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Abstract

In the context of using structural equation modelling to develop economic and social indi-
cators, a debate regarding the choice of measurement modes for theoretical constructs is
becoming a very important issue, with conceptual and practical implications. The nature of
each construct, which can be defined as reflective or formative, is mainly based on theoreti-
cal considerations, but confirmatory tetrad analysis (CTA) can support decisions about the
model specification. One flexible approach to carrying out CTA involves multiple hypoth-
esis testing, which also provides relevant information on empirical data to guide the con-
struction of composite indicators. This prompts a deeper investigation of the effects of cor-
rection methods on decisions derived from tests, with special attention to error control and
statistical power. In this study, we explore the properties of six procedures, in particular
the well-known Bonferroni and Benjamini—Hochberg corrections, using various simulation
scenarios and real applications. We find that, with respect to the Benjamini—Hochberg, the
Bonferroni correction is too conservative and has lower power, especially with small sam-
ple sizes and many manifest variables.
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1 Introduction

In the domain of structural equation modelling (SEM) for developing economic and social
indicators, the debate over selecting appropriate measurement modes for theoretical con-
structs has become a significant issue. This discussion holds both conceptual and practical
significance. In particular, there are different approaches, for example partial least squares
structural equation model (PLS-SEM) (Wold, 1985), an increasingly used tool to define
and measure theoretical multidimensional constructs with latent variables (LVs) starting
from some manifest variables (MVs); then, the classical covariance-based SEM (CB-SEM)
(Joreskog, 1973) and another statistical model-based approach (Cavicchia & Vichi, 2021)
for the construction of composite indicators with hierarchical structures. Many recent
papers have pointed their attention to this issue, from its practical approach to the methodo-
logical one (Cheah et al., 2019, 2021; Ciavolino et al., 2022; Sarstedt et al., 2016).

The nature of each construct, which can be defined as reflective or formative, is mainly
based on theoretical considerations, but confirmatory tetrad analysis (CTA) can sup-
port decisions about the model specification. One flexible approach to carrying out CTA
involves multiple hypothesis testing, which also provides relevant information on empir-
ical data to guide the construction of composite indicators. In particular, in a reflective
construct causality is directed from the latent variable (LV) to items (Manifest Variables,
MV5s), while the formative construct implies that the LV is determined as a combination of
its own MVs (i.e. causality from items to construct) (Bollen & Ting, 2000).

A typical example of a reflective model is the case of an intelligence test (Fig. la),
where each block of MVs (in this case, each question of the test) reflects its LV. Note
that reflective indicators are interchangeable; in fact, if we remove one item, we do not
alter the underlying concept. Reflective models also assume uni-dimensionality for each
block of MVs (just one latent concept is reflected on different indicators), and the load-
ings 4; can be estimated through ordinary least squares (OLS). On the other hand, there
may be theoretical or conceptual reasons to consider a block as formative, starting with
a strong consensus among experts about how the latent variable is formed. For example,
in Fig. 1b we can see well-being as LV caused by its own MVs (i.e., health, income, and
employment). Compared with the reflective model, in this case, if we omit one MV, we
lose a part of the concept (Coltman et al., 2008); in fact, formative indicators are not
supposed to be correlated, and for this reason they cannot be evaluated in the same way

|Question 2| | Income |
Question 1 Health Employment

w2

Intelligence Well-being

(a) Reflective: the Intelligence Index. (b) Formative: the Well-Being index.

Fig. 1 Examples of reflective and formative models
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as reflective measures. Each LV is considered to be formed by its MVs following a mul-
tiple regression, and weights w; are estimated by least squares methods.

So, the debate between reflective and formative constructs is open, and it is treated
in different papers: Simonetto (2012) gave a panoramic view by a bibliometric analysis
about this topic; in addition, several tests exist to assess reflective models, even in the
presence of higher-order constructs (Rajala & Westerlund, 2010; Ingusci et al., 2024;
Ciavolino et al., 2024, 2022) or additional structure, such as external information (Cia-
volino et al., 2015) or longitudinal effects (Ingusci et al., 2023). On the other hand,
researchers mainly rely on theory and experts’ opinions for formative ones, as the clas-
sical procedures to assess reflective constructs are not suitable for the formative ones
(Diamantopoulos & Winklhofer, 2001; Chang et al., 2016). The distinction between the
two measurement modes has both methodological and practical implications. First, the
two models rely on different premises, including the aforementioned unidimensionality
and correlation assumptions for reflective models, and they require different evaluation
approaches. In particular, validity measures for reflective models, such as average vari-
ance extracted (AVE) and reliability indices, are not well-defined in formative models
(Hair et al., 2020, Sec. 3.2), where no measurement error is associated with formative
indicators (Diamantopoulos et al., 2008). As a consequence, such indices targeted on
reflective models may improperly suggest low performance for valid but formative indi-
cators (Bollen & Lennox, 1991). More importantly, these problems can cause measure-
ment model misspecification; as a consequence, in PLS-SEM, they can lead to biases in
the inner model estimation and an incorrect assessment of relationships (Diamantopou-
los et al., 2008, Sec. 4) [also see Bollen (2002, p. 616)]. These measurement approaches
reflect different item independence structures conditioned on the latent variable, as
occurs in a broader class of causal modelling and latent trait frameworks such as Item
Response Theory (Bollen, 2002). In psychological and social research, distinctions
between such models are often unsharp, making the choice dependent on the study’s
conceptualisation and objectives [see, e.g., Sarstedt et al. (2016, Sec. 2.2) and refer-
ences therein]. Our contribution aims to support researchers in this selection process,
particularly when the lack of strong theoretical motivations places greater emphasis on
explanatory and predictive objectives; notably, this focus is also a primary rationale for
adopting PLS-SEM (Hair et al., 2019).

In order to overcome those limitations, some researchers have applied confirmatory tet-
rad analysis (CTA) (Bollen & Ting, 1993), a statistical support to draw conclusions about
the appropriateness of using formative measurement models as compared to reflective ones
(Gudergan et al., 2008). For a case study in line with the example provided in Fig. 1, see,
e.g., Bollen et al. (2009).

The CTA was initially proposed for the CB-SEM models: the original CTA proce-
dure uses a multiple hypothesis testing approach, and Bollen and Ting (1998) developed
a bootstrapping procedure for computing the p value of the CTA test statistic in order to
have greater accuracy than using the original chi-square distribution, examining the test by
means of simulations and empirical examples. The final version of the CTA applied to the
covariance-based models (CTA-SEM) was refined by those authors in a test for causal indi-
cators (Bollen & Ting, 2000). The equivalent procedure in the context of PLS-SEM was
developed by Gudergan et al. (2008), starting from the classical CTA; the authors proposed
a CTA-PLS assessment routine for measurement models in order to be consistent with PLS
assumptions, with a validation performed by a bootstrapping procedure. CTA-PLS aims
to distinguish formative indicators from reflective ones and is well-implemented into the
SmartPLS software (Ringle et al., 2015).
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The information provided by CTA is independent of the chosen estimation method (CB-
SEM or PLS-SEM) and the analysis objective (confirmatory methods based on fitting or
variance-based methods focusing on predictive performance). In fact, CTA extracts infor-
mation based on the empirical covariance matrix, which can guide the measurement model
specification regardless of the estimation methods for loadings, scores, and path coeffi-
cients in the structural model. The difference between an omnibus test (Bollen & Ting,
2000) and multiple testing (Gudergan et al., 2008) regards the information extracted to
support a measurement mode compared to the alternative; finer information emerges from
multiple hypothesis testing, but this advantage should be balanced by a careful analysis
of Type I errors and statistical power. Furthermore, the CTA-PLS approach does not rely
on distributional assumptions, which makes it suitable for different analyses with specific
estimation procedures and objectives (confirmation, explanation, or prediction). This work
addresses this issue and investigates the effect that different correction methods can have
on measurement mode selection based on statistical tests.

In particular, CTA-PLS was applied in a few empirical examples in order to test the
nature of some LVs: Tabet et al. (2020a) used it firstly for an analysis of the World Health
Organisation disability assessment schedule, then for analysing the factor structure of the
outcome questionnaire (Tabet et al., 2020b), while Sarstedt et al. (2021) provided some
empirical examples in the well-known book of PLS-SEM. In addition, Cefis and Carpita
(2022) applied the CTA-PLS to test the nature of some football performance indicators
based on some experts’ opinions. More recent papers adopted CTA-PLS for supporting
experts in some policy government decisions: Mendes et al. (2023) explored how innova-
tion activities and cluster affiliation moderate the relationship between family involvement
and post-internationalisation speed in family firms, while Ongena (2023) proposed data
literacy for improving governmental performance. This work expands the current literature
by analysing both simulated and empirical data to compare different correction methods,
discussing in detail the factors (sample size, number of manifest variables) that may affect
the performance of multiple testing in CTA and the subsequent decisions regarding the
nature of latent variables.

The paper is organised as follows: in Sect. 2 the CTA-PLS multiple hypothesis test is
described, Sect. 3 shows the simulation framework and discusses the obtained results. In
Sect. 4, some empirical applications are presented, and final conclusions are provided in
Sect. 5.

2 Multiple Testing Corrections in CTA
2.1 The CTA-PLS Test

The Confirmatory Tetrad Analysis proposed in the context of the PLS-SEM (CTA-PLS) is
a statistical tool based on a confirmatory approach for the evaluation of cause-effect rela-
tionships (i.e. reflective or formative) in the measurement models (Gudergan et al., 2008).
This technique is relevant for a posterior re-examination of the constructs to assess possi-
ble misspecifications of the measurement models. In fact, researchers recommend a priori
theoretical specification and posterior re-examination along with empirical data, which are
essential to better understand the structure of the outer models (Gudergan et al., 2008).
From a practical point of view, after setting all the measurement models in a reflective way,
a CTA-PLS can be applied in order to understand which LVs are confirmed as reflective
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constructs and which ones are not (Tabet et al., 2020a); then, PLS-SEM can be applied
using the type of constructs provided by the CTA-PLS. We stress that, at this stage, the
procedure places CTA before model estimation and, hence, does not rely on the estimation
method, as its inputs are the measurement models and the empirical covariance matrix.

In the CTA-PLS context, we must define the concept of a generic tetrad z: it is the dif-
ference between the product of two pairs of covariances. For instance, the six covariances
of a block of 4 MVs involve two non-redundant vanishing (i.e. equal to zero) tetrads:

Tio34 = 012034 — 013024 =0

Tio43 = 012043 = 014023 = 0 M
It should be taken into consideration that the construction of tetrads in (1) requires 4 MVs
per time, while the original CTA is also applicable to measurement models with a different
number of indicators (Bollen & Ting, 1993). In fact, the CTA-SEM originally introduced
in the CB-SEM applications (Bollen & Ting, 2000) presented the concept of vanishing
tetrads using a covariance data matrix to complement standard procedures of model evalu-
ation and provided methods for selecting model-implied non-redundant vanishing tetrads
and significance testing. In the general case of J non-redundant tetrads, the following mul-
tiple hypothesis testing is considered:

Hy: allHY :7,=0forj=12,..J )
H: atleastHY) 1T #0forj=1,2,..,J @
By (2), if the test does not reject H,,, the construct can be confirmed as reflective from the
statistical point of view; otherwise, if at least one tetrad j of the block does not vanish, the
test suggests a formative measurement model.

Although CTA-PLS uses a similar evaluation process, the approach differs from
CTA-SEM for PLS methodological assumptions in both the single tetrad testing
approach and the simultaneous tetrad testing procedure. In fact, CTA-PLS builds on the
statistical test for every single measurement model-implied vanishing tetrad. To over-
come the limitations regarding distributional assumptions, it includes a bootstrapping
routine (Gudergan et al., 2008). It should be taken into account that neither CTA-SEM
nor CTA-PLS are applicable for covariances of MVs close to zero in the measurement
model (Bollen & Ting, 2000) if some key MVs of a block are uncorrelated; for example,
if 6;, = 03 = 014 = 01in (1), all tetrads would by definition equal zero, which makes the
CTA-PLS meaningless. Therefore, it first requires testing whether at least some of the
measurement model’s indicators are significantly correlated (Hair et al., 2017). A poten-
tial effect of the estimation method may emerge for an extended set of model-implied
tetrads derived from LVs with less than 4 indicators, e.g. based on Gudergan et al.
(2008, Table 1) and specified criteria (Cheah et al., 2019; Puche-Regaliza et al., 2021).

Since in CTA-PLS all tests are made for all the non-redundant tetrads in each block
of MVs, a multiple testing problem is involved. In order to deal with this issue, a Bon-
ferroni adjustment of the significance levels is used. It assures that the error rate does
not exceed the level a for all the J desired tests. The Bonferroni approach lets us com-
pute simultaneous statistical test values for multiple tetrad tests; in contrast to the CTA-
SEM (Bollen & Ting, 1998), in which an asymptotic chi-squared test is performed, a ¢
test is adopted by the CTA-PLS (Gudergan et al., 2008).

The practical application of CTA-PLS is similar to that of CTA-SEM (Bollen &
Ting, 2000):
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1. All tetrads for the measurement model of a given LV are computed. In general, given m
MYVs for one LV, the binomial coefficient

m!
Coa = = 3)

computes the number of sets of 4 variables, each resulting in 3 vanishing tetrads for
measurement models with m MVs for each block. So, the total number of tetrads for
each one is:

#1=3-Cp,y 4)

Despite CTA-SEM, it is interesting to highlight that a LV with m < 4 requires
the inclusion of indicators from another one to form a set of four MVs to perform
CTA-PLS.

2. In this step, the tetrads are identified. For optimising the definition of H, and com-
putational time, a minimal set of tetrads is selected, whose vanishing entails that the
redundant tetrads equal O too. This kind of redundancy arises from algebraic relations
or when the same pair of covariances appears in two tetrads.

3. A statistical significance test for each tetrad is performed, checking whether the value is
significantly different from zero. CTA-PLS follows, as introduced before, some of Bol-
len’s suggestions, like using a bootstrap routine (Bollen & Ting, 1998). The generation
of a high number of bootstrap subsamples and computing their relevant tetrads allows
for obtaining the bootstrap estimated standard error (SE,) for each one and, then, the
observed t statistics:

=1 /SE,() 5)

with t/fk the tetrad estimate of the corresponding z; in (2).

4. In the last step, CTA-PLS evaluates the results for all model-implied non-redundant van-
ishing tetrads by accounting for multiple testing issues. A reflective measurement model
does not meet the empirical data if at least one of the model-implied vanishing tetrads
is significantly different from zero. CTA-PLS employs a procedure for testing J single
null hypotheses (non-redundant vanishing tetrads) H(l), H(()z) s H(()J) with test statistics
t,ty, ..., t;of type (5) for each LV. Thus, in order to take into account multiple testing
issues, the rejection probability of the full null hypothesis H,, in (2) requires adjustment
(Gudergan et al., 2008). The default correction used by CTA-PLS is the Bonferroni
adjustment, which consists of rejecting H(()j) if the associated statistic test #; is significant
at the o’ = «/J adjusted level of the test, where J is the number of hypotheses to be
tested. For instance, if we have 5 non-redundant vanishing tetrads to test and & = 0.05,
then for each individual test we should use a critical value a’ equal to 0.05/5 = 0.01.

2.2 Multiple Testing Corrections

As explained in the previous section, the CTA-PLS test provided by Gudergan et al. (2008)
and available in the SmartPLS software involves a multiple-test issue: it adopts the classi-
cal Bonferroni correction (that we consider a benchmark) for adjusting p values but also
suggests the possibility to deal with other ones, such as Benjamini and Hochberg (1995).
We focused attention on the families of these two approaches:
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e Familywise Error Rate (FWER): this family was defined as the probability of incorrectly
rejecting at least one Hg). FWER is believed to be too conservative in cases where the
number of simultaneously tested hypotheses reaches several hundreds or thousands, or
when hypotheses are highly correlated (as in the case of the Bonferroni correction used
in the CTA-PLS). Given J hypotheses to be tested and a fixed a, the Bonferroni correc-
tion (the same approach described at step 4 of the previous page) computes the adjusted
p value for each hypothesis p-value?’ = p-value; - J. The other FWER corrections con-
sidered in this study were proposed by Holm, Hochberg, and Hommel. On the basis of
Bonferroni correction, Holm (1979) computes the significance levels depending on the
p values based-rank in ascending order of hypotheses. Similar to the Holm correction,
Hochberg (1988) employs the same formula to compute the associated significance levels
but uses a descending order for the p values; in addition, the Hochberg adjustment is more
powerful than the Holm one. Another FWER correction is provided by Hommel (1988).

e False Discovery Rate (FDR): in this family, we find the Benjamini-Hochberg correction;
FDR is defined as the expected proportion of incorrectly rejected H(()/ ) among all rejections.
Therefore, FDR allows the occurrence of Type I errors below a reasonable proportion by
taking the total number of rejections into consideration. An interesting advantage of FDR
is the higher power of statistical inference, which would be useful when a large number of
hypotheses are simultaneously tested. Benjamini and Hochberg (1995) introduces a pro-
cedure for controlling FDR that is less stringent with the increased gain in power and has
been widely used in cases where a large number of hypotheses are simultaneously tested.
A sequential approach to controlling the FDR in multiple comparisons, due to Benjamini—
Hochberg, yields much greater power than the widely used Bonferroni procedure that lim-
its the familywise Type I error rate (Thissen et al., 2002). In particular, given a multiple
test with J hypotheses to be tested and a fixed «, the Benjamini—Hochberg procedure com-
putes the adjusted p value for each hypothesis (Benjamini et al., 2009) as follows:

1. Order all p values from the smallest to the largest, multiply each one by the total number
of tests J, and divide it by its rank r.

2. Check if the resulting sequence is non-decreasing; if it does not hold, it makes the pre-
ceding p value equal to the subsequent (repeatedly, until the whole sequence becomes
non-decreasing).

3. [If any p value ends up larger than 1, set it equal to 1:

J - p-val
P-valuefH = min (nrlzl/n (%), 1> (6)

Another FDR approach is proposed by Benjamini and Yekutieli (2001) (BY), which is
similar to Benjamini—-Hochberg, but more conservative.

3 Simulation Plan and Results
In this section, we compare the different corrections based on data simulated from a
composite-based structural equation model. As remarked in the Introduction, the multi-

ple hypothesis testing and the correction’s results do not depend on the model’s estima-
tion method; while the following simulation study can be used in combination with other
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testing approaches for CTA, we discuss it in relation to CTA-PLS as multiple testing natu-
rally emerges in this technique.

In order to assess the performances of the CTA-PLS multiple test corrections described
in the previous section, we developed a simulation plan using the R package csem.DGP
(version 0.1.0.9000, already used and illustrated by Schamberger (2023)) and the lavaan
syntax (Schlittgen et al., 2020), already used in other PLS-SEM simulation studies (Danks
et al., 2020; Dolce et al., 2022). Following Bollen and Ting (1998), in our simulation, a dif-
ferent number of MVs and sample sizes have been used. Since the CTA-PLS multiple test-
ing is used for each single LV of the SEM, in the case of a single reflective (for the actual
significance level) and formative (for the actual power) measurement model of LV,, we
increased the number of MVs from 4 to 8 (i.e. from 2 to 20 tetrads to test); the corrected
p values of the multiple tests were computed using the approaches described in the previ-
ous section, in particular the Bonferroni and the Benjamini—Hochberg corrections. As the
csem.DGP procedure requires at least two LVs in the SEM but the focus was exclusively
on LV,, we used a fictitious LV, with correlation p;, = 0.2 (Fig. 2; changing the correla-
tion value, test results do not change). Finally, after some preliminary check on the results’
stability, we have chosen to run 40,000 replications for each combination of the number of
MVs and the sample sizes, each with 5000 bootstrap resamples, to compute the Standard
Error (SE,) of the statistic #; in (5).

3.1 The Actual Significance Level of the CTA-PLS Multiple Test

We generated data from a reflective structure (Fig. 2a) in order to assess the actual type
I error probability of the CTA-PLS multiple tests, i.e. the probability to reject H,, in
(2) when it is true, increasing the number of MVs (from 4 to 8) and the sample sizes
(n = 125,250,500, 750, 1000). The CTA-PLS test Actual Significance Level (ASL) and its
90% confidence interval (CI) for each multiple test correction in Sect. 2.2 were computed,
setting the Nominal Significance Level (NSL) at a = 0.1. For the reflective case, we chose
to adopt equal loadings as for the classical parallel-test model (Nunnally, 1994) and the
single-item reliability minimum value of 0.7 (Gudergan et al., 2008). Figure 3 shows the
ASLs and their 90% ClIs for the multiple test corrections (Bonferroni and Benjamini—Hoch-
berg, see Sect. 2.2), sample sizes, and different numbers of MVs’ in the measurement mod-
els. The ASLs are lower than the NSL by construction, so it is interesting to underline for
all the cases a significant difference between Bonferroni and Benjamini—-Hochberg perfor-
mance (the CIs do not overlap): the Bonferroni correction has a lower Type I error prob-
ability than the Benjamini—Hochberg one.

Another interesting result of these simulations is the following: increasing the number
of MVs in the measurement model, the Type I error probability of the CTA-PLS is much
lower than the NSL = 0.1 for small sample sizes, in particular for n = 125 and n = 250;
with 4 MVs and n = 125, respect to the fixed NSL, ASL for the Bonferroni correction is
around 7.5% and it reaches the 9% only when n > 750; ASL with the Bonferroni correc-
tion reduces a lot when the number of MVs increases, for small sample sizes: when MVs
= 8 and n = 125, ASL does not exceed the 3.5% (it reaches the 8% only when n = 1000).
In this simulation framework, a consistent difference is observed (CIs do not overlap in all
the cases) between the Bonferroni and Benjamini—-Hochberg corrections. From this per-
spective, practitioners might favor the more conservative Bonferroni method, as it results
in a lower type I error rate. We also adopted the other corrections mentioned in Sect. 2.2,
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(b) The Formative SEM-PLS, with all w; d Unif(0.3,0.6) and pj2 = 0.2.

Fig.2 The path diagrams used in the simulation

but their simulated ASLs were equal to the Bonferroni ASL, so we did not include them in
Fig. 3.

3.2 The Actual Power Level of the CTA-PLS Multiple Test

We generated data from a formative structure (Fig. 2b) in order to assess the power of the
CTA-PLS multiple tests, i.e. its capability to reject H, in (2) when it is false. The Actual
Power Level (APL) and its 90% CI for each multiple test correction in Sect. 2.2 were com-
puted. For the formative case, there are not as many reference models as in the reflective
one; for this reason, we considered random weights ) in a reasonable interval (a uni-
form distribution between 0.3 and 0.6). However, preliminary simulations showed that
modifying weights did not change the simulation results. In addition, the formative model
structure needs the initial correlation matrix among MVs. To obtain more general results,
we did not use a specific correlation matrix but a random correlation matrix with fixed
composite reliability for each replication; in particular, taking the cue from an example
available in Gudergan et al. (2008), we used a general framework by simulating random
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Fig. 3 The CTA-PLS test actual significance level (ASL % with 90% ClIs) with 40000 replications and 5000
bootstrap resamples for increasing number of MVs and sample sizes for the reflective model in Fig. 2a

correlation matrices with correlations between 0.1 and 0.5 and a composite reliability
index p, = 0.7 (see the “Appendix”). For each MV measurement model, we generated data
for eight different sample sizes (n = 125,200,250, 300, 400, 500, 750, 1000) in order to
explore the power growth.

In Fig. 4, we show the simulation results for the formative model. In Fig. 2b, we
represent the CTA-PLS test actual power level (APL) of the Bonferroni and the Benja-
mini—Hochberg corrections with their 90% Cls, increasing the sample size for a different
number of MVs. Increasing the sample size, for all the measurement models, the APL of
the two corrections increases, and a significant difference between them exists (the CIs do
not overlap) for sample sizes lower than 500; in particular, the Benjamini—-Hochberg cor-
rection appears to be more powerful than the Bonferroni one. In addition, by increasing the
number of MVs in the measurement model, for small and medium sample sizes, the gap
between the two APLs increases too.

For small sample sizes, the two APLs decrease when the number of MVs increases.
Considering, for example, the Benjamini—Hochberg correction and n = 125, with 4 MVs
the APL is 36%, and with 8 MVs, the APL is 22%. APL does not reach the maximum
power with the highest sample size (n = 1000) for the configurations with 4 and 5 MVs for
both approaches (it is lower than 90% with 4 MVs and around 95% with 5 MVs). Based on
these results, if the primary focus is on test power, we recommend that practitioners adopt
the Benjamini—-Hochberg correction, particularly when working with small sample sizes
(n <400) or complex structures (e.g., measurement models with more than four manifest
variables). This approach ensures significantly higher power for multiple testing compared
to the Bonferroni correction.

Finally, we have considered the other corrections in Sect. 2.2. We find that the Holm
and the Hochberg corrections give exactly the same results as the Bonferroni correction.
For the sake of brevity, Fig. 5 shows the APLs of the other four corrections for the case of
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Fig.4 The CTA-PLS test actual power level (APL %, with 90% Cls) with 40,000 replications and 5000
bootstrap resamples for increasing number of MVs and sample sizes for the formative model in Fig. 2a

8 MVs (20 multiple tests) and a sample size up to n = 750. Benjamini—-Hochberg is still
the more powerful correction, whereas Bonferroni and Hommel corrections perform in a
similar way (their CIs do not overlap for small and medium sample sizes). The worst per-
formance (lowest power) is provided by the Benjamini—Yekutieli correction, especially for
small and medium sample sizes.

4 Empirical Applications of Multiple Testing in CTA

In this section, we consider real data associated with measurement and structural models to
assess the role of the multiple test correction methods in Sect. 2.2 in the study of theoreti-
cal constructs through the corresponding LVs. The following case studies are chosen based
on three main factors: the accessibility of the data, the association with a measurement
model with a suitable number of indicators to conduct CTA-PLS, and the dimensionality
of the dataset.

We started by reviewing papers sharing open data and using them with measurement
and structural models. Due to our focus on multiple hypothesis testing for measurement
models and differences in adjustment methods, we concentrate on models with at least one
LV with at least four MVs. Once again, we stress that the subsequent analysis does not rely
on the adoption of PLS-SEM as the estimation method, which may only affect the choice
of model-implied tetrads for LVs with less than 4 indicators. For this reason, we will distin-
guish tetrads obtained from LVs with at least 4 indicators from other model-implied tetrads
in reporting the CTA-PLS results.

Regarding the size of the dataset, the following analysis involves samples having a num-
ber of observations comparable to the simulations conducted in the previous sections.
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Fig.5 The CTA-PLS test actual power level (APL %, with 90% Cls) with 40,000 simulations and 5000
bootstrap resamples with 4 multiple test corrections for the formative model in Fig. 3b with 8 MVs

4.1 The ECSI Dataset and Model

The first dataset is the European Customers Satisfaction Index (ECSI) for mobile phone
users (2005), with a size of n = 250, whose analysis is in continuity with Gudergan et al.
(2008). The PLS-SEM model takes into account seven LVs in reflective measurement
mode. Two LVs, namely “Quality” and “Image,” have more than three MVs (7 and 5,
respectively), while the tetrads for the remaining LVs were completed in line with the cri-
teria described by Gudergan et al. (2008). Specifically, item CUSA1 was used to complete
the set of MVs required to conduct CTA-PLS on “Expectation,” “Loyalty,” and “Value.”
The latter requires an additional MV (CUSA2) to complete the tetrad. The unique item
“CUSCO” associated with the “Complaints” construct is included among the MVs that
complete the “Satisfaction” LV’s tetrad.

We report the model estimation in Fig. 6 provided by SmartPLS.

In line with the scope of the analysis of the empirical case studies, we extend our
focus beyond the Bonferroni correction to include the Benjamini—Hochberg, Benja-
mini—Yekutieli, Hochberg, Holm, and Hommel corrections. From the outputs of the CTA-
PLS, we derived the adjusted p values based on such corrections for each LV under investi-
gation and each tetrad. Computations were carried out with R, and the results are presented
in Table 1 to allow a practical comparison with the results in Gudergan et al. (2008, Table
5). Specifically, we consider each LV admitting at least two model-implied tetrads associ-
ated with as many hypotheses to be tested; for the sake of completeness, we also specify
each LV’s composite reliability ¢, and variance inflation factor (VIF) that inform about
distinguished validity aspects for reflective and formative constructs, respectively. For
each tetrad, we report its estimate from the original sample (residual value or Res. Value in
Table 1, as it represents the deviation from the theoretical value 0 under the null hypoth-
esis) and its bias (i.e., the difference between the bootstrap mean and the sample value).
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Fig.6 The estimated ECSI model for mobile phone users (Gudergan et al., 2008) (5000 bootstrap resam-
ples)

The corresponding t-statistics allow us to derive the tetrad-specific p values associated
with each LV, and we report their values following six different adjustment methods under
analysis. We underline those adjusted p values that are lower than the nominal significance
level of 0.1.

We note that the composite reliability ¢ is greater than 0.7 for all the LVs, which agrees
with the commonly accepted values for a reflective measurement model. Furthermore,
the maximum VIF is lower than 3 for each construct, which supports the lack of poten-
tial multicollinearity issues (Hair et al., 2019). Similar properties also hold for “Value”
(0c = 0.918, max VIF = 1.962), which is not presented since a single model-implied tetrad
is generated through the criteria presented by Gudergan et al. (2008), so it does not enter
our analysis of multiple hypothesis testing in CTA-PLS.

In this case study, disagreement between correction methods arises for two LVs. Indeed,
from each correction except Benjamini—Yekutieli, one should reject the null hypothesis for
the “Quality” construct due to the occurrence of a significant tetrad obtained from items
PERQI1, PERQ2, PERQ3, and PERQ7 (Bonferroni-adjusted CI [0.039; 2.272]); on the
other hand, the Benjamini—Yekutieli correction does not reject the hypothesis for this spe-
cific test (adjusted p value equal to 0.275). An analogous behaviour is observed for “Expec-
tation,” in particular for the model-implied tetrad obtained from CUEX1, CUEX2, CUSAI,
and CUEX3, whose adjusted p value is 0.12 based on the Benjamini—Yekutieli correction
and 0.08 for the others. If we assume that all the adjusted p values should be higher than
the nominal significance level @ = 0.1, in line with the conjunctive form of H,, then the
Benjamini—Yekutieli correction does not entail sufficient evidence to reject the reflective
measurement hypothesis for “Quality” and “Expectation,” while H,, should be rejected if
one of the other corrections is selected. The behaviour of the Benjamini—Yekutieli method
aligns with its performance in simulations (Sect. 3), and the agreement of the remaining
methods suggests rejecting the null hypothesis for the “Quality” latent variable, as well as
for “Expectation” and “Satisfaction.”
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Table 1 CTA-PLS tetrads and test results from the ECSI dataset (n = 250)

Res. value Bias t-stat. CI(Bon-  Adjusted p values
ferroni)

Bonfer- Benja- Benja- Hochberg Holm Hommel
roni mini— mini—
Hochberg Yekutieli

Quality: 7 MVs, g~ = 0.905, max VIF= 2.105

0.172 —0.005 0.537 [-0.685; 1.000 0.698 1.000 0.923 1.000 0.923
1.039]

0.654 —0.003 2.081 [—0.188; 0.524 0.175 0.568 0.449 0.449 0.375
1.504]

0.651 —0.009 2.174 [-0.145; 0.416 0.175 0.568 0.387 0.387 0.327
1.465]

0.138 0.000  0.527 [-0.565; 1.000 0.698 1.000 0.923 1.000 0.923
0.840]

1.139 —-0.016 2.746 [0.039; 0.085 0.085 0.275 0.085 0.085 0.085
2.272]

0.485 —0.004 1.874 [-0.207; 0.854 0.213 0.694 0.671 0.671 0.549
1.185]

0.217 —0.004 0.844 [-0.470; 1.000 0.559 1.000 0.923 1.000 0.923
0.912]

0.439 —0.007 1.683 [—0.256; 1.000 0.232 0.755 0.895 0.925 0.740
1.146]

—0.347 0.001 0.977 [-1.303; 1.000 0.558 1.000 0.923 1.000 0.923
0.607]

0.433 —0.015 0919 [-0.820; 1.000 0.558 1.000 0.923 1.000 0.923
1.717]

—0.438 0.005 1.648 [—1.158; 1.000 0.232 0.755 0.895 0.925 0.796
0.273]

0.019 0.004  0.097 [-0.516; 1.000 0.923 1.000 0.923 1.000 0.923
0.546]

—0.286 0.004 0978 [-1.078; 1.000 0.558 1.000 0.923 1.000 0.923
0.497]

0.053 —0.001 0.278 [-0.456; 1.000 0.841 1.000 0.923 1.000 0.923
0.563]

Image: 5 MVs, o = 0.819, max VIF= 1.510

0.928 0.002 1.543 [-0.473; 0.615 0.307 0.702 0.492 0.492 0.466
2.326]

1.152 —0.006 1.832 [-0.306; 0.335 0.307 0.702 0.335 0.335 0.307
2.622]

0.508 0.009 0.936 [-0.763; 1.000 0.436 0.997 0.576 0.722 0.576
1.760]

0.204 —0.010 0.560 [-0.632; 1.000 0.576 1.000 0.576 0.722 0.576
1.060]

-0.390 -0.002 1.173 [-1.162; 1.000 0.401 0.916 0.576 0.722 0.524
0.386]

Expectation: 3 MVs, o = 0.733, max VIF= 1.161

0.217 —0.011 0.672 [-0.406; 1.000 0.502 0.753 0.502 0.502 0.502
0.863]

0.548 —0.009 2.055 [0.034; 0.080 0.080 0.120 0.080 0.080 0.080
1.081]
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Table 1 (continued)

Res. value Bias t-stat. CI(Bon-  Adjusted p values
ferroni)

Bonfer- Benja- Benja- Hochberg Holm Hommel
roni mini— mini—
Hochberg  Yekutieli

Loyalty: 3 MVs, o = 0.722, max VIF= 1.427

0.230 0.006  0.344 [-1.088; 1.000 0.731 1.000 0.731 1.000 0.731
1.537]

0.217 —0.009 0.373 [-0.914; 1.000 0.731 1.000 0.731 1.000 0.731
1.366]

Satisfaction: 3 MVs, o = 0.871, max VIF= 1.762

0.784 —0.003 2279 [0.112; 0.045 0.044 0.066 0.044 0.045 0.044
1.462]

0.837 —0.010 2.015 [0.032; 0.088 0.044 0.066 0.044 0.045 0.044
1.660]

Adjusted p values less than or equal to 0.1 are underlined. A double line separates tetrads derived from LVs
with at least 4 MVs from other model-implied tetrads

4.2 The BCP Dataset and Model

We consider a second empirical application by examining the data shared and analysed by
Damberg (2023). The author discusses the main aspect of the model explored by Damberg
et al. (2022), which concentrates on consumer perceptions in the banking sector, specifi-
cally cooperative banks. The model pays special attention to relations between customer
satisfaction, relational trust, and loyalty.

Compared with the previous models, the present one is more complex in terms of the
number of LVs with more than three MVs and the tetrads per LV. In particular, five of
the nine LVs have at least four MVs; they are denoted as “Perceived Quality” (“Qual,” 6
MVs), “Perceived Performance” (“Perf,” 5 MVs), “Perceived Corporate Social Responsi-
bility” (“Csor,” 5 MVs), “Perceived Attractiveness” (“Attr,” 4 MVs), and “Relational Trust
(“Trust,” 4 MVs). All these LVs are measured in formative mode, except for the reflec-
tively measured “Trust.” The remaining variables with less than four MVs are “Perceived
Competence” (“Comp,” 3 MVs), Perceived Likeability (“Like,” 2 MVs), “Customer Satis-
faction” (“Sat,” 3 MVs), and “Customer Loyalty” (“Loy,” 3 MVs); all of them are meas-
ured in reflective mode. The sample presented in the work of Damberg (2023) is composed
of 675 responses, and all the items are measured on a 7-point scale.

As for the previous case study, in Fig. 7, we report estimates and associated p values
derived for this model from PLS-SEM bootstrapping.

In Table 2, we present the summary of the CTA-PLS test and the p values associated
with each tetrad, aligning with the information reported in Table 1 to enhance the compa-
rability of evidence extracted from the computation. Here, we also specify the inclusion
of model-implied tetrads for such LVs with three MVs by exploiting the approach sug-
gested by Gudergan et al. (2008). Specifically, we use the Fornell-Larcker criterion: suc-
cessors are examined first, if they exist, and predecessors are considered otherwise. Then,
we choose those MVs from the latter construct that achieve maximal cross-loadings with
the former (Cheah et al., 2019; Puche-Regaliza et al., 2021). While this criterion may be of
interest in the present analysis, we stress that recent work suggests relying on LVs with at
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Fig.7 The estimated BCP model (Damberg et al., 2022) (5000 bootstrap resamples)

least four MVs without extending the analysis to model-implied tetrads (Hair et al., 2017;
Teeluckdharry et al., 2022). Therefore, we complete the tetrads for LVs with less than four
MVs by including TRUST_4 among the MVs of both “Comp” and “Loy,” while LOY_2
and the pair (SAT_2, SAT_3) complete “Sat” and “Like,” respectively.

All the LVs measured in reflective mode show high composite reliability. The remain-
ing LVs are measured in the formative mode, which does not include a measurement error
underlying the construction of the composite reliability (Diamantopoulos, 2006), and they
show acceptable values of VIF (below 5). The analysis reveals that the CTA-PLS does
not reject the reflective measurement hypothesis for “Attr” and “Csor,” which, however,
are measured in a formative mode in the original model. The magnitude of the p values
obtained from (5) makes all the adjustment corrections consistent. Dually, the “Qual” and
“Trust” MVs show significant deviations from the outputs expected from reflective meas-
urement modes. This supports the formative measurement mode for “Qual,” as in Damberg
(2022); Damberg et al. (2023), but also for “Trust,” even if it is not an antecedent.

This model includes a single inconsistency among adjustment corrections, which is
associated with the tetrad rfggg In agreement with the results discussed above, Ben-
jamini—-Hochberg tends to reject the null hypothesis for this tetrad, while Benja-
mini—Yekutieli and Bonferroni do not provide enough evidence for the rejection of H,,.
In particular, if we reject the reflective measurement mode for “Perf” based on the other
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Table 2 Adjusted p values for each LV and tetrad in the BCP model based on the different corrections

Res. value Bias t-stat CI(Bon-  Adjusted p values
ferroni)

Bonfer- Benja- Benja- Hochberg Holm Hommel
roni mini— mini—
Hochberg Yekutieli

Qual: 6 MVs, max VIF= 3.878

0.036 —0.001 0.572 [-0.124; 1.000 0.729 1.000 0.816 1.000 0.816
0.197]

0.200 —0.001 4.156 [0.079; 0.000 0.000 0.000 0.000 0.000 0.000
0.324]

—0.022 0.000 0304 [-0.203; 1.000 0.816 1.000 0.816 1.000 0.816
0.160]

0.227 —0.001 3.873 [0.079; 0.001 0.000 0.001 0.001 0.001 0.001
0.377]

—-0.014 0.000 0233 [-0.167; 1.000 0.816 1.000 0.816 1.000 0.816
0.139]

0.229 —0.001 3.282 [0.053; 0.009 0.002 0.005 0.005 0.005 0.004
0.407]

0.400 —0.001 6.098 [0.235; 0.000 0.000 0.000 0.000 0.000 0.000
0.568]

0.174 0.000 3.226 [0.037; 0.011 0.002 0.005 0.005 0.005 0.005
0.311]

0.284 —0.001 3.789 [0.095; 0.001 0.000 0.001 0.001 0.001 0.001
0.475]

Csor: 5 MVs, max VIF= 3.029

0.079 —0.001 1.767 [-0.024; 0.386 0.129 0.294 0.232 0.232 0.232
0.184]

—-0.076 —0.001 1.347 [-0.207; 0.890 0.223 0.508 0.256 0.356 0.256
0.057]

0.096 —0.001 1.920 [-0.019; 0.275 0.129 0.294 0.220 0.220 0.165
0.213]

—0.108 0.000 2206 [-0.221; 0.137 0.129 0.294 0.137 0.137 0.129
0.006]

0.061 —0.001 1.136 [-0.063; 1.000 0.256 0.585 0.256 0.356 0.256
0.186]

Perf: 5 MVs, max VIF= 3.625

0.037 0.000 0956 [-0.053; 1.000 0.424 0.968 0.546 0.678 0.546
0.126]

0.141 0.000  4.423 [0.067; 0.000 0.000 0.000 0.000 0.000 0.000
0.216]

-0.026 —0.001 0.604 [-0.123; 1.000 0.546 1.000 0.546 0.678 0.546
0.074]

0.090 0.000 2.154 [-0.007; 0.157 0.052 0.119 0.094 0.094 0.094
0.188]

0.231 0.000 5.143 [0.127; 0.000 0.000 0.000 0.000 0.000 0.000
0.336]

Attr: 4 MVs, max VIF= 2.580

0.021 0.000  0.283 [-0.126; 1.000 0.960 1.000 0.960 1.000 0.960
0.168]

0.003 0.000  0.051 [-0.122; 1.000 0.960 1.000 0.960 1.000 0.960
0.128]
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Table 2 (continued)

Res. value Bias t-stat CI(Bon-  Adjusted p values
ferroni)

Bonfer- Benja- Benja- Hochberg Holm Hommel
roni mini— mini—
Hochberg Yekutieli

Trust: 4 MVs, o = 0.949, max VIF= 4.912

0.512 —0.002 7.589 [0.382; 0.000 0.000 0.000 0.000 0.000 0.000
0.646]
0.448 —-0.001 6.362 [0.311; 0.000 0.000 0.000 0.000 0.000 0.000
0.587]
Comp: 3 MVs, o = 0.909, max VIF= 2.864
0.034 —0.002 0.755 [-0.052; 0.900 0.450 0.675 0.450 0.881 0.450
0.123]
0.041 —0.001 0.772 [-0.061; 0.881 0.450 0.675 0.450 0.881 0.450
0.145]
Loy: 3 MVs, ¢~ = 0.840, max VIF= 1.896
—-0.054 0.000 0574 [-0.238; 1.000 0.566 0.849 0.566 0.566 0.566
0.130]
—0.401 0.002 4.046 [-0.597; 0.000 0.000 0.000 0.000 0.000 0.000
-0.209]
Sat: 3 MVs, o = 0.953, max VIF=4.903
0.151 —0.001 2.206 [0.018; 0.055 0.055 0.082 0.055 0.055 0.055
0.287]
0.112 —0.001 1.524 [-0.031; 0.255 0.128 0.192 0.128 0.128 0.128
0.258]

Adjusted p values less than or equal to 0.1 are underlined. A double line separates tetrads derived from LVs
with at least 4 MVs from other model-implied tetrads

Perf " which is highly significant for all the corrections), Bonferroni and

tetrads (e.g., 7 3,5
Benjamini—Yekutieli do not recognise the additional evidence given by the tetrad Tf;’;fz
For the BCP model, the tetrads where adjustment methods disagree do not compromise
the overall agreement at the decision level. Specifically, we can consistently reject the
reflective model hypothesis for all the constructs displayed in Table 2 with the excep-
tion of “Csor,” “Attr,” and “Comp.”

The following steps summarise the results from simulations and empirical applica-
tions, supporting the selection of measurement models in various scenarios:

e Evaluate the proposed model’s validity based on the specific measurement mode
(composite reliability, AVE, VIF, etc.).

e Specify the criteria for identifying model-implied tetrads, as it was done for the BCP
model. In particular, choose whether to include model-implied tetrads in the testing
procedure (Gudergan et al., 2008; Cheah et al., 2019; Puche-Regaliza et al., 2021) or
not (Hair et al., 2017; Teeluckdharry et al., 2022).

e Use resampling or bootstrap procedures to compute p values and adjust them using
multiple criteria based on different approaches (e.g., FWER, FDR).
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e [f all adjustment methods lead to the same results, apply Bonferroni to decide whether
to reject Hy, as it aligns with the conjunctive logic of the null hypothesis in CTA-PLS,
where a reflective model implies that all tetrads simultaneously vanish.

e If the adjustment methods lead to different results:

e favour Bonferroni or other FWER methods if the sample size is large (n > 400),
there is theoretical evidence of a reflective model, or there are few MVs (low meas-
urement model complexity), as a stronger control of Type I errors may outweigh a
limited loss of power in these cases.

e Favour Benjamini—-Hochberg if the model is complex in terms of MVs, the sample
size is small, or there are not strong theoretical motivations for reflective measure-
ments. Additionally, consider assessing consistency across adjustment methods or
multiple datasets using adapted resampling procedures.

The proposed selection process, depicted in Fig. 8, extends CTA-PLS to support psycho-
logical and social research when the distinction between different measurement modes
is vague or unsharp. Remarkably, some of the conditions that favour FDR over FWER
approaches, such as small sample size, complex models, or limited theoretical evidence
excluding formative indicators, also motivate the choice of PLS-SEM; in this sense, the
proposed approach complements and refines existing guidelines for proper use of PLS-
SEM in research (Hair et al., 2019, pp. 4-5), especially when powerful adjustment meth-
ods are needed to uncover potential discoveries in line with the causal-predictive rationale
underlying PLS-SEM.

5 Concluding Remarks

This work was motivated by the need for a deeper investigation of the effects of differ-
ent correction methods for multiple hypothesis testing in measurement mode specification.
Such effects were explored in detail with the aim of supporting researchers and practition-
ers of SEM by providing evidence obtained from both simulated and empirical data. The
combination of these two approaches allows encompassing a variety of scenarios charac-
terised by sample size and model complexity (with special regard to the number of MVs
generating tetrads) while connecting the results from simulations to real-world case studies.
A data generation process was designed for reflective and formative measurement models
by testing the actual significance level and actual power in CTA-PLS for different sample
sizes. In addition to the classical Bonferroni correction, which is implemented in the well-
known SmartPLS software, the p value of the multiple tests has been adjusted with the
Benjamini—-Hochberg and other correction approaches.

For what concerns the reflective simulations, it emerged that Bonferroni commits a
slightly (but significantly) lower probability of Type I error than Benjamini—Hochberg; in
addition, by increasing the number of manifest variables in the measurement model, the
probability of Type I error of the CTA-PLS decreases for small sample sizes. Indeed, from
medium to high sample sizes, the actual significance level seems to be independent of the
number of manifest variables. Concerning the formative simulations, Benjamini—-Hochberg
seems to be more powerful than Bonferroni. Another macro-evidence is that the actual test
power grows by increasing the sample size for all the measurement models and adjust-
ments. In addition, by increasing the number of manifest variables in the measurement
model, the gap of actual power between small and medium-large sample sizes increases;
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Fig.8 Diagrammatic representation of the measurement model decision process based on CTA-PLS and
multiple adjustment methods
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the curve slope (for both adjustment approaches) grows faster by increasing the number of
MVs.

Then, two empirical applications were treated based on three main factors, namely, data
accessibility, the association with a measurement model with a suitable number of indica-
tors to conduct CTA-PLS, and the dimensionality of the dataset. The first dataset used was
the European Customers Satisfaction Index (ECSI) for mobile phone users (2005), whose
analysis was in continuity with Gudergan et al. (2008) (n = 250). In this case study, disa-
greement between correction methods arose for two LVs; in fact, Benjamini—Yekutieli cor-
rection did not entail sufficient evidence to reject the reflective measurement hypothesis,
despite the other methods. The second empirical application examined the data shared and
analysed by Damberg (2023) (more complex in terms of the number of LVs with more
than three MVs, n = 675). In this case, CTA-PLS did not reject the reflective measurement
hypothesis for two LVs, which were measured in a formative mode in the original model. It
included a single inconsistency among adjustment corrections, which was associated with
just one tetrad; Benjamini—-Hochberg rejected the null hypothesis for this one, while Ben-
jamini—Yekutieli and Bonferroni did not provide enough evidence for its rejection. Addi-
tional analyses regarding the case studies made us focus on the agreement between differ-
ent correction methods in terms of rejection of H,. When the null hypothesis is rejected,
we can obtain multiple subsamples from the original dataset to evaluate the frequency of
null hypothesis rejection from different methods, which allows us to extract more informa-
tion on the sensitivity of the test in empirical scenarios. This approach will be explored in
more detail in future work.

Overall, we remark that the Bonferroni correction is too conservative and has lower
power, especially with small sample sizes and a high number of indicators, with respect
to the Benjamini—-Hochberg correction. Other ones are similar to or equal to Bonferroni or
have bad performances (the Benjamini—Yekutieli correction). In particular, if the research-
er’s primary goal is to minimize the type I error, the conservative Bonferroni method is
recommended. However, when maximizing test power is the focus, especially with small
sample sizes or complex structures, the Benjamini—-Hochberg correction is preferable:
while it offers significantly higher power, it still holds to the control of type I error, mak-
ing it a generally more balanced and practical choice compared to the highly conservative
Bonferroni approach.

For future developments, it could be interesting to deepen this work by considering
more complex measurement models, e.g. by increasing the number of MVs in the meas-
urement model (and, hence, the number of multiple tests). This extension could be rel-
evant to stress the differences in the multiple correction adjustments performance. Another
interesting step forward could be taking into account hierarchical models with structure
higher than a second-order (Cefis & Carpita, 2024), for generalize CTA-PLS to higher-
order constructs.

Appendix: Random Correlation Matrix Generation

Correlation matrices with the same composite reliability for the alternative hypothesis
(formative measurement model) are generated using the approach of Joe (2006) with the
function rcorrmatrix in the R package clusterGeneration version 1.3.8. With this approach
each off-diagonal correlation has a non-standard Beta(a, «) distribution on (—1; + 1), where
a =d + (v —2)/2 with v is the number of variables and the parameter d > 0; when d = 1 the
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random matrix is uniform over the space of positive definite correlation matrices. We have
adapted this general procedure to our case, as explained in the following. As the non-standard
Beta(a, p) random variable X on (inf, sup) is a linear transformation of the standard Beta(a, )
random variable Z on (0, 1):

X = (sup — inf) - Z + inf @)
we obtain
E(X) = (sup — inf) - a/(a + ) + inf @®)
and
Var(X) = (sup — inf)* - a - p/l(@+ p+1)- (@ + p)’]. ©))
For the function rcorrmatrix inf = —1, sup = +1 and a = f, so that in this special case
X =2 -Z — 1and therefore:
EX)=0and Var(X)=1/Q2-a + 1). (10)

The model used by Gudergan et al. (2008) has 3 LVs each with 5 MVs, and the 3 correla-
tion matrices have off-diagonal minimum absolute correlation of 0.1 [to avoid correlation
close to zero in the measurement model; Bollen and Ting (2000)], with off-diagonal ele-
ments that have min = —0.15, max = 0.72, mean = 0.22 and St.dev = 0.24. To simulate an
analogous situation, we created the random correlation matrix with generic off-diagonal
element obtained applying the linear transformation (A1) to the standard Beta random vari-
able Z with inf = 0 and sup = 0.5: by substituting those values to (8) and (9) we obtain
E(X) =0.25 and Var(X) = 0.25/[4 - (2 - « + 1)]. Finally, to avoid correlations close to zero
in the measurement model, we added 0.1 to correlations lower than 0.1 (Gudergan et al.,
2008). As summary, for each replication we generated a random correlation matrix with
d=0.1,inf =0, sup = 0.5 and v from 4 to 8, with the constraint that the composite reli-
ability index is p, = 0.7 (Gudergan et al., 2008).
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