to enhance the hardening, which is applied to the size-dependent

material response of structurally thick circular sectors subjected to uniform large-deformation bending.

1. Introduction

This work is a continuation of (Rubin and Bardella, 2024), where
Eulerian rates of elastic incompatibilities are developed. The adopted
finite-deformation Eulerian framework relies on the evolution equa-
tions for the material microstructural vectors (Rubin, 1994)

;= (L-L,)m;, M

where m;, i = 1,2,3, constitute a triad of linearly independent vectors
that are orthonormal in a Reference Lattice State (RLS) with zero stress
and reference temperature; moreover, () indicates the material time
derivative, L is the total velocity gradient, and L, is the second-order
tensor constitutively defining the plastic rate. The evolution of the triad
m; can characterize elastic deformations and changes in anisotropic
orientations from the RLS in any material, including any anisotropy and
microstructure, such that it also determines the Cauchy stress T in the
current state. Hence, the vectors m; are internal state variables (Onat,
1968) that, in the current configuration, are assumed to be measurable.
In fact, in the Eulerian formulation followed here, the constitutive
equations must be functions of the values of state variables in the
current configuration. Hence, the total deformation gradient F may not
be a state variable in this formulation, as it depends on an arbitrary
choice of a reference state, although it admits Lagrangian and Eulerian
forms (Rubin, 2012).

* Corresponding author.

Naturally, elastic incompatibility is a Lagrangian notion as it re-
quires the definition of elastic deformation between an initial and
the current configurations. By confining attention to simply connected
regions, this notion can be discussed through the use of a Nye-Kroner-
like elastic tensor e, (Nye, 1953; Kroner, 1962), which measures elastic
incompatibility from the initial configuration to the current configura-
tion. Rubin and Bardella (2024) show that, by taking coincident initial
and current configurations, the instantaneous elastic incompatibility
rate reduces to

@, = —curl(L,), (2)

where the curl is taken with respect to the current position x of a
material point located at X, at time ¢ = 0, in the initial configuration,
with the one-to-one mapping

x =x(X,1).

Consequently, assuming suitable smoothness, &, = 0 at 7 implies that, at
that instant, the instantaneous rate of elastic incompatibility vanishes,
which means that, at that instant, the instantaneous rate of elastic de-
formation is compatible. Note that the expression in Eq. (2) is obtained
in (Rubin and Bardella, 2024) from a time-integrable evolution equa-
tion that is invariant under superposed rigid body motions (SRBM).
However, since Eq. (2) is evaluated under the condition that the initial
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and current configurations coincide, it represents the instantaneous
rate of elastic incompatibility and cannot be integrated as a tensorial
quantity.

Specifically, Rubin and Bardella (2024) define the Eulerian rates of
elastic incompatibilities for finite deformations as

R;; = —curl(L,) - (m] ® m}), 3)

where m denotes the distortional part of the microstructural vectors,
which are obtained as

mf:Je_l/Sm[, J,=m; xm, -m3 >0, (C))

where J, is the elastic dilatation.’
The distortional microstructural vectors satisfy

m/ = (L - L)m/, 5

with ()" denoting the deviatoric part of a second-order tensor, such
that

L'=L- %tr(L)I, (6)

In (Rubin and Bardella, 2024) it is demonstrated that each component
of the Eulerian rates of elastic incompatibilities R;; as defined in
Eq. (3) is invariant under SRBM. Therefore, any combination of the
components of R;; can be used in Eulerian anisotropic constitutive
equations (Rubin, 2012, 2021). In fact, the rates R;; are independent
of arbitrary choices of reference and intermediate configurations as
well as total and plastic deformation measures, which instead affect
definitions of the Nye-Kroner-like tensor in finite-deformation theo-
ries relying on the multiplicative decomposition of the total deforma-
tion gradient into elastic and plastic contributions (Bilby et al., 1957;
Kroner, 1959; Lee, 1969), F = F,F,. In such a context, there are actually
several proposals for the measure of densities of GNDs, as for instance
reported and discussed by Cermelli and Gurtin (2001).

It is further noted that R;; are highly nonlinear fields for their
quadratic dependence on m], which in turn depend on the loading
history, likewise L,. This notwithstanding, under small strains and
rotations, the definition of R;; is consistent with the negative rate of
the Nye-Kroner tensor (Nye, 1953; Kroner, 1962). Physically, the Nye-
Kroner tensor characterizes densities of geometrically necessary dislo-
cations (GNDs) in a continuum framework for metal plasticity (Ashby,
1970; Fleck and Hutchinson, 1997; Arsenlis and Parks, 1999). Because
of this, the Nye-Kroner tensor is also denoted as the dislocation density
tensor.

The foregoing arguments support the use of R;; as an adequate
quantity to enhance the Eulerian hardening equations to predict size-
effects in large-deformation metal plasticity at the microscale. Remark-
ably, R;; can be used to define incompatibility-dependent fields that
allow for either full or partial recovery of the hardening associated
with the size dependence, which has a connection with the meaning of
GNDs in continuum metal plasticity, also accounting for the dissipation
associated with dislocations’ motion (Ashby, 1970; Needleman, 2024).
This has been done in (Rubin and Bardella, 2024) by focusing on
phenomenological plasticity. This kind of effort, if contextualized in
the literature on strain-gradient plasticity (SGP), leads to a lower-
order theory, because of the absence of higher-order balance equations
and higher-order boundary conditions (Acharya and Bassani, 2000;
Niordson and Hutchinson, 2003).

1 About the notation, -, ®, and x denote, respectively, the inner, the tensor,
and the vector products. Specifically, A -B indicates the inner product between
the two second-order tensors A and B and is such that A-B = tr(AB”), in which
tr(A) = A1 is the trace of A and I is the second-order identity tensor. Also, by
using a fixed orthonormal rectangular Cartesian triad e;, curlL is defined so
that (curlL) - (¢; ® €;) = €,,0L;, /9%, with €;;, = (i — j)(j — k)(k — i)/2 indicating
the Ricci-Curbastro third-order tensor and L;; = L-(e; ®e;), x; = x-e,;. Moreover,
Einstein’s summation convention is adopted for repeated indices.
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The main novelty of this investigation is the application of the
foregoing concepts to crystal plasticity. As developed in Section 2,
one characterizing feature of the Eulerian approach is that the crys-
tallographic directions evolve with the elastic distortion of the crystal
lattice. Specifically, curl(L,) includes two distinct contributions, which
can be ascribed to the rates of the densities of GNDs and to the elastic
distortion of the crystal lattice. The influence of the elastic deformation
on the distortion of the crystallographic slip systems is discussed, for
instance, by Asaro (1983) within the context of the multiplicative
formulation of elastoplastic response. However, the influence on the
incompatibility of the elastic deformation of the crystal lattice is not
clear in formulations based on F = F,F, and using a Nye-Kroner-like
tensor to include size-dependence, because in these formulations the
crystallographic directions are held constant as defined either in the
intermediate configuration (Cermelli and Gurtin, 2001; Zecevic et al.,
2023) or in the reference configuration (Haouala et al., 2020). Addi-
tionally, the plastically convected rate of the Nye-Kroner-like tensor
developed by (Gurtin, 2006) depends only on contributions due to rates
of pure densities of GNDs.

In Section 3, presenting the proposed Eulerian constitutive equa-
tions for rate-independent crystal plasticity, the rates R;; are employed
to enhance the conventional hardening to obtain a size-dependent
hardening. Notably, the resulting size-dependence also introduces some
latent hardening. This constitutive framework is applied in Section 4
to predict the large-deformation response of circular sectors subjected
to uniform bending, i.e. bending without shear, thus ensuring axial
symmetry of the deformed configuration. These sectors are structurally
thick, meaning for instance that, in general, the radial stress may not
be neglected in comparison to the circumferential stress, although the
former vanishes at the inner and outer radii due to the boundary
conditions. Specifically, both the purely elastic and elastoplastic re-
sponses are studied in detail, such that their comparison helps to better
understand this highly nonlinear problem.

The bending problem is an interesting benchmark problem for
size-dependent elastoplasticity theories since the pivotal experiments
performed by Stolken and Evans (1998), which, remarkably, involve ex-
tremely large deformations. This benchmark problem has been studied
in several contributions to test SGP theories. For instance, Engelen et al.
(2006) adopted the uniform bending problem to discuss differences
in the predictions of earlier SGP theories. Later, Idiart et al. (2009)
and Martinez-Pafieda et al. (2016) studied this benchmark problem
by applying, respectively, the SGP theories of Gudmundson (2004)
and Gurtin (2004), the latter using, as higher-order primal variable,
the Nye-Kroner dislocation density tensor. However, it is remarked that
all these applications of various SGP theories restrict attention to small
deformations. Notably, the bending problem is suitable to discuss the
results of the proposed lower-order theory of strain gradient crystal
plasticity (Acharya and Bassani, 2000) because it does not need higher-
order boundary conditions to trigger gradients of plastic deformation
rates.

Concluding remarks are presented in Section 5, where it is high-
lighted that this study demonstrates the importance of the two contri-
butions to curl(L,) due to rates of GNDs densities and to the elastic
distortion of the crystal lattice.

2. Eulerian rates of elastic incompatibilities in crystal plasticity

Crystal plasticity models rely on a finite number N of slip systems
in the crystal, each system I being able to develop a plastic slip rate ; I’
and characterized by a plane with unit normal ;n and unit slip direction
;s in that plane, with ;s -; n = 0 in the current configuration (Rice,
1971). Therefore, the plastic rate L, in the current configuration is

P
defined by

N
Lp=ZIFIS®I“~ 7)

I1=1
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Since ;s-;n =0, Eq. (7) for L, is applicable to isochoric metal plasticity,
being consistent with tr(L,) = 0, such that, henceforth

.
L,=L.

Also, N and the relative orientations of the slip systems depend on the
metal crystallography (see, e.g., Hull and Bacon, 2001, and references
therein).

The plastic deformation and spin rates directly come from Egs. (7)
and have the forms

N
1 r
D,=D) =L, +L)) =Y = (5@ n+n®,s).
I=1
N (8
1 T T
W,= 3@, ~L)= Y = (5@ n-n®s.

I=1

In the adopted Eulerian framework, the crystallographic directions
in the current state are written in terms of the elastic distortional
microstructural vectors m] in Eq. (5), by specifying (Rubin, 2021, Sec.
5.13)

) -
_gmm” _osm
In_ln.mj’|’ =0
1% |15 mjl (9)
=1, ys'ys' =1, ynyst=0,

where there is no sum on the repeated index I and the reciprocal
distortional vectors m" are defined as

1

m' =m/, xm}, m? 3

"=m)xm|, m¥=m|xm,
’ Jl — s/ ’ Jj! _ (10)
m; - m —51' ) mj®m =1,
with 5{ denoting the mixed Kronecker delta. Importantly, in Eq. (9) the
components ;n; of ;n and the components ;s’ of ;s are constants that
are defined in the RLS, where m,’. =m’ are orthonormal unit vectors.

Eq. (9) simply states that the crystallographic directions follow the
crystal lattice, which is subject to elastic deformation.

Moreover, taking the time derivative of the fourth relation in
Eq. (10) and using Eq. (5) yields

m’ = —(L" - Lp)TmH ,

which can be used to show that the evolution equations for (;s, ;n) in
(9) can be expressed in the forms

$= {L” -L,- [(LN -L)-(s® 15)11}15,

; " ” T an
m=—{L"-L,- | -L)-(n® |} |n.

2.1. Comparison with “classical” finite-deformation crystal plasticity rely-
ing on the multiplicative decomposition of the total deformation gradient

To clarify definition (7) of L, in the current configuration and its
relationship to the multiplicative representation F = F,F,, the evolution
equation for F, used in (Rice, 1971; Asaro, 1983; Havner, 1992) can

be expressed in the form

N

A, = I S® N,
I=1

F,=AF,,
where ;N is a unit vector normal to the Ith slip system, ;S is a
unit vector in the slip plane in the direction of slip, and ,I'"*f is the
slip rate. In particular, ;N, ;S are specified as constant vectors in the
intermediate configuration. These vectors are deformed into the current
configuration by using the equations in (Asaro, 1983; Havner, 1992)

s*=F, S, mn*=F7TN, (12
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such that, in this classical formulation, the plastic rate has the form?

N
Lp — err0f15*®ln*s
I=1

which, with respect to (7), has the fundamental difference that, in
general, the crystallographic directions ;s*, ;n* are not unit vectors.
Conceptually, this introduces a dependence on the choice of an inter-
mediate configuration, which is not allowed in the adopted Eulerian
formulation of constitutive equations, since the constitutive equations
must depend only on internal state variables that are measurable in
the current state. Also, a resolved shear stress, on the I'th slip system,
computed by projecting the Cauchy stress onto ;s* ® ;n* would be
influenced by the stretches included in ;s*, ;n*. However, for metals
the elastic stretches are nearly equal to unity.

A comparison between the two formulations in terms of kinematics
is possible, as follows. From the equations

F=LF, F-'=-F'4A,
P p p

it can be shown that the evolution equation for elastic deformation in
the classical formulation

F,=(L-L)F,, L,=FAF",
is consistent with the formulation (7) when

_ s
[rs*]

mn

||’

I , M= (I =8| "] It (13)

where there is no sum on the repeated index I. Moreover, using these
results and F()TT = —(L - L)TF,7, it can be shown that (;s,n) in
Eq. (13) also satisfy the evolution equations in (11) (note that those
equations are not influenced by the spherical part tr(L)I/3 of L). Hence,
the crystallographic directions are identical for the two formulations,
if in the classical formulation they are normalized as in Eq. (13).
However, this correspondence would imply that the two formulations
constitutively define different plastic slip rates, as specified by the third
relation in Eq. (13).

2.2. Eulerian rates of elastic incompatibilities

Combining Egs. (7) and (9) yields

N Fana/
7s'm,

curl(L ) = — r
@ <; ! |;s9m
where @' are arbitrary convected coordinates, such that
o
20!
in which the comma indicates partial differentiation with respect to ¢

and g; (i = 1,2,3) is a triad of covariant base vectors in the current
configuration, with contravariant base vectors g’ defined by

nrmr/
® I—_ >,k xgk | a4

| ngm?|

’
A

x=x(0',1), g =x,=

>

g =g g xg,,
g ®g =1

Note that the covariant base vectors G; = X,; = dX/d¢' for the initial
position X admit a contravariant base G’ defined as in Eq. (15) with
(g'/%,g;) substituted by (G'/2,G;). This notation is useful to describe
the Lagrangian kinematics, as in Section 4.1 for the bending problem.

By using Eq. (9), the transverse crystallographic direction, which is
the direction belonging to the slip plane that is orthogonal to the slip
direction, has the form

1

AT

g =g g xg;. g =g g xg.

c 15)
g/ =g xg g >0, g-g =5,

2 3 /
6= sx n= [(;s7yn3 — s ,nz)m1

2 Note that in several classical contributions in the literature on finite-
deformation crystal plasticity, the symbol L, is used for FPF;‘, while here
the latter is denoted as A,.
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3 1 ' 1 2 /
H(s7pny = s pna)my + (g8 pny — 87y )mg]

and Eq. (14) can be rewritten as

N

curl(L,) = - Z T S® (jtx s)x gk — Z T (;s® txs), xgk,
I=1 I=1

where the contribution involving the gradient of the plastic slip rates is

the sole one non-vanishing under small strains and rotations. By using

the triple product expansion (;t X ;s) X g = ;s(;t - gF) — ;t(;s - g), it

follows that

N N

N T = 5@ s(t-g)+ s® (g9 = Y 1665 ® s+ 151 5@ gt
I=1 I=1

where

1ho=—1Ty(t-g) and ;p, =T (s gb)

represent rates of densities of pure screw and edge GNDs, respec-
tively (Arsenlis and Parks, 1999). Therefore, Eq. (14) becomes

N N
curl(L,) = Y\ (1p0rS® 1S+ 1p1$® )= Y. I (;s® ), xgt, (16)
I=1 I1=1
where
N
—Z, (;s® ), xgt = Z,Fcurl(,s@,n)
=1
and

curl(;s® m) = ;s curl(;n) + (;s Q@ V) X ;n

= ;s®@curl(;n) + (;s Q@ V) X (;t X ;8)
s®curl(n) —[(;s® V) t]1 ® s+ [(;s® V);s]® ;t
S®curl(n) + (;sQ VI(;s ® jt — ;t ® s), an

with the notation s ® V = ds/dx.

The first contribution to curl(Lp) in Eq. (16) is related to rates
of GNDs, as in the plastically convected rate of the Nye-Kroner-like
tensor developed by Gurtin (2006). However, Gurtin’s rate differs from
curl(Lp) in Eq. (16) because in (Gurtin, 2006) the crystallographic
directions are constants, whereas the second contribution to curl(L,)
here depends on the elastic rotation of the orthonormal crystal lattice
vectors s; and n;.

So, one of the central results of this investigation is attained by
combining Egs. (3) and (16) to obtain the expressions

_ RGND , ped
Rij_ij +R,-/-’

N
RSND = —{ z[lﬁols QS+ p115® ]t]} S(m] ® m;)

I1=1

N
Rf]‘.j = [,Z. ;Ceurl(;s ® ,n)] - (m] ®m})

= { D Ts@curl(m) + (s @ V)(;s® t — ;t ® ,s)]} “(m; @m’),

18

where RSNP and R are the contributions to the rates of elastic
incompatibilities due, respectively, to rates of GNDs densities and to
the distortion of the crystal lattice.

One of the objectives of this study is the evaluation of the impor-
tance in the modeling of the contribution Rfj“ in Eq. (18).

3. A crystal plasticity constitutive theory including elastic incom-
patibilities
A purely mechanical theory is considered for which the rate of

material dissipation D has the form

D=T-D-p2>0, 19)
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where p is the current mass density,
D= %(L +L7)

is the total deformation rate, and X is the Helmholtz free energy per
unit mass.

3.1. General anisotropic elastoplastic response

In this case, the free energy is assumed to have the form
Z=3(Jmp), (20)
where m . is the elastic distortional deformation metric, defined as
m. =m’ -m;. 21

and satisfying

/

m..
tf, = 2m{ @m) — =1 - (D= D,). 22)
Also, since the material derivative of Eq. (4) yields
J )
Te =1, -m’ = tr(L - L,) = tr(D), (23)

e
the elastic dilatation in Eq. (4) can then be rewritten, by using the
conservation of mass and Eq. (23), as

r=k, @4)
p
where p, is the constant value of the mass density in the RLS.
Next, Egs. (20)-(23) allow the Cauchy stress to be defined as
m.
T=—pl+T', p= Je(” T = pa—,(m Qm' - %I) (25)

and, by using Eq. (8), the rate of material dissipation (19) requires

N N
r
D=T"-D,= % = (5@ n+n@® ) T" =Y I;720, (26)
I=1 I=1
where
=T (;s®; n) @7

is the resolved shear stress, also denoted as the Schmid stress, acting

on the Ith slip system.
Moreover the free energy is restricted so that in a RLS J, = 1 and
8;;, the latter being the Kronecker delta.

3.2. Elastoplastic response with isotropic elasticity

By assuming elastically isotropic response, the symmetric elastic
distortional deformation B/ can be defined as

B/ =m,®m), B '=m"®@m". (28)

By using the evolution equation in (1) and the plastic rate in Eq. (7),
the time derivative of (28) yields

; T T
B, = L”B, +B/L"" - (LB, +B/LT)
N

_ L"B’e 4 B;L”T _ 2 IF[[S ® (B’eln) + (BéIn) ®; s] , (29)

1=1

which ensures that B/ remains unimodular (i.e. B/ - B/~! = 0). Notice-
ably, in the absence of plasticity the evolution equation in (29) ensures
that B/, is the unimodular part B’ of the left Cauchy-Green deformation
tensor all along the loading history if B, = B’ in any instant.

Within isotropic elasticity for metals, the free energy can be selected
as

po X = kI = 1 =) + Sultr(B) =31,
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where k and p are the zero-stress bulk and shear moduli. Then, by
substituting Egs. (24) and (28) in Eq. (25), the Cauchy stress becomes

p:k(Ji—l), T =J'uB!. (30)

e

Therefore, the Schmid stress in (27) can be written in the form

IT:Je_llllers lye=BL’-(IS®1n), (31)

where ;7, is the elastic engineering shear strain driving plasticity in the
I'th slip system.

3.3. A smooth elastoplastic transition with length-dependent hardening

Each plastic slip rate ;I in Eq. (7) is typically a function of
history-dependent variables. Incorporating a smooth elastoplastic tran-
sition (Hollenstein et al., 2013, 2015) has the advantage of avoiding
non-uniqueness in the activation of slip systems that is typical of
rate-independent crystal plasticity based on conventional consistency
conditions (Gambin, 1992; Forest and Rubin, 2016).

A simple form of the smooth elastoplastic transition model for rate-
independent crystal plasticity can be proposed, for each slip system, in
the form
= 1b1}’<1g>|ll—§:| ,
where ;b > 0 is a material parameter, ;7 is the total engineering shear
strain rate acting on the /th slip system, ;g is a yield function, ;Y > 0
is a strain-type hardening variable, and

=D Gs@ml, g=1vl-Y, (32

(x) = max(x, 0)

are the Macaulay brackets.

The response predicted by the model (32) features a smooth elasto-
plastic transition with overstress on each slip system. Increasing ;b
leads to a sharper transition and a smaller overstress. Also, the defi-
nition of ;I in Eq. (32) allows the dissipation inequality (26) to be
automatically satisfied.

3.3.1. Isotropic hardening, including size-dependence with latent hardening

The invariance of R;; under SRBM allows any appropriate function
of the R;; components to be selected as a field to extend the hardening
to include size-dependence in the model. The present work follows the
proposal in (Rubin and Bardella, 2024) for phenomenological plasticity,
thus considering the scalar field ¢ defined by the sum of all the R;;
components. This is the simplest combination of the R;; components
that allows ¢ to increase due to generation of defects and to decrease
due to annihilation of defects. Accounting for the two contributions
identified in Eq. (18) yields

&= EOND | ged
3 3

¢GND _ GND

LN =2 3 Y R]

3 N
Z { Z[rﬁ@rs'@ S+ LS ® rt] } (m] ®m}),

I=1

3 N
gd =y ZR??:KZZ [Z,Fcurl(,s@,n)] -(m;®m;),

i=1 j=1 i=1 j=1 L=l

(33

where EONP and £¢4 are the contributions due to GNDs densities and dis-
tortion of the crystal lattice, respectively, and # > 0 is a characteristic
material length.

The field ¢ enhances, for each Ith slip system, a history-dependent
hardening parameter ;Y having the form

Y= Yy+ Y, (Yg=1Tlimg(Yps— Ye),
IYf=|é|[1mf(1YR_lYf>_1mr<1Yf_IYR>]’ (€D
[Yr =Yg, (1 —1071hmx
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which is controlled by the eight non-negative material parameters
1Yr0s iMis 1Yus 1Yrs 1YRss 1Mes M., and ;ng. Specifically, ;Y sets
the initial yield point in the Ith slip system through the annealed
conditions

Yt =0)= Yy, Y, (t=0)=0VI, (35)

ymy governs the rate of monotonic increase of the conventional hard-
ening ;Yy, from its initial value ;Yy, up to the saturated value ;Y.
The size-dependent hardening ;Y, can instead increase or decrease
between 0 and its saturated value ;Y that depends on |¢| and admits
the maximum value ;Y,, the latter being set by the last relation
in Eq. (34) where ;np governs the profile of the function ;Yx(|&]),
thus establishing the number of orders of magnitude of size showing
appreciable size-effect. Finally, ;m, and ;m, control, respectively, the
rates of increase and decrease of ;Y,, the decrease being ascribed to
annihilation of defects. Note that for ;m, = ;m, the third relation in
Eq. (34) simply becomes ;Y, = |&|,m,(;Yg — ;Y,).

For the present case of crystal plasticity, as is clear from the cou-
pling among slip systems in Eq. (33), the definitions (33) and (34) intro-
duce some lower-order size-dependent latent hardening in the model.
A complex form of this kind of contribution was proposed in Bardella
et al. (2013) to supplement a higher-order theory of strain gradient
crystal plasticity (Bardella, 2006; Gurtin et al., 2007) to predict the
results of discrete dislocation dynamics simulations.

It is worth remarking that in the models proposed here and in (Ru-
bin and Bardella, 2024) the onset of yielding is size-independent. This
notwithstanding, the adopted smooth elastoplastic transition in Eq. (32)
allows for the prediction of an increase of the apparent yield stress with
diminishing size (i.e. strengthening) because the rate of plasticity is
zero at the onset of yielding. In other words, in this modeling the size-
dependent hardening begins to influence the material behavior before
plasticity can be recognized in the stress—strain curve, which is also the
goal of more complex higher-order SGP theories (Rubin and Bardella,
2023; Amouzou-Adoun et al., 2024; Panteghini et al., 2025) recently
developed, by following the remarks of Fleck et al. (2014), to avoid
the drawbacks of “non-incremental” SGP theories along with other
issues (Panteghini et al., 2019).

The present framework could be modified to develop an Eule-
rian higher-order strain gradient crystal plasticity by following Rubin
and Bardella (2023). This would require the determination of «, by
time-integrating a Jaumann derivative suitably modifying the right-
hand side of Eq. (2). Then, a, could be constitutively associated to a
higher-order stress by adding to the Helmholtz free-energy density a
contribution dependent on «,, which is usually referred to as the defect
energy (Gurtin, 2000). The higher-order stress would enter a higher-
order balance equation with related higher-order boundary conditions,
the latter allowing the modeling of dislocations’ pile-ups at hard bound-
aries and interfaces (Gurtin and Needleman, 2005), resulting into a
size-dependent Bauschinger effect (see, e.g., Panteghini and Bardella,
2020).

4. Finite cyclic bending

This benchmark problem follows the work in (Green and Zerna,
1954) and, as depicted in Fig. 1, considers uniform bending of a sector
of right circular cylinder that in its RLS has inner radius A, outer radius
B, thickness

H=B-A, (36)

and axial length L. Moreover, the material is assumed to be elastically
isotropic, homogeneous, and incompressible, with the pressure being
a field that is determined by the balance of linear momentum and
boundary conditions. The cylindrical sector is subjected to uniform
bending encompassing loading and reverse loading.
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Fig. 1. Uniform isochoric bending of a sector of right circular cylinder: undeformed configuration (a) and current configuration (b).

4.1. Lagrangian kinematics

It is emphasized that, although the constitutive equations must be
formulated in terms of Eulerian internal state variables, the resulting
equations can be solved by adopting Lagrangian or Eulerian formula-
tions. Using cylindrical base vectors, the position vector X of a material
point is given by

X = Re,(0) + Ze,,
and the boundaries of the shell’s sector are defined by (see Fig. 1a)

_% <O<—,
2 - T2
0, > 0 defines the arc of the shell’s sector and it is introduced only for
completeness, as it is irrelevant in stress and deformation states under
uniform bending. The associated covariant G, base vectors are given by

A<R<B=A+H, 0<Z<L. 37)

)¢ ) ¢
=er, G2=%=Re€(9), G3=ﬁ=ez’

~ _0X
G ==
'~ R

G2 =Gy x G, Gy =R,

The location x of a material point in the current configuration is
expressed in the form

x =re,(0) + ze,, (38)
with the specifications

r=rR,) >0, 0=p1O, z=i0Z, (39)

where f(t) > 0 is a structural stretch along the circumferential direction
(see Fig. 1b) and A(#) > 0 is a uniform axial stretch along the direction
Z, i.e. normal to the bending plane, so the solid sections normal to
Z remain planar upon deformation, belonging to a plane parallel to
Z = 0. Note that plane-strain bending is obtained by imposing 4 =1 V.
The kinematics imposed by the third relation in Eq. (39) makes the
length L in Eq. (37) irrelevant for the stress and deformation states.
Also, the independence of r on 6 in Eq. (39) holds in the absence
of shear force on the cross-sections of normal +e,, which, under the
kinematics in Eq. (39), is obvious in the elastic case, while in the plastic
regime it holds only under specific assumptions on the crystallography.
In the reference configuration, i.e. at t =0,

pO) =1,

The covariant base vectors g; in the current configuration are given by

r(R,0)=R, A0 =1. (40)

N 0x or - 0x
&= g= ﬁer(e)’ =557 rpey(0),

g2 = 8, X8 - § = rApL .
g g1 X8 83 rﬂ()R

8= X = le
3= 55 — bz
0Z (41)

For isochoric deformation, the total dilatation satisfies the restriction

gr _rapor _ (42)
&2 R oR
which can be integrated to deduce that
2 _ 42
= a()? + R-A o _ R (43)

M OR  rAp’
where a(7) is the inner radius in the current configuration, i.e. a(0) =
R(A,0) = A. It follows that the outer radius b(¢) of the deformed sector,
with 5(0) = R(B,0) = B, is given by
B? — A?

M
which can be seen as a constraint due to the assumed isochoric defor-
mation.

The current thickness, as displayed in Fig. 1b, is denoted as

b(1)? = a(t)® + (44

h(t) = b(t) — a(t), such that h(0)= H . (45)

4.2. Eulerian kinematics

In the Eulerian formulation the position vector x is given by Eq. (38)
and the covariant g; and contravariant g' base vectors are given by

=%, =X == _,
BL= 50 BTG =%, 8B =5 =6
gl/2=g1><ez'g3=f>0’ gI:g‘l/zgzxg3:er, (46)

_ 1 _
£=gPrxg =1, 2=V axn=e.

An evolution equation for r is obtained by taking the material deriva-
tive of Eq. (43) and writing the result in the form

F_aa 1 a\(B A

== (1-=)(Z+2). 47
=5 a-5)G3) @
Also, an evolution equation for b can be obtained by setting r = b in
Eq. (47) to find

b _aa 1 A\(B i

—==—-(l=-=)(=+= 48
=5 2 (-5)(Gr3) ®)
which is the same as taking the material derivative of Eq. (44). Then,
from taking the material time derivative of the second and third rela-
tions in Eq. (39), it follows that

6="Lp 124z 49)
p A
Hence, by using Eq. (38), the velocity is given by
. p J
V=u,e +Ugeg+ 0, U, =F, Ug= EGr, v: =32, (50)
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where, with the help of Eq. (47), the radial velocity can also be written
as

v==-=(r—==)(3+5%). (51)
Next, the velocity gradient L, which is given by
oV 1,0V 2 0V _ 3
P B8 G OE TG 88,

can be written, using Egs. (46) and (50), as

Jav vy duy 1 ov
L= (a—r'e, + —eg) Qe + (vey+ 2950 vge,) ® ~ep + a—zzeZ ®e,
) 1 g y
= a—r’er®er+ ;(ur+ Er)eg Rey+ Eel@ez
—Eee,®e9+£9eg®e,. (52)
B B
Since the deformation is isochoric
Jdv 1 0U0 i
L.-I=— 2_-0 (53)
e U R

and, by using the second and third relations in Eq. (50), it can be shown
that

1 dvy P B

= =-+=. 54
St Sg)=1+3 64
Therefore, by combining Egs. (53) and (54), it follows that

ov, P B A

r_ (L2242 55
or (r + p + ﬂ) ’ (55)

which can be verified by comparing the derivative with respect to r of
Eq. (51) with the right-hand-side of Eq. (55) combined with Eq. (47).

Thus, from Eq. (52), the deviatoric parts of the total velocity gradi-
ent and total deformation rate become

nm__(F B A P E i
L (r+ﬂ+ e, ®e, + (r+ﬁ)e9®e@+iez®eZ
+ 9%(—e, Reyt+eyRe,), (56)
Pl . A
D" = (r+ﬂ+A)e’®e’+(r+ﬁ)e9®e9+Aez®ez'

4.3. Elastic response

Because of the symmetries of the bending problem, the microstruc-
tural vectors m/ are specified by

_ r_ —
m mre m, = my,eg, m, —mze m, = R

1-"20 (57

1 1 3 3

v_ 1 »_ 1 3 _
m'=—e, m'=——¢, m m me,

Ir My
which, with the help of Eq. (49), yields

—m € +ﬂ9m €05

LY
B
=i Do, &)

1) = it} e, .
Moreover, combining the first three relations in Eq. (57) with the first
relation in Eq. (56) yields

PP B
L”mll = —(; + E + ;)m’lre, +0ﬂmlre9 R
UW=G+%%ﬁ %%ﬁ, (59
A
L”mg = Emgzez.
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For elastic response, setting L, = 0 in the evolution Eq. (5) for m/, along
with comparison of Egs. (58) and (59), leads to

== b dm,,

mlr + E + 7

tithy = ( )mze ’ (60)
. /1

i, = A

which can be solved to obtain

m = ie m/ = rﬁeg, mg =Je,, 61D

VT T2 R
where use has been made of the initial conditions in Eq. (40) along
with m) (1 =0) =1, m,(t =0) =1, and m_(1 =0) = 1.
As in Eq. (30), the deviatoric part of the Cauchy stress T is
proportional through the shear modulus u to B/, the latter following
from Egs. (28) and (61). This leads to

(- { [2(%)2_ (ZY - 2]e.@e,
+[—(%) +2(’If) - 2es@ e 62)
) - () vt )
Given the absence of body forces, the sole non-trivial balance equation
reads

o(T,,) oT!! - p)
= Too —T,’,’+r’(;—r -Ty =0, (63)
such as
ﬂ:M:E[_(i)er(ﬁ)z] (64)
or r r rAp R ’

whose integration under the conditions
T,.(b,1t)=0 (65)

allows the determination of an integration constant and a nonlinear
algebraic equation providing g as a function of a for a given 4, the
latter reading

T,.(a,t)=0 and

1 (A2 B2 »¥ ., B?
— — = i 66
ﬁﬂ( b2)+1 Fn=s, (66)
where the outer radius b is given in terms of a by Eq. (44).

Notably, determining A8 from Eq. (44), substituting it into Eq. (66),
and using Eq. (45) yields

(h/a)* +2h/a [A2
— A2

]+ln(1+h)2=ﬂ21n3—2, 67)
1+ h/ )? A?

which shows that the ratio #/a is independent of A, so, for a given p
its value is unaffected by the imposed out-of-plane condition (either
plane strain or prescribed axial force along the z direction). Hence, by
resorting to the terminology of structural mechanics, the shell thickness
(relative to a) depends on the behavior in the r, 6 plane only.

By using, p = T/ — T,, = T,, — Ty, after some lengthy algebra,
the radial and circumferential normal stresses and the pressure can be
expressed in the forms
N SR TR

2A8 a?

2+ﬁ
Tefﬁ{_%(ﬂ_az) LA E Y
L) -mSe2upfA(1- %)+ A5
2 2
b= ”{ (r/lﬁ) _%(Fﬂ) _% 2(;ﬁa)2

L B, 1 a2, B o
t oG g { Sl =P+ -} |

)—ln;—z+ﬁ2ln[l+%(r2—a2)]},

(68)

n ﬂzln(1+/1ﬂ

(69)
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From Eq. (68),

. [(Ba)? _ A?
Tyo(r=a)=pu _A2 g2
and

o OB A py B 1b
Tyo(r =b) = ;4{ e 2GPbE  2pary + 7 n A5 In . } s

with b given by Eq. (44) and f to be obtained as a function of a by
solving Eq. (66).

Also, note that the conditions (65) allow the integration of the
balance law (63) while ensuring that the axial force along the circum-
ferential direction vanishes, as

b
/ Tyedr = bT,(b,1) — aT,,.(a,1) = 0.
a

From Egs. (62) and (69), the final expression for the normal out-of-
plane stress is

I BT ST R AE-A)
T { 1= =5 (A8 ~ Ba) + (

== 2P M\ @2
2 2 A2b2_B202
+ 2230 4 Zln[/l (’—+—)] .
ﬂ a2 ﬁ ﬂ A2 AZ(BZ—AZ)

Finally, 4 is determined either to be equal to 1 by assuming plane-strain
conditions, or by imposing a prescribed value for the axial force normal
to the sector face of outward normal +e,. Selecting zero for such a value
yields

b
/ T,,rdr=0,
a

which is denoted as “axially-free” condition in the following and leads
to
2 2

2/1ﬁ(ﬁ21n§—1n§)=(1—%)[%+Aﬁ2(ﬁ—2ﬁ)]. (70)
So, substitution of Eq. (44) in Egs. (66) and (70) leads to a nonlinear
algebraic system of two equations to be solved for § and 4 as functions
of @, where q is assumed to be the loading parameter.?

Under plane strain, A = 1 and the solution is obtained by disregard-
ing Eq. (70) and solving Eq. (66) only.

The bending moment per unit initial depth applied to an edge with
unit outer normal n = e, is given by

b
M= Me,, M= ,1/ Tyordr, 71)
a

such as for M > 0 the inner and outer regions of the circular sector are,
respectively, under circumferential compression and circumferential
tension.

By using Egs. (68) and (44), the bending moment per unit initial
depth in Eq. (71) is obtained as

2 2
M:y{ B A Lig a2 p2a2apm B
IRy A )
B - A2/ A\ B2 B% - A? 72)
R )
a2p \a) T mp Apa

3 An alternative and convenient solution scheme consists of assigning # and
solving Eq. (67) for h/a, then, using Eq. (44) to obtain
B2 - A2
T p/a +2hja)’
then, using Eq. (70) to obtain as the real root of

= {5+ 5 g o+ ) -3}

and, finally, computing a = 1/1,/4. Although such a procedure suggests using
p as loading parameter instead of a, this does not hold in the elastoplastic
case, where, as it will be explained in Appendix A, it is more convenient to
apply a. For definiteness, a(r) is used as loading parameter for all examples.

A, = Ad®
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4.3.1. Illustration of the elastic behavior under large deformations

Figs. 2, 3, 4, and 5 illustrate the large-deformation elastic bending
response for both the axially-free and plane-strain cases by plotting, as
a function of log,,(a/A), the structural stretches g, A, and the current
thickness A, the latter being normalized by either H or a. By providing
results both for H/A = 0.001,B/A = 1.001 (Figs. 2 and 3) and for
H/A = 1.,B/A = 2. (Figs. 4 and 5), these two analyses demonstrate
the huge effect on the response of the initial relative thickness H /A,
which influences the response for a given H.

In both analyses f increases up to 1000 and this corresponds to a
dramatic decrease of a. The average through-the-thickness stretch 7/ H
shows that the thickness diminishes in order to satisfy the incompress-
ibility constraint (44). The ratio h/a instead shows that by decreasing
a the curved plate may become much “thicker” in the sense of the
terminology of structural mechanics. The results also show that for the
thin sector, H/A = 0.001, B/A = 1.001, 4 remains very close to 1 (Fig.
2(b)). Consequently, the results obtained for the thin sector are a good
approximation of the solution for the plane-strain case. In contrast, for
the case of the thick sector, H/A = 1., B/A = 2., 4 increases up to ~6.5
(Fig. 4(b)), which indicates a significant discrepancy with respect to the
plane-strain problem, as displayed with the red dashed curves in Figs.
4(a) and 5. The comparison between the axially-free and plane-strain
results shows that the out-of-plane condition has a mild influence on
the solution and, obviously, that the plane-strain response is stiffer, as,
for a given f > 1, both a and & decrease less with respect to A and H
than in the axially-free case.

Finally, Fig. 6 displays, for the two considered circular sectors, #/a
as a function of g, that is the solution of Eq. (67), which holds exactly
for any value of 4 (so, including both axially-free and plane-strain
conditions). From this figure it is observed that when h/a becomes
large, as it is surely the case for the thick sector, the relation between
h/a and g is almost linear, as, in fact, in Eq. (67), the term (h/a)? in
the first numerator dominates over other contributions involving 4/a,
such as the solution can be approximated by

ﬁ ~ (—m In B—2 ) p
a A 242/

In the plane-strain elastoplastic case solved in Section 4.4.4, a
structurally neither too-thin nor too-thick sector will be considered,
specifically characterized by

B/A=11, HJ/A=0.1,

and the inner radius will be decreased up to A/100. For comparison,
the elastic solution for this benchmark provides

p=375, hfax656. 73)

4.4. The crystallography: symmetric double slip

As depicted in Fig. 1, the plastic deformation rate is assumed to
develop by following symmetric double slip, with the two slip systems
specified such that they have identical transverse directions ;t, as

1S =sin(a)e, +cos(a)ey, n=—cos(a)e,. +sin(a)e,, t=e,, 74
»s = sin(a)e, — cos(a)ey ,

on = cos(a)e, + sin(a)ey , t=e,.

With this crystallography, by selecting identical material parameters for

the two slip systems, thus, with reference to Egs. (32), (34), and (35),
denoting

1b=2b=bp, mg=omyg=myg, Yyo=2Ypo="Ypo,

Yy =2Yps =Yy, 1me=omp=my, m.=,m.=m,., (75)

1YRrs =2Yps =Ygy, MR =20R =R,

elastoplastic bending is characterized by

[ =—T=r, (76)
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Fig. 2. Large-deformation elastic bending of a “thin” sector (B/A =1.001, H/A = 0.001): circumferential stretch # (a) and out-of-plane stretch A (b) as functions of the normalized
current radius a/A in a logarithmic scale.
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Fig. 3. Evolution of the current thickness 4 = b — a in large-deformation elastic bending of a “thick” sector (B/A =1.001, H/A =0.001): h/H (a) and h/a (b) as functions of the
normalized current radius a/A in a logarithmic scale.
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Fig. 4. Large-deformation elastic bending of a “thick” sector (B/A =2., H/A = 2.):

circumferential stretch f (a) and out-of-plane stretch A (b) as functions of the normalized
current radius a/A in a logarithmic scale.
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Fig. 5. Evolution of the current thickness 7 = b — a in large-deformation elastic bending of a “thick” sector (B/A = 2., H/A = 2.): h/H (a) and h/a (b) as functions of the

normalized current radius a/A in a logarithmic scale.
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Fig. 6. Evolution of the current thickness 2 = b — a relative to the current inner radius a in large-deformation elastic bending for (a) “thin” (B/A = 1.001, H/A = 0.001) and (b)
“thick” (B/A =2.,H/A = 1.) circular sectors as functions of the circumferential stretch p. Note that, in the light of Eq. (67), these results also exactly hold under plane-strain

conditions.

along with

Ye=2Y,=Y,, (Yg =Yy =Yy, Yr=1Ygp=7Yz, @7)

and the plastic rate in Eq. (7) specializes to
L;’ = I'sinQa)(—e, @ e, +¢, D ey), (78)

which is, of course, consistent with plane-strain isochoric bending
deformation and shows that the definition (76) implies that a positive I"
corresponds to a positive direct plastic strain rate along the circumfer-
ential direction. Importantly, note that, under the assumed kinematics
(39), symmetric double slip leads to vanishing plastic spin rate. On the
one hand, this is unfortunate, as the plastic spin may largely contribute
to the incompatibility (see, e.g., Bardella, 2009; Bardella and Pantegh-
ini, 2015; Poh and Peerlings, 2016; Rubin and Bardella, 2024, and
references therein). On the other hand, because of this, Eqs. (57)—(59)
still hold in the elastoplastic case. A crystallography allowing for non-
vanishing plastic spin rate would break the symmetry that allows the
boundary value problem to be spatially one-dimensional, thus enor-
mously increasing its difficulty. As an example, in Appendix B the basic

equations for the case of single slip are provided.

Furthermore, by using Egs. (9) and (57) and by taking « = «, in a

RLS, from Eq. (74) it follows that

ist =sin(a,), s =cos(a,), s’ =0,
1ny =—cos(ary), hp =sin(a,), n3=0,
251 =sin(a,), 232 = —cos(a;), 233 =0,

onp =cos(ar,), oy =sin(ay), o,n3=0,

1 .
s = ) [sin(a,)m) e, + cos(a,)m), €],
1 .
m= TG )[— cos(a,)m)e, + sin(a,)m| eg], st =e,,
zZ
S = yYIen) [sina,)m) e, — cos(a,)m),ep]
1 .
on= m[cos(az)m’zge, +sin(a,)m| ep], sty =e,,
zZ
) sin(a,)m|
sin(@) = ;s-e, =,s-,= ————,
(a) 1 r 2 r M(az)
with M(a,) = \/[sin(arz)m’lr]2 + [cos(az)m’zg]z.

Because of Eq. (74), Eq. (17) specializes to

1S @ curl(;n) + (9;s/9x)(1s @ e, —e, ® 8)

_[fsii’@ . o« sin(2a) o
= [<T+sm(2a)5>e,+ < 2 +c0s(2a)5>eg] Re,.

r

10

(79
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28 @ curl(;n) + (0,5/9x)(xs ® e — €. @ »8)
sin?(a) | da sin(2a)
= [(T + s1n(2a)5>e, - ( P
Therefore, using Eq. (76) yields
sin(2a)
2r

0
+ cos(2a)a—[:>eg] Re,.

2
Z (T eurl(;s® m)=2rI (80)

+ cos(2a)a—a>eg ®Re,.
= or
The contribution to curl(Lp) in Eq. (16) due to pure densities of GNDs,

to be compared with the contribution in Eq. (80), obviously depends

on densities of pure edge dislocations only, as ;jpo = —; I, (;t - gF) =
—(0;T /or)e, - e, =0, and reads

c or

Z 1hL18® t=—- sina)e; e, . 81

I=1
Thus, summing up Egs. (80) and (81) for the symmetric double slip
studied here yields

sin(2a) or

+ > sin(2a)]e9 Re,.
By combining Egs. (3) and (82) the single non-vanishing Eulerian rate

of elastic incompatibility reads

curl(L,) = [2r( + cosa )—) (82)

Ry = RSP + RS,
GND _ @F

R =5 sln(Za)ng A (83)
q_ sin(2a) !

Red =20 (T2 4 cos20 22 Yo,

4.4.1. Lattice rotation in the purely elastic regime

By assuming that slip systems are never activated, that is |;y,|
never reaches ;Y, see Eq. (32), it is possible to study the evolution of
the slip systems orientation « due to elastic deformation, which, for
certain materials, might be useful in the light of its contribution to the
incompatibility in Eq. (83).

Combining the last two relations in Eq. (79) with the results in
Egs. (43) and (61) yields

| sin(a,)

a = sin~

Apa’ — A\ (84)
)
For the initial value «, = 30°, Fig. 7 displays the evolution of a by
plotting the function a(R) for different values of g and for the thin,
B/A = 1.001,H/A = 0.001, and thick, B/A = 2, H/A = 1, sectors
considered in Section 4.3. It is observed that for the thin sector very
large values of g are required for a to significantly depart from «,.
Instead, for the thick sector, # = 4 is enough to obtain « ~ 70° at the
inner radius; moreover, by increasing f, see the case # = 100 in Fig.
7(b), a(R = A) and a(R = B) tend to 90° and 0°, respectively, with the
region of large « localized towards the inner radius. It is important to
notice that such a localization is, actually, not as pronounced as one
might deduce from Fig. 7(b), as is observable in Fig. 8(a), showing the
behavior of a as a function of the Eulerian coordinate r. Additionally,
for the largest deformation, g = 100, of the thick sector, Fig. 8(b) shows
the very large influence on the circumferential stress of the out-of-
plane condition. Specifically, at r = a, which is the most stressed point,
Tpe(a)/u is equal to ~ — 41.2 in the axially-free case, against ~ — 138 in
the plane-strain case. Also, Ty, experiences a large gradient in a thin
boundary layer region with inner edge r = a. These extremely large
values of Ty,(a)/u are of course due to the severe elastic deformations
experienced by the sectors in these examples.

Finally, with reference to Fig. 8(a), note that from inspection of
Egs. (84) and (43), specifically by observing that

A2

(r/ 0)2 -1’
it is deduced that the function a(r/a) is independent of the out-of-plane

condition, causing it to be the same under plane-strain and axially-free
conditions.

sin(a,) + cosz(az)ﬁ2<1 +

Apa* =
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4.4.2. Elastoplastic evolution equations for the distortional microstructural
vectors

In the light of the results of Section 4.3 and in order to simplify the
equations to solve in the elastoplastic case, it is convenient to resort to
plane-strain conditions, such that

is henceforth always assumed.

Then, using Egs. (57)-(59), the evolution equations in (5) require

b

Ir P "
e, =—(-+-)e.—L’e

ml r (r ﬂ)" pr
1r

.

W .

26 r b "
- 9—(;+ﬁ) —Lpeg, (85)
20

S

m

3z _ "
— ez——Lpez

m

3z

The form of the plastic rate in Eq. (78) for the selected symmetric
double slip allows Eq. (85) to be simplified as

Ir _ _(C + E) + I'sina),
m' rop

1r

" ;
W .

20 _ (f + é) — I'sinQa), (86)
m!, rop

20

s/
m

3z
' =0

3z
that is
m, (,‘- B ) . ’ 1 /

=—(-+< )+ I'sinQa), =—- =1
w, =) e, ey =
sin(az)m? (87)

with  sin(a) = = ’

smz(az)m + cos?(a,)

the latter relation being obtained by using the last two expressions in
Eq. (79). Therefore, Eq. (83) becomes

Ryy = RSNP + RS,
RG;ND ar s1n(2a)—
mlr (88)
2
R = 21"( sina) | Cos(2a)— ) £
m

1r
The unknown current radial coordinate field can be eliminated from

Eq. (87) by using Eq. (43) as

A2
R2—A2 )
B

P a . R? —
Zﬁz(az +

(89)

Moreover, by specifying a(t) as the loading parameter, § becomes a
function of a to be determined, i.e.

I sin(a)
p .

a? 1 dp
+( 2+R2—A2 +1)ﬁ@]+

(90)
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Fig. 7. Evolution of the crystallographic angle a, with a, = 30°, relative to the circumferential stretch g in large-deformation elastic bending for (a) “thin” (B/A = 1.001, H/A = 0.001)
and (b) “thick” (B/A=2.,H/A = 1.) circular sectors as functions of the non-dimensional nominal radial coordinate R/A.
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Fig. 8. The crystallographic angle «, with a, = 30°, (a) and the non-dimensional circumferential stress T,,/u (b) for circumferential stretch f = 100 in large-deformation elastic
bending for the “thick” (B/A =2.,H/A = 1.) circular sector as functions of the normalized current radial coordinate r/a. Note that the result for a in (a) holds exactly the same

for both the axially-free and the plane-strain cases.

With the help of Egs. (28), (31), (57), (74), and (87) it can be shown
that

Bi'l = Bé;‘rer ® €, + B:;,ggeé’ ® € + B;lzzez ® €,
2 2
" ,lr 1 1 ” m/]r 2 1
Berr - -3 Be99=_ + -7
3 3m’12r 3 3 3m’12r 3 91)
2 1-— 14
1 1 2 1r .
s =~ 3r T2 T3 Ve ="2Ve =V = o = sin(2a)

Because of Egs. (56), (74), and (75), from Egs. (77) and (83) it follows
that the smooth transition for the plastic slip rate in Eq. (32) reduces
to

r=op|(f+ ‘;f)sin(zw) (7l —Y>|Z—e|,

which can be rewritten as

L. Y
r=b, |F(R, a)a sm(2a)‘(|ye| ~Y) Iyel . 92)
e
Additionally, the hardening equations in (34) reduce to
Y=Yy +Y,, Yy=|Tmy(Yy,—Yy),
‘5 — éGND + g‘ed , éGND — fR(i‘uSND , éed — pr;g , (93)

Yy = |é|[my(Yg = Yp) = m (Y, = Yg)|, Ygp =Yg, (1-10"Kly=,
4.4.3. Equilibrium equations and boundary conditions

Using the results (91), Eq. (28), and the second relation in the con-
stitutive equation in (30) it follows that, because of incompressibility,

12

T=T,e. Qe +Tpe,ey+T,.e,Qe,,

"
err’

"
ezz’

T,,=—-p+uB Tog=-p+uBl,, T,,=-p+uB

_ L)
2 )’
mlr
which are functions of r and the loading parameter a(¢). Moreover,
due to the incompressibility constraint, p is a function of (r,a) that
is determined by equilibrium and boundary conditions. Consequently,

in the absence of body force and neglecting accelerations, the sole
non-trivial equilibrium equation, Eq. (63), can be written in the form

(94)

2
T, - THH = ”(mllr

aTrr _ H 1 12
=) ©5)
r
which, by using Eq. (43), can be rewritten as
1
;4(—,2 - mﬁ)R
aTrr _ mlr (96)
OR = fa2+R2- A2~

to be solved by imposing the Lagrangian form of the boundary condi-
tions in Eq. (65), i.e.

T.(A)=0, T,(B.1)=0. 97)

The elastoplastic problem has been solved numerically as reported in
Algorithm 1 and explained in more detail in Appendix A.
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Algorithm 1 Algorithm for numerical integration

Assign a(r) with a(r =0) = a5 = A, set a trial value for (1) = p(t,)
while do
for each material point R; € [4, B], with j = 1.ng + 1 do

1. Compute
2 A
F. = a + ( a + )i _ﬁ S
J R2-A2 R2-A2 2p Aa
az_,_ ]ﬂ a2+ jﬂ

2. Compute (m’lr)j, a, (v.);, I asa function of F; and of the hard-
ening variables Y(t,) at the previous time step by numerically
solving the nonlinear scalar equation (A.1)

3. Compute
1 7 \2
/4(— - (m ) O )R;
<aTrr> = (m,lz’)j " ) '
R /,; pa’ + RJ2_ _ A2
end for

for j =1,ng — 1 step 2 do
Compute (7,,);, with (7,,); = 0 using the Simpson’s rule

42 — R,

() (%), (%)
6 R ), oR ), \oR ),
end for

if |T,.(B)| = ’(Trr),,RH‘ < ¢ then exit while loop
else

_ T oT,,
ﬂnew = ﬂ - ( ”)”R‘H/ <W>nk+1

end if
end while
for each R; €[A, B] do

Compute the spatial derivatives of «; and I; and (m’lr)j as

functions of 0F;/0R by numerically solving the implicit equation
obtained by differentiating Eqgs. (A.1) and (A.2) with respect to the
space

Update Y, ;() and Y;(¢) by applying Backward Euler rule to Egs.
(93)
end for

(Trr)j+2 = (Trr)j +

4.4.4. Discussion of the results
The sample shape and crystallography are defined by

H/A=0.1, B/A=11, a,=x/6.

The material parameters governing the size-independent response of
the model are selected as

=44 GPa, by =3000, Yiq =2%x 1073, Y, =3 %1073, mpy = 20,

(98)

except for perfect plasticity, in which my = 0. The adopted value for
b is adequate for metals, where the overstress is relatively small, and
u = 44 GPa is specific of copper. The material parameters governing the
size-dependent response that are kept fixed in the following analyses
are

my =20, my,=15, Yp, =3x1073, np=023,

while results will be discussed by varying both m,, which controls the
rate of recovery of size-dependent hardening, and, more importantly,
the size of the sample by considering different values of the parameter
A/t.

The loading consists of decreasing the inner radius to a,,;, = a(t)) =
A/100 and, then, reverse loading by expanding « to its initial value A.
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Table 1

Elastoplastic response of a circular sector with B/A = 1.1, H/A=0.1, a, = x/6: Values
for circumferential stretch f and normalized current thickness h/a at the end of the
loading ramp (i.e. for final inner radius a = a,;, = A/100) for different samples sizes
with hardening parameter m, = 1.

‘min

Sample p h/a
bp=0 37.5 6.56
Aft > 00, my =0 189 9.58
A/ - o 19.4 9.45
A/¢ = 1000 20.1 9.26
A/¢ =100 21.4 8.96
A/¢ =10 20.2 9.24
Al =1 19.9 9.31
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Fig. 9. Normalized bending moment vs. non-dimensional applied internal radius a/A
in the elastoplastic response of a circular sector with B/A=1.1, H/A=0.1, a, =z /6:
Comparison of the predictions for different sample sizes for loading and reverse loading
with hardening parameter m, = 1. The case of conventional perfect plasticity, A/¢ — oo,
my =0, is displayed for comparison.

The fictitious time #, indicates how long it takes to reach a;, in the
loading ramp, but the response is rate-independent.

Table 1 shows the comparison in terms of f and h/a at the end
of the loading ramp with the results reported in Eq. (73) for the elastic
solution (b = 0). A stark difference is observed between the elastic and
the elastoplastic solutions, the latter ranging from conventional perfect
plasticity (A/¢ — oo,my = 0) to size-dependent plasticity in a very
small sample (4/¢ = 1). Note also that # and 4 /a do not vary much with
the sample size in the considered elastoplastic cases, thus suggesting
that they depend on the initial yield point through the parameter Y.
Additionally, both g and //a are non-monotonic functions of the sample
size, thus giving a hint about the complex nonlinearity characterizing
this bending problem.

Fig. 9 shows the predicted size-effect by plotting the normalized
bending moment M /h%, where M is given by Eq. (71) with 4 = 1, as
a function of the non-dimensional applied inner radius. These results
are obtained by setting the rate m, = 1 of decrease of size-dependent
hardening in Eq. (93) to be much smaller than the rate m, = 15 of
increase of hardening. The qualitative behavior of GNDs is consistent
with these parameters if their pile up is easier than their annihilation, as
it should be due to the development of statistically stored dislocations
(SSDs). The adopted non-vanishing value of m, is however large enough
to predict some softening that is observed at the end of the curve for
A/¢ =1, which is due to the allowed recovery, caused by a reduction of
£. By setting m, = 0 (not displayed for clarity of the figure) that decrease
in the moment’s magnitude, when the value of A for the inner radius
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Fig. 10. Normalized size-dependent hardening variables at R = A, in the uniform bending of a circular sector with B/A = 1.1, H/A = 0.1, a, = #/6, for different values of the

hardening parameter m, as functions of the normalized monotonically increasing loading parameter q,

/A: the normalized current saturated value of the size-dependent hardening

'mon

Yp/Yg,, which is basically unaffected by m, (not displayed in the figure) (a) and the normalized actual size-dependent hardening Y, /Y., (b).

is almost recovered, disappears even though ¢ is almost independent of
m, in this problem. On the contrary, increasing m, towards m, makes
that drop in the moment’s magnitude larger.

The main result observed in Fig. 9 is, of course, the capability of
the proposed theory to predict a significant size-effect encompassing
both strengthening and increase in strain hardening with diminishing
size. The fact that the observed size-effect spans about three orders of
magnitude in sample size (note that the curve for A/# = 1000 is quite
close to the case of conventional plasticity) is due to the chosen value
for the material parameter np = 0.3.

The influence of m, is highlighted in Fig. 10, displaying the evo-
lutions of the size-dependent hardening variables Y, and Y,. In order
to more clearly illustrate the results, the evolution is provided as a
function of the monotonically increasing loading parameter

13
e = [ lalar
0

Given that in the considered loading history A is decreased to A/100
and it is then increased back to A4, it turns out that a,,,/A € [0,1.98].
The minimum value of inner radius is attained at time 7, with the entire
process, including reverse loading, lasting 2z.

For graphical clarity, Fig. 10 focuses only on two sizes, namely
A/¢ =1and A/¢ = 100, and on the inner radius, where, as illustrated
later in Fig. 13, incompatibility is larger. From Fig. 10(a), it is observed
that Y, rapidly reaches its saturated value Yy, for A/¢ = 1 and, after
reversing loading, it takes a while before this target value of the size-
dependent hardening diminishes. This is mildly due to the material
parameter ny = 0.3 selected for the last relation of Eq. (93) and mainly
due to the large values rapidly attained by |£| for A/# = 1. Instead, for
A/¢ =100 the maximum saturated value Yy, is not reached at the end
of the loading ramp (at 7 = ¢;), such that a decrease of Y is almost
immediately observed for r > 1, because, once loading is reversed,
plasticity is very soon resumed, as is clear from Fig. 9. Also, the legend
of Fig. 10(a) specifies that the two curves there displayed are obtained
for m, = 1 even though, in fact, in the considered loading process Yy is
almost independent of m,. Instead, the actual size-dependent hardening
Y, in the sixth relation of Eq. (93) is, obviously, very much dependent
on m,. Fig. 10(b) considers m, = 1 and m, = 10. For the case m, = 10,
the rate of recovery is increased, causing Y, to follow Y, more closely
during recovery. This is evident for the case A/# = 1, in which the
model response exhibits a stronger dependence on R,s3; instead, for
A/¢ = 100 variations in ¢ are more limited, such that Y, experiences
a delay in following Yy. For instance, the increase of Y, at about the
end of the loading history that is observable in Fig. 10(a) has no clear
counterpart in Fig. 10(b), where only a decrease of the, still negative,
slope of the function Y, (a,,,,) is observed. Still for the sake of graphical
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Fig. 11. Uniform bending of a circular sector with B/A = 1.1, H/A = 0.1, a, = z/6:
Circumferential stress at R = A, T,,(R), for conventional plasticity (A/¢ — ). t, is
the fictitious time to complete a loading ramp, such that the whole analysis, including
reverse loading, lasts 2f,. The zero-stress straight line indicating the neutral plane is
plotted for reference.

clarity, Fig. 10(b) does not include curves for m, = 0, whose behavior
is anyway easy to describe: in this case, in which hardening recovery is
not allowed at all, the curves Y, (a,,,,) may not decrease, such that when
they reach the maxima displayed in Fig. 10(b) they remain flat. Of
course, the general trend consists of faster recovery of size-dependent
hardening with increasing m, towards m,.

One of the most interesting features of finite-deformation elasto-
plastic bending is the evolution of the circumferential normal stress
Tye- This is illustrated in Figs. 11 and 12, considering, respectively, the
extreme cases A/¢ — oo (i.e. conventional plasticity) and A/# = 1. The
evolution is represented by presenting the spatial distribution of Ty, at
various instants along the loading history, the selected instants being
defined in terms of the time #,.

The circumferential stress Ty, is plotted, in Figs. 11 and 12, versus
the non-dimensional Lagrangian coordinate (R — A)/A. The use of the
Lagrangian coordinate allows for the appreciation of the large motion
of the neutral plane (defined by T,, = 0) through the material during
the loading history. Given that, in this regard, the same behavior is
observed in both Figs. 11 and 12 with similar amplitude, this effect
is due to large deformations and geometry, irrespective of the sample
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Fig. 12. Uniform bending of a circular sector with B/A = 1.1, H/A = 0.1, a, = z/6:

Circumferential stress at R = A, Ty,(R), for the smallest, i.e. stiffest, sample considered
(A/¢ = 1). t, is the fictitious time to complete a loading ramp, such that the whole
analysis lasts 27,. The zero-stress straight line indicating the neutral plane is plotted
for reference.

size. Specifically, at the end of the loading ramp (black curve with
circles in Figs. 11 and 12), the neutral plane ends up very close to
the inner radius, corresponding to a starkly non-skew-symmetric stress
distribution.

In contrast with the pure elastic behavior illustrated in Fig. 8(b),
again for both cases A/# — o and A/¢ = 1, the maximum compressive
stress, T "™, does not occur at the inner radius a. Additionally, the
difference between 77" and Tpy(r = a) is very large at the end of
the loading ramp. Note that this behavior holds also for conventional
perfect plasticity (not displayed for brevity, as Fig. 11 includes con-
ventional hardening) and can be explained as follows. At r = a, Ty
is limited by the combination of three factors: the boundary condition
T, (r = a) = 0, the incompressibility, and the saturation of the hardening
variable, the latter being Y, by for instance referring to the case
A/? — oo (Fig. 11). A simple analysis shows that, in the limit case of no
overstress, Ty,(r = a) results to be limited by the value ~2uY,;/ sin(2a).
When this value is reached at r = a the magnitude of the compressive
stress must increase in some other material points to ensure that the
circumferential axial force remains null while the bending moment
increases. This behavior, characterized by the peaks T,"** of compres-
sive stress displayed in the red, orange, and black curves in Figs. 11
and 12, is emphasized by the motion of the neutral plane towards
r = a. Note that the capability of T, to exhibit those peaks corresponds
to the largest pressure values in the same material points. Also, this
behavior would be emphasized by decreasing A/B. It is remarked that
the material point at » = a experiences the largest circumferential
deformation, consistently with the purely elastic behavior illustrated
in Fig. 8(b). Moreover, by comparison of Figs. 11 and 12, it is noted
that the main difference between the cases A/¢ — o and A/¢ = 1
consists of the much larger stress in the latter. For instance, at ¢, Tgc(;“"“‘
for A/¢ = 1 is almost double than Tj*** for conventional plasticity.
In summary, it is observed that the size-dependence has a huge effect
on the stress amplitude, but, for the considered loading path, it has a
limited impact on the qualitative behavior, whose specific features are
related to the sector shape and to finite-deformation elastoplasticity.

The size-effect observed in Fig. 9, specifically involving both
strengthening and increase in strain hardening with diminishing size,
has, of course, to be ascribed to the evolution of & and to the ratio
m,/m,. Fig. 13 shows, for the smallest sample, A/¢ = 1, the evolution
of £ in the inner and outer radii.
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Fig. 13. Uniform bending of a circular sector with B/A = 1.1, H/A = 0.1, a, = z/6:

The scalar field & governing the size-dependent hardening for the smallest, i.e. stiffest,
sample considered (A/¢ = 1) at R = A and R = B as a function of the normalized
monotonically increasing loading parameter a,,,/A. The graph includes, for the point
R = A only, also the contributions to ¢ due to densities of GNDs and to the elastic
distortion of the crystal lattice.

The first observations, by comparing the curve for é(R = A) (red)
with that for &(R = B) (cyan) in Fig. 13, are that incompatibility is
larger at the inner radius, due to the largest gradients there, and that
incompatibility has the same sign at inner and outer radii.

What is far less obvious, and constitutes a central result of this
investigation, is that the two contributions to the rate of elastic in-
compatibility RSN" and RS, that are due to rates of GNDs densities
and elastic distortion of the crystal lattice, are of the same order of
magnitude, thus being equally important. In Fig. 13, &4 and gONP
are displayed with green-triangle and orange-diamond curves at the
inner radius, where incompatibility is larger and the two contributions
have opposite sign, as it can be deduced from inspection of Eq. (88).
Specifically, the maximum values reached by |£%d| and |£ONP| result
~59.5 and ~158.

Note that in this elastoplastic case, because of the material param-
eters selected in Eq. (98) for the conventional part of the model, the
angle a has a very limited variation along the sector thickness. For
instance, at the end of the loading, when a = A/100, in conventional
perfect plasticity, a varies from 30.07° at r = a to 29.93° at r = b,
while in the case of hardening with A/# = 1, « varies from 30.18°
at r = a to 29.81° at r = b. This is in stark contrast with the results
displayed in Fig. 7, related to very large elastic deformations, which are
needed to observe a non-negligible gradient of a and are not relevant
for metal plasticity. Therefore, the sole contribution that counts for the
incompatibility due to the elastic distortion of the crystal lattice is the
first addend of R;‘; in Eq. (88), which is proportional to sin(2a)/r.

Third, note that for the adopted loading history the field & scales
almost linearly with the sample size, which is the reason why Fig. 13
only reports the case A/Z = 1. To observe more complex phenomena
related to the evolution of defects, one should analyze more complex
cyclic loading paths.

Figs. 14 and 15 report, for all the considered sample sizes, the
residual stresses, T grgs and T, obtained at the instant when, during
reverse loading, the bending moment vanishes. The residual stresses are
plotted in Figs. 14 and 15 as functions of the current (non-dimensional)
radial position, such that it may be easier to notice that T® is such that
both the bending moment and the axial circumferential force vanish.
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Fig. 14. Uniform bending of a circular sector with B/A = 1.1, H/A = 0.1, a, = z/6:
Residual circumferential stress T,;°, for M ~ 0 during reverse loading, as a function of
the normalized shifted current radial coordinate, at variable sample size.
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Fig. 15. Uniform bending of a circular sector with B/A = 1.1, H/A =0.1, a, = z/6:
Residual radial stress 7'*(r), for M ~ 0 during reverse loading, as a function of the
normalized shifted current radial coordinate, at variable sample size.

Of course, T,;° and T, are interesting in this investigation because
they are purely due to the incompatibility of the elastic deformation
developed during loading and reverse loading up to M = 0. Again,
it is observed that for the chosen loading path, the sample size has a
negligible effect on the qualitative behavior, while it has an impact on
the stress magnitude. From Figs. 14 and 15 it is also seen that the actual
thickness /4 does not change much with the sample size.

5. Concluding remarks

This investigation leverages on (Rubin and Bardella, 2024) which
introduces instantaneous Eulerian rates of elastic incompatibilities,
denoted as R;;, for anisotropic elastoplastic materials. The rates R;; are
highly nonlinear fields that depend on the constitutive equation for the
plasticity rate tensor, L, and particularize to the negative of the rate of
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the Nye-Kroner tensor (Nye, 1953; Kroner, 1962; Fleck and Hutchinson,
1997; Arsenlis and Parks, 1999) for small deformations. By definition,
each component of R;; is invariant under superposed rigid body mo-
tions such that it can be independently used in Eulerian constitutive
equations (Rubin, 1994). While Rubin and Bardella (2024) discuss
phenomenological elastoplasticity, here focus is on crystal plasticity.

The main obtained result is that, in crystal plasticity, the rates R;;
clearly display two distinct contributions to the elastic incompatibility,
namely that due to rates of densities of geometrically necessary dislo-
cations (GNDs, Ashby, 1970) and that due to the elastic distortion of
the crystal lattice. The contribution due to GNDs is well-known, first,
because it is the sole one playing a role in the framework of small
strains and rotations; second, this contribution is the subject of several
discussions in the literature on finite-deformation strain gradient plas-
ticity (SGP) based on measures of incompatibility to model densities
of GNDs, thus requiring the definition of Nye-Kroner-like tensors (see,
e.g., Cermelli and Gurtin, 2001; Gurtin, 2006; Arora and Acharya,
2020; Rubin and Bardella, 2023, and references therein). However, the
largest subclass of these SGP theories dealing with crystal plasticity
relies on the multiplicative form F = F,F, and, noticeably, on constant
crystallographic directions, which are usually defined in the interme-
diate configuration. Because of this, such a classical framework makes
it difficult to clearly single out the contribution to the incompatibility
due to the elastic distortion of the crystal lattice.

In this work, the roles played by the two foregoing contributions
to R;; are studied, first, by using R;; to develop Eulerian hardening
equations that include a size-dependence, also providing some latent
hardening. By following (Rubin and Bardella, 2024), all the compo-
nents of the rates R;; are simply summed up and multiplied by a
material length scale parameter, #, into the equations for the size-
dependent hardening, aiming at modeling generation and annihilation
of defects of opposite sign.

Second, the proposed lower-order strain gradient crystal plasticity
theory is applied to the large-deformation uniform bending of thick
circular sectors subjected to loading and reverse loading. For a bet-
ter understanding of the results, the bending response is discussed
in detail also in the purely elastic regime. For elastoplasticity, this
benchmark problem shows the capability of the proposed theory to
predict size-effects typical of small-scale metal plasticity, including both
strengthening and increase in strain hardening with diminishing size.
Specifically, the prediction of the strengthening (i.e., an increase of the
apparent yield point) is also possible because of the use of a smooth
transition between the elastic and plastic regimes (Hollenstein et al.,
2013, 2015). More importantly, the bending problem demonstrates that
the contribution to R;; due to the elastic distortion of the crystal lattice
may have the same importance as that due to rates of densities of GNDs.

A limit of the adopted benchmark problem lies in its crystallog-
raphy. In fact, in order to avoid too cumbersome computations, a
symmetric double slip has been selected, thus hampering the develop-
ment of the plastic spin rate W,. Future work should consider more
complex boundary value problems, first of all adopting crystallography
that allows for non-vanishing W, as in the single slip case described in
Appendix B. On the one hand, this is important for the crucial role W,
has on the incompatibility (Bardella, 2009; Bardella and Panteghini,
2015; Poh and Peerlings, 2016; Rubin and Bardella, 2024). On the
other hand, this requires a more general numerical approach with
respect to that followed in this investigation, for instance resorting to
the finite element method. In this regard, note that strongly objective
return mapping algorithms can be developed in the adopted Eulerian
framework (see, e.g., Jabareen, 2015).
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Appendix A. Numerical implementation of the elastoplastic prob-
lem

First, it is useful to collect the equations to be solved for size-
independent perfect plasticity (my = ¢ = 0):

Assign a(r) with at=0)=qy =4,

/

om I sin(2
L p(Ra+ TGO
m, da 4
m, (Riag) =1, Pag) =1,
> d
ra= iz A2 +( aRZ A2 1>2Ld_ﬂ’
a2 + % a2 4+ == ﬂ a
I = by [PR @yasina(lr.| - y)ly_el ,
e
sin(ozz)mg2 1— m/l4
a=sin"! r o= " in(2a).
in2 4 ¢ '
\/sm (a)m"} + cos?(a;) i
A
6Trr M( mﬁ mlr)R
IR = m , T,.(A,a@®)=0, T,.(B,a()=0.

Including hardening just consists of adding Egs. (88), (92), (93). How-
ever, such an addition leads to a further, significant numerical complex-
ity, as it requires iteration on the derivatives with respect to r involved
in the definition of R,; in Eq. (88).

This numerical problem has been solved in this work by imple-
menting a specific Fortran code, whose main features are described
below.

In a generic loading increment ¢, ;, the current value of the inner
radius

alt,,)=a

is assigned. An explicit integration scheme for the hardening is as-
sumed, such that, at each material point, the hardening value from the
previous increment, Y(R,t,) =Y,, is used to obtain the solution.

The solution at 7,,; can be found by imposing that 7,.(B,a) = 0. In
fact, this condition becomes a nonlinear scalar equation in § that can
be solved by using the Newton method, as explained in the following.

Given the current tentative value of f during a generic Newton’s
iteration, it is necessary to evaluate T,, and its derivative with respect
to § to determine the Newton’s correction. At each material point R,
the function 7 is computed by
2

a i ( a
R2-A2 R

a’+

F=
a’ +

1),
a2 ") 25 4a

where the dependence of 7 on R and a has been dropped for simplicity
and the standard notation

Af =f=fu= W) = f@)

is adopted.
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The function m|_is computed at each material point by using a
predictor—corrector integration scheme. Specifically, the implicit inte-
gration of Eq. (90) gives

’
’ 1r.n

"™r = T¥ daF + [sinQa)ar

where

(A1)

ar=4
a
whose magnitude plays no role in the present rate-independent model.
It is initially assumed that at the considered material point I =0 to
obtain the elastic trial values

/ 152

sin(a, )m
1r, " . z
"= e © S —
a .
51112(txz)m’l*r4 + cos?(a;)
1— m/*4
* 1r . %
v = —— sina®).
e 2m/»2

1r
If |y}| <Y, holds, the solution is acceptable and, for the considered
material point, m’lr = m’l*r a=a*y, =y} I =0. Otherwise, the solution
is unacceptable and m|_is then computed, at the material point, by
solving the nonlinear scalar Eq. (A.1), with

. 2 4
- sin(a)m)> 1—m
a = sin s Ve = = sin2a),
sinz(az)m’l‘t + cos?(a;) 2my; (A.2)
IAt=b; |Aanin(2a) (Ir.l = ¥,) Iy_el .
Ve

Once m' is computed at all material points R € [4, B] for the current
value of g, T, is evaluated by integrating, through the Simpson rule,
Eq. (96) with T;,.(A, a) = 0. Then, the current value of g is acceptable if
it results
|T,.(B, a)| <e
26N
where ¢ is a suitably small positive number that has been set equal
to 10712, Otherwise, a new iteration on g must be carried out. The
updated value of g simply is equal to
aTrr

-1
op B,a] ’
where the derivative d7T,,./df is computed numerically by suitably
perturbing f. Once # has reached convergence, it is finally necessary
to update the hardening variable Y (¢) for the next time step. The size-
dependent hardening Y,(7) requires the spatial derivatives of « and I'.
To obtain them, Egs. (A.1) and (A.2) are differentiated with respect to
the space. These differentiated equations implicitly define the spatial
derivatives of @ and I', and can be solved by the Newton method,
because the values of m! and « at the end of the time step are at this
stage of the algorithm known and 07 /dR can be computed analytically.
The quality of the results has been checked by suitably refining both
the time and the spatial discretizations.

>

ﬂ—mwm[

Appendix B. The case of single slip

In this case, the following single slip system is considered

18 =sin(a)e, +cos(a)ey, n=—cos(a)e,. +sin(a)e,, t=e,. (B.1)
It follows that the plastic rate in Eq. (7) specializes to
L;’ = | I'[sin(e)cos(a)(—e, @ e, + ey R ey)

+ sinz(a)e, Rey— cosz(a)eg Re,], (B.2)

which leads to
r
D;’ = %[sin(Za)(—e, ®e, +ey ey —cosa)e, ®ey+ey e,

T
W, = 7(e,®e9—e9®e,).
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The form of the plastic rate in Eq. (B.2) for single slip breaks the
symmetry that allows the distortional microstructural vectors to be
written as in Eq. (57). In this case and under plane strain, they instead
have the form

/A ' r_ ’ o
m) =m e +m,e, m,=me +mye,, m;=e,

mymiy =1, (B.3)

! !
my, Mo = My,
m" = e, — m2reg, m? = —

! !
26 myge, +m e,

From Egs. (28) and (B.3),

=(ml+mle, ®e, +(m} +ml)e, e, +e, ®e,

+(m m +m ng)(e ®e9+e9®e)

2
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1
+ [0+
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2
m2)+ E(m’é +mz) - E]eg ®ey

1 1 2
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2 72 2
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The non-vanishing shear stress T,y = u(m| m|, + m) m’,) makes this
boundary value problem two-dimensional, belng then much harder to

solve than that characterized by the symmetric double slip of Sec-
tion 4.4.

It is, however, possible and interesting to obtain the forms of the
Eulerian rates of elastic incompatibilities for the case of single slip. By
using Egs. (9) and (57) and by taking a = «, in a RLS, from Egs. (B.1)
and (B.3) it follows that

lsl =sin(a,), lsz = cos(a,), 1s3 =0,

1y =—cos(a,), m =sin(a,), n3=0,
[sin(az)m + coq(az)m le, + [sin(a, )m + cos(az)m%,]eg
15= >

. / /12 3 ! /72
\/[sm(az)mlr + cos(a;)m) 1> + [Sln(az)m + cos(az)mza]

. [— sin(az)m; cos(az)m le, + [cos(az)m + sin(az)m’lr]ee
n= s
H ! ! 12 / H /12
\/[sm(ozz)mh9 + cos(az)mzo] + [cos(az)er + sm(az)ml,]

t=e,, sin(a)=s-e,.

Because of Eq. (B.1), Eq. (17) specializes to

(T eurl(;s ® n) = I'[;s @ curl(jn) + (9;s/0x)(;s e, —e, @ 5)]

B sin*(a) | da sin(2a)
= 11"[( p +sm(2a)5>e,+< P

The contribution to curl(L,) in Eq. (16) due to pure densities of edge
GNDs reads

0
+ cos(2a)0—[: ) ee] Re,.

(B.4)

or
1PL1S® t= (;— sin(a)[sin(a)e, @ e, + cos(a)ey; e, ]. (B.5)
r

Thus, summing up Egs. (B.4) and (B.5), one obtains, for the single slip

here concerned,

s 02
curl(L,) = [] F< sinf(@) | sin(za)‘;—“> + adl_r sinz(a)] e ®e,
2 ) ar r (B-6)
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By combining Egs. (3), (B.6), and (B.3), the non-vanishing Eulerian
rates of elastic incompatibilities have the forms

.2
Ry = [1F<smr(a)
N [1F< sin(2a)
Ry, = [1F<sinr(a)

sin(2a)
. [r( s

Also, differentiating Eq. (B.3) leads to

r .
—— sin

. da 9
20) 2%
+ sin(2a) 0r> + o

2

@[t .
10,
2 or
or

+c 03(2(1)—) in(2a)] s,

. d
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10, ) ,
+ ia—sm( a) myoms .

+ cos(2a)a—a>
oar

’ ﬁ&m KN +m19e9—£0
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that should be combined with the general evolution equation in (5), the
expression for the total velocity gradient for this case, and Eq. (B.2) to
obtain evolution equations for the distortional microstructural vectors
under the initial conditions

mi,(r,0) =0, mhy(r,0) = 1.

Boundary value problems like this one are however better solved by
using two-dimensional finite elements.

m, (r,0) =1 m (r,0) =0

Data availability

Data will be made available on request.
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