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Abstract. We prove global existence, uniqueness and L' stability of solu-
tions to general systems of nonlocal conservation laws modeling multiclass
vehicular traffic. Each class follows its own speed law and has specific ef-
fects on the other classes’ speeds. Moreover, general explicit dependencies
of the speed laws on space and time are allowed. Solutions are proved to
depend continuously—in suitable norms—on all terms appearing in the
equations, as well as on the initial data. Numerical simulations show the
relevance and the effects of the nonlocal terms.
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1. Introduction

In this paper we analyze a nonlocal multiclass, or multipopulation, macroscopic
traffic flow model. Here, p1,..., p, are the densities of n different populations
(or classes) of drivers or vehicles, whose evolution is described by the following
system of nonlinear conservation laws:

atpi + az (pz Ui(t>$7ni * p)) =0 (ta aj) € [to, +OO[ x R =1
" i1=1,...,n,
pilto7) = p2(2) zeR
(1.1)
where 71, ...,m,: R — R” are suitable weights, v1,...,v,: Ry xRxR"” - R
are the time and space dependent speed laws, while p9, ..., po are the initial
densities, and p = (p1,...,pn). The present setting allows, in a time depen-

dent framework, to account for space inhomogeneities as well as for the possible
different natures of drivers/vehicles and of their interactions. Indeed, the equa-
tions in (1.1) are coupled through the nonlocal terms 7; * p where each of the
space convolutions
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(i % p); (8,) 2= (g * py (1)) () = / nii(E)pi(tr —€)de  ij=1,...n

describes how the i-th population interacts with the j-th one. Note that we
consider the possibility of vehicles possessing a non-standard visual horizon,
as is the case with autonomous vehicles, which typically have a comprehensive
understanding of the traffic environment, both ahead and behind.

Within this general framework, defined only by the two rather simple
assumptions (v) and (), defined in Sect.2, besides proving global in time
existence and uniqueness of the solution to (1.1), we show the L'-Lipschitz
continuous dependence of solutions on the initial data, their L' local Lipschitz
continuity in time and also provide detailed stability estimates on the depen-
dence of solutions on v and on 7; see also [15]. Moreover, a priori estimates
on the total variation in space of the solution are obtained.

The current literature offers several related results, due to the interest in
nonlocal traffic models. Well-posedness and stability of multiclass systems with
a coupling in the nonlocal terms were considered in [21,25]. In particular, the
latter work is set mainly in a Radon measure setting with stability estimates
expressed by means of Wasserstein distance, thus requiring initial data to have
the same total mass.

Motivated by the effects of moving obstacles on vehicular traffic, [6] con-
siders a coupled ODE-PDE system. Well-posedness of weak solutions is shown
for sufficiently small times and, under stronger conditions on the convolution
kernels, long time existence is also proved.

The development of ad hoc numerical methods for equations of the type
(1.1) was considered, for instance, in [4,12,16]. Recall that nonlocal systems
fitting in the form (1.1) can be motivated also by entirely different physical
settings: see for instance [34] devoted to the dynamics of bolts on a conveyor
belt, [22] devoted to the flow of melted metal and [5,24] modeling supply
chains. Crowd dynamics is a further widely considered application, see for
instance [11,20]. A relaxation representation of nonlocal conservation laws was
considered in [10].

Nonlocal conservation laws have been at the center of various papers
dealing with the nonlocal to local limit, e.g. [4,17-19,27,29]. In particular, the
negative result obtained in [19] is consistent with the stability estimate on the
dependence of solution on 7 obtained hereafter, which requires a rather strong
norm.

Particular features of the present analytical setting are: the full nonlin-
earity of (1.1), possible thanks to the generality of the functions v;, the explicit
dependence of the speed laws on the space variable x and on time ¢, the variety
of the interactions between the different populations allowed by the, possibly
different, n? functions Mij-

Due to the nonlinearity of (1.1), a natural tool is the Banach Fixed Point
Theorem, which we apply in C° ([0,7]; L'(R;R™)) and relies on the repre-
sentation of solutions to renewal equations by means of characteristics, often
referred to also as Lagrangian solutions, as in [25]. With this tool, we prove
existence, uniqueness and L'-Lipschitz continuous dependence of the solution
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on the initial datum. Careful BV bounds allow first to extend the solution
globally in time. Then, we also get the local in time L'-Lipschitz continuous
dependence of the solution on ¢, v and 7.

We stress that the stability estimates proved below require that the total
variation in space of the initial datum, and hence of the solution, be finite.
In the case of the (local) Lipschitz continuity in time this is shown by the
following elementary example:

Otp+0zp=10 m _
{p(()’x) _ pZ”(JJ) where  pp'(z) = ZX[?% 2ri+’1](‘r)

which yields, for € €]0,1/(2m)],

lo(t +€) = p()llL1 riry = TV(P5') €

In turn, the estimates on the total variation in space depend on the W2 norm
of the convolution kernel. On the one hand, this motivates our assumptions
being more restrictive than those in [25], where only continuity in time (not
Lipschitz continuity) is proved. On the other hand, this is also consistent with
the impossibility, in general, of letting 7 (formally) converge to a Dirac delta,
which is equivalent to pass from a nonlocal to a local problem, see [17,19,29].
We refer for instance to [7] for L? continuity estimates, with p > 1.

Various other papers use fixed point arguments together with implicit
or explicit expressions for the solutions, see [24,25,28,29]. Alternatively, se-
quences of approximate solutions constructed by means of numerical algo-
rithms can also be used to prove the existence of solutions to systems fitting
into (1.1), see for instance [1,2,13,14].

Below, numerical integrations show specific features of the model (1.1),
such as the effects of different horizons and overtakes. Moreover, we compare
a solution to the nonlocal equation (1.1) with that of the classical Lighthill-
Whitham [32] and Richards [33] model in presence of space inhomogeneities
(bottleneck).

The paper is organized as follows. In Sect. 2 we present the main analyti-
cal results. Numerical integrations of (1.1) are shown in Sect. 3. All proofs are
deferred to Sect. 4.

2. Analytical results

Below we denote by J;, 0, and V, the partial derivatives with respect to,
respectively, ¢, z and (p1,...,pn). Moreover, if v = v(z,p) with 2 € R and
p € R™, then the notation [0,v V,v] is the vector (0,v,0,,v,...,0,,v). Fix
to € Ry = [0, +00[. We study (1.1) under the following assumptions:

(v) v=(v1,...,0,) € C°[t,, +00[; V"), where

V= {v: R xR" — R:v(-,0) € L®(R;R),

[0xv V,v] € WER(R x R™; R x R”)}.



34 Page 4 of 29 R. M. Colombo, M. Garavello and C. Nocita NoDEA

(n) Fori=1,...,n, n; € WZ>(R;R").

Referring to ¥V and V", we use the norms

||Ui||v = ||Ui('70)HLoo(R;R) + [|[0vs vpvi]||w2,x(Ran;Ran)

2
[vllyn =/ 323 il

||U‘|cﬂ([to,t];vn) = SUPr¢[t,,1] [v(T)lyn-

Remark 2.1. As the proofs below show, the third derivative 92, v is not even
required to exist. Nevertheless, we state assumption (v) and define | -||,, as

above merely for simplicity.
As a first step, we formalize what we mean by solution to (1.1).

Definition 2.2. Fix a non empty real interval I with minl = t,. By solu-
tion to (1.1) on the time interval I we mean a map p = (p1,...,pn) €
CO(I; LY (R; R™)) such that, for i = 1,...,n, setting

w;i(t, ) = v (£, 2, (i1 * p1(t)) (), (Miz * p2(t)) (), - -, (Nin * pu(t)) (2)),
(2.1)

pi is a solution to

{8tpi+8z (pi wi(t,z)) =0  (t,z) €I xR
pi(to, z) = (po)i(x) z €R.

Above, by solution to (2.2) we mean a distributional solution [8, Definition 4.2],
which is also a weak entropy solution in the sense of [30, Definition 1], see [23,
Lemma 5], [25, Theorem 2.7] or [26, Corollary II.1].

We are now ready to state the main analytical result. To this aim, we
denote by C(---) a locally bounded quantity dependent on its arguments,
whose actual value is specified in the proofs.

(2.2)

Theorem 2.3. Let (v) and () hold. Then, problem (1.1) generates a unique
map
P: [to, +0o[ x Ry x (L' NBV)(R;R") — (L' N BV)(R;R")

with the following properties:

(P1) P is a process: for allt > t, and t',t" € Ry, Pr is the identity and
Pt_—‘rt/,t” (o) Pt_,t’ = Pt_,t’—‘rt”'

(P2) For any p, € (L' NBV)(R;R") and any T > t,, the orbit t — Py, 1p,
is the unique global solution to (1.1) on [t,, T in the sense of Defini-
tion 2.2.

(P3) P is locally Lipschitz continuous in the initial datum: for all t > t, and
Pos bo € (L' NBV)(R;R™)

||1Pfoytp0 - Pto,tﬁoHLl(R;Rn)

<C (||77||W2v00(]R;]Rn><n)7 H’U”co([to,t];vn)a ||POHL1(R;R7Z)7 ||ﬁ0HL1(R;1R) ) TV(ﬁO)J*ﬁ?)

x|lpo — ﬁOHLl(]R;Rny
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(P4) P is locally Lipschitz continuous in t: for all T > t,, t',t" € [t,, T] and
po € (LN BV)(R;R")

Hpto,t’po - Ptu,t”ponLl(R;Rn)

< C (”nHWZ‘oo(R;Ran): ||1}HCO([tO,T];V”)7 ||po||L1(R;Rn>7TV(po)7 T — to) ‘tl—t”|.

(P5) Let v, v satisfy (v) and call P, P the corresponding processes. Then, for
allt > t, and p, € (L' N BV)(R; R")

P —-P
H to,tPo to,tPo Li(RE™)

<C <||77||W2,00(R;]Rn><n)7 ||U|‘c0([to,t];vn)v ||p0||L1(]R;]Rn)a TV(po),t — to)
[l = 0llgo gt gsvm) (¢ = to)-

(P6) Letn,n satisfy (n) and call P, P the corresponding processes. Then, for
allt > t, and p, € (L* N BV)(R;R")

Hptn,tpo — Pt tPo
L!(R;R")

<C <||77||w2.oo(]R;Rnxn)v Hﬁ”w2,0<-(R:]Kn><n)3 ||U||cn([tmt];vn); ||p0||Ll(]R;Rn)a TV(po),t — t0>

X ”77 - ﬁ”wzm(R;Rnx") (t — to)~

(P7) For allt >t, and p, € (L' N BV)(R;R")

TV (Piyep0) < (TV(p0) + C (Inllw.oe gnnys [llco e, agevmys Mool geggny ) (& = £0))

xexp (C (IInllwa.oo iz xnys [0l ooty gvmy s 9ol gy ) (6 = o))
(P8) For everyi=1,...,n, if (po)i > 0, then for allt > t,, (Pr1,p0)i > 0.

The proof is deferred to Sect.4. Since p = 0 is a solution, the bounds (P3)
and (P7) ensure also an L* bound on p.

3. Numerical integrations

In the numerical integrations below, motivated by vehicular traffic, we choose
non negative values of each component of the initial density p,. Hence, thanks
to (P8), it is sufficient that we define for all ¢ = 1,...,n the speed laws v;
only on R x R x R". Then, one can extend them by regularity to all R x R"™
in order to formally recover the hypothesis (v).

The kernel functions 7;; describe how far the i-th population “sees” the
j-th population. For simplicity, we standardize their choices as follows:
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Kernel function
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0.3 1

0.2
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0.0

0 xr < *fij
2\ 2
Ayj <1 - (#) ) z € [~ fi5,0)

mij (%) = 4, <1 3 (5?-)2)2 z € [0, bij]

0 5L’>bij

(3.1)

S
<

where the normalization constants A;; are chosen so that [, n;;(z)dz = 1.
The forward, respectively backward, horizons are f;;, respectively b;;, and are
typically chosen so that f;; > b;;, accounting for the far greater relevance of
the forward vision.

Note however that whenever a population of autonomous vehicles (AVs)
is present, it is reasonable to assume that they have information about the
whole traffic situation, also out of the standard visual horizon, both in front
and behind them. This is consistent with our allowing the kernel function n;;
to have, possibly, unbounded support. At the same time, the backward horizon
for a standard vehicle may well be of the order of a vehicle length, coherently
with the little relevance of the behind traffic.

Throughout, we use the Lax-Friedrichs method [31, § 4.6] adapted to deal
with nonlocal fluxes. Indeed, fix a spatial mesh size Ax > 0, a final time T" > 0,
and construct the grid points xy := k Az, for k € Z, and, for m = 1,..., Np,
the times t,,, := t,,_1 + At,,, where tg := 0 and At,, > 0 to be specified below
and such that T' = ZZT:O At,,. Call, for all k € Z and m = 0,..., Np — 1,

the cell Cj := [xkfé,x,ﬁé}, where @1 := (Zp41+ k) /2, and the time

interval C™ := [t,, t;+1]. Then, for all i = 1,...,n, the solution p; to (1.1)
is approximated by the piecewise constant function ), . (pi)}* x o (t) x o (x)
’ k

where, for m =0,...,Np —1 and k € Z, (p;)}" is given by the Lax-Friedrichs
scheme

{(Pz‘)?“ = 5 (P + (p)ir) — 282 [F ((p)7a) = F ((p)i1)]
(Pi)g = (po)i(wr),
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with the numerical fluxes F'((p;)7") = (p:) " (v;)7'. Here, the values (v;)}" are
defined by

WD = 0 [t s A2 S 0 (@) () -+ A2 S min () (0D |
PEL pEL

which are an approximation of v; (t,, Tk, 91 * P1(Emy Tk)s - -« s Nin * Pr by Tk))-
For each m = 0,..., Ny — 1, At,, is chosen to satisfy the CFL condition [31,
§ 4.4]

Aty < — BT
pax, {)E)

kEZ

(3.2)

Finally, at the numerical level, we employed free flow boundary conditions.

3.1. The role of the horizon

Here we consider n = 2 populations of drivers whose unique difference is their
visual horizon. Such distinction is carried by the kernel functions n;; in (3.1).
More precisely, for i,j = 1,2, fix b;; = 0.01, fi; = 1.5 and f; = 0.3 so that,
forward, the first population is able to see farther than the second one.

We choose the following speed law, satisfying (v):

1 q<0
Uz(t,l'7q) = (1_q)3 qE [O, 1] q:’l’hl *pl +’I’}12*p2, Z: 1,2
0 qg>1

System (1.1) is equipped with the initial datum

pi(x) = p3(z) = 0.5 x[0,2(2),

as in Fig. 1, top left. The resulting evolution, approximated by a numerical
integration on a mesh of 10000 points on the numerical domain [0, 10], shows
the relevance of the forward horizon, see Fig. 1. For the first population, the
free space on the road stretch ahead has more relevance in the choice of the
speed. As a consequence, the front vehicles in the first population are faster.
Moreover, again due to the length of the forward horizon, the front vehicles
almost share the same speed, as shown in the graphs at times ¢t = 0.9, 3.3, 6.4,
where the density of the first population displays a rather steep right front.
On the contrary, the slope in the right part of the graph of py is significantly
lower.

3.2. Different maximal speeds
On the numerical domain [0, 100] we now consider n = 3 populations differing
only in their maximal speed, i.e., we set for i = 1,2,3

Vi q<0 Vi =15
vi(t,z,q) == q Vi(1—q)% q€1[0,1]  q=mna *p1+ni2*p2+ms*ps, Va=09
0 q>1 Vs = 0.5.

(3.4)
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Solution at time ¢ =0.00 Solution at time t=0.9 Solution at time t=3.3

Solution at time t= 6.4

FIGURE 1. Solutions to (1.1) for n = 2 with the parameters
as in Sect. 3.1. The two populations have the same speed
law, but the forward horizon of the first population is 5 times
that of the second one. As a result, the first population moves
faster and its front vehicles share almost the same speed. On
the contrary, the rightmost part of the graph of ps is less steep

We choose the initial datum

(Po)1(z) = 0.3x1,5(2);  (po)2(z) = 0.3x18,12) (%), (po)3(x) = 0.3 X[15,109)(T)
(3.5)

and kernel functions (3.1) with forward horizon f;; = 1.0 and backward horizon
bij = 0.01 for i,j = 1, 2,3.

Figure 2 shows the result of the numerical integration of (1.1)—(3.4)—(3.5)
obtained with a uniform mesh of 10000 points.

At the initial time, the slowest population is ahead and the fastest is
behind. Model (1.1) allows overtakes and, in fact, at the final time the popula-
tions are ordered according to their maximal speeds. It is realistic that during
overtakes queues form, see in particular the graphs at times ¢ = 7.0, 28.7, 80.9
in Fig.2. Note that the graph at time ¢ = 28.7 clearly shows that the density
p1(t) exceeds the maximum of the initial datum (p,)1, coherently with the lack
of validity of the maximum principle in the present setting.

3.3. Space inhomogeneity and forward horizon

The generality of system (1.1) allows to evaluate the combined effects of space
inhomogeneities and nonlocal terms. The numerical domain [0, 20] is a road
stretch with a bottleneck in [5, 10] where the maximal speed smoothly de-
creases up to 50%. We show below that vehicles with a larger forward horizon
better cope with the slowdown and pass through it faster than vehicles with
a lower one. More precisely, we confront a solution to (1.1) with that to the
standard Lighthill-Whitham [32] and Richards [33] model.
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Solution at time t=0.00 Solution at time ¢ =7.0 Solution at time t=28.7

—n — —
— — —

FIGURE 2. Solutions to (1.1)—(3.4)—(3.5) with n = 3 popu-
lations on the domain [0, 100] with the parameters given in
Sect. 3.2. Note that faster populations overtake slower popu-
lations and towards the end of the integration the populations
appear ordered according to their maximal speed. Moreover,
the graph at t = 28.7 shows that a density may reach values
higher than those attained at the initial time

First, consider (1.1) with n = 1,  as in (3.1) with f1; = 1.0, b;; = 0.01

and
V(z) q<0
o(t,z,q) = q V(2) (1-q) ¢€[0,1]  g=nx*p, (3.6)
0 g>1
1@ -5210-2)?° if zel510]
Vo= {1 otherwise, (3.7)
po(z) = 08X, 4() (3.8)

so that Theorem 2.3 applies. We compare the resulting solution p with that,
say 7, to the LWR model

{ Or + Oy (ro(t,z,r)) =0
7(0,2) = po(x)

where v is as in (3.6)—(3.7) and p, is as in (3.8). Both solutions are computed
on a mesh of 10000 points.

Figure 3 displays the solutions p and r to the two problems. It stems out
that the vehicles with a positive forward horizon slow down well before the
bottleneck, cause less congestion and pass through the bottleneck in less time
than the others. Indeed, at time ¢t = 37.5 the solution to (1.1) is supported on

(3.9)
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Solutions at time t=0.00 Solutions at time ¢ =4.0 Solutions at time t=16.6

00 25 50 75 100 125 150 175 200 00 25 50 75 100 125 150 175 200 00 25 50 75 100 125 150 175 200
X x x

Solutions at time t=21.5 Solutions at time t =37.5 Solutions at time t=43.3

0.2 \\ 02
N o
— |

FIGURE 3. Solution p to the nonlocal equation (1.1)—(3.6)—
(3.7)-(3.8) compared to r, solving the LWR model (3.9), with
the same initial datum (3.8) and speed law (3.6)—(3.7). The
effect of the bottleneck in [5, 10] is clearly seen since time
t = 4.0. Note that already at time ¢ = 37.5 the solution to the
nonlocal problem is supported on the right of the bottleneck,
while the same happens only after t = 43.3 for the solution to
the LWR model

the right of the bottleneck, while only after ¢ = 43.3 the solution to (3.9) has
overcome the slowdown.

4. Analytical proofs

Without loss of generality, we assume that ¢, = 0. Throughout, we use the Eu-
clidean norm |[/-| in R™. As usual, we equip the spaces L!(R;R"),
WLo(R; R"), and W2 (R; R") with the norms

dp
da

lolls gany = Jo 0@l ol .o gy = loll oo gn) + | £on )

d
||PHLOO(R;Rn) := ess sup,eg [|p()]] ||PHW2,0<:(]R;[RTL) = HP”wLw(R;Rn) + |52 Leo (RiRN)

By TV (u) we denote the total variation of u on its domain, while TV (u, I) is
the total variation of u on the real interval I, see [3, Chapter 3].

The following basic property of BV functions is a slight extension of [8,
Lemma 2.3].

Lemma 4.1. For any u € BV(R;R) and h € L*(R;R),

/]R |u(z + h(z)) — u(z)|dr < (max {ess supg h,0} — min {ess infg h,0}) TV (u).
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Proof. Let U(z) := TV (u,|—o0, z[). Then, by [8, Lemma 2.3]
[ fute+ he) - uw)lda
R

< / (U (z + max {ess supg h,0}) — U (x + min {ess infg h,0})) da
R

= / (U (y + (max {ess supg h,0} — min {ess infg 2,0})) — U(y)) dy
R
< (max {ess supg h,0} — min {ess infg h,0}) TV(U)
= (max {ess supy h,0} — min {ess infg h,0}) TV (u),
completing the proof. O

We now recall a basic stability result on ODE flows.

Proposition 4.2. Fiz T > 0 and w,z € C° ([O,T];WI’OO(R;]R)). For t,t, €
[0,T] and z, € R, let t — X (t;t0, o) and t — Y (¢;t0,2,) be the solutions to

S ——
& =w(t,z) and y==(ty) (4.1)
x(to) = o y(to) = To.
Then for all t € [0,T],
| X (t5t0,20) = Y (t5t0, o)| < lw = 2o 0,710 i) 1T — tol

X exp (Haﬂ;w”CO([O,T];L"C(]R;R)) |t — t0|> .

The proof is a standard consequence of Gronwall Lemma and basic ODE the-
ory, see [9, Chapter 3].
Lemma 4.3. Let (n) hold and v € V™. Call
Xap 1= {p € LIRR"): s gy < M} (4.2)
Then, the map
M,, : Xp — W22(R;R") (4.3)
p = mxp)(),

where we denote
v (z, (n*p)(x)) = (vi (z, (M1 * p1)(@), (Niz * p2)(x), - -, (Min * Pn) (%)) =1, s
(4.4)

1s well defined and Lipschitz continuous with

Lip(1Tu.) = (7 + (6 + M)Mnllyya e gnen) ) 10lym [l e oo

(4.5)
Moreover, f[v,n 18 uniformly bounded by the quantity
Qvi=(3+ M0l 00 (;gnxny + 3M || Oanl|g,00 (g xm)
+ MQHaaniOO(R;R"X") + MHaim’?HLoo(R;Ran))Hm yn - (4.6)
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Proof. To prove that 1211,777 is well defined, let p € L*(R;R"), i =1,...,n, and
compute:

[Cmmror

<lvi Gy % p()) = Ui('vo)HLcc(R;R) + ||vi('a0)HLoo(]R;R)

Lo (R;R)

< ||vai||Loo(R><Rn;Rn) Hni“LOC(]R;R") ”p“Ll(R;R") + ||Ui('a0)||Lao(R;R) (4.7)
< (14 Ml g ) el

81‘ ﬁv 2

H (I np) L (R;R)

S NO2villp oo (myrnry + 1V pvi (516 % p() (O2ni * p) ()l (m;r)
< 102vill L mxreiry + 1 Vo0l rycme iy 1027l iy NOllLs gy (4:8)
< (1 MI9amill e ) 0l

892ca:(ﬁvy’flp)’i

L (R;R)
< HaﬁﬂcviHLx(RxR";R) +2[|02V pvi (15 % p(+)) (Ozmi * P)(')HLoo(R;R)
H[DZ,vi (i p() (D2 * p())? + Vpvi (i % p()) (02211 P) )| (2.3
< HazzuiHLw(Ran;R) + 2Haxvpvi||Loc(Ran;Rn) Hawn'LHLw(R;Rn)||P||L1(1R;Rn)
HID2 il L g sy 1027ilIE e iy PN iy
+||vai||Loo(R><Rn;Rn) ||aixni“L°°(]R;R“) HpHU(R;R")
< (1 + 2M|[02il| o0 (rywn) + MQHme”ioc(R;R") + M”aiGCni”L"C(R;R")) l[oilly s
(4.9)

hence, l:[v’77 is well defined.
To prove Lipschitz continuity, let r,p € LY(R;R"), i = 1,...,n and
evaluate

| (L) = (L)

< ||vpvi||L<x>(R><Rn;Rn) llm * (r — P)”Loo(R;Rn)

Lo (R;R)

< villy, ||77i||L°°(R;R") llr — PHLl(R;Rn)?
x ﬁu i — Uz ﬁv i
0z (ILy 1) 0z(I1y np) Lo (RiE)
< NOzvi (- (i % 1) (1)) = Oavi (5 (i * P) ()l Loo (m;)
HIVovi (5 (ixr) (1) (Demixr)(-)=Vovi (-, (0 % p)()) (Dnip) (Lo (mim)

< ”anPUiHLQO(RxR";R”) Hmlle(R;Rn) [lm — PHLI(R;Rn)

‘|'vaUiHLoc(Ran;Rn)||8w77i||Loo(R;Rn)H7" - pHLl(R;R“)
2
+MHDppviHLoo(]RX]Rn;Rnxn) Hn’iHLOO(]R;Rn) ||6Ini||L°°(R;R") ||T’ - pHLl(]R;Rn)

< (24 Mlnillwse iz ) 103y Il ey I = Pl o
’ az:v (ﬁvmr) . 8:%1 (]':IU»UP> .

K2

Lo (R;R)
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< [02vi (-, (s +7) () = B2 vi (-, (mi * p) (- Mg )

+2[102V pvi (-, (i % 1) () ((Bami * (r = p) ()|l L i)

+2||(0x vaz( (i x7)(+)) = 0=V pvi (-, (i % p)(+))) (O *p)<'>||L°°(]R;]R)
D201, 1 1)) (@ 1) = (D p()?) i
+|(p2, M o *r)( )) = Dp0ie, (05 % p)())) (D * ()| iy
[V (e (i % 7)) (020mi % ( )('))HLoo(R»R)

+|| pUi(, (i % 7())) = V0 (-, (0 # p()))) (92,1 * p(- ||L°°(]R R)

IN

(HaizcvpviHLoo(]Rle";R") HmHLOO(R;R")
+2||azvpvi||Loo(Ran;an) ”ammHL‘x’(R;R”)
+2HazD§,,viHLOO(Ran;Ran) 175 Lo (i) 1927 | oo (e )y M
+[|1D7

2
pvi ||Lm(RXR71;Ran) ||31E77’L||L°C(R,R")2M

2
+HDgp’Ui HLoo(Ran;]RanXn) ||77’i||L°°(]R;IR") ||aw77i||L00(]R;]Rn)M2

IV vill Lo (@ xren oy aﬂ%meLw(R;R")
+"D/23PUi"L°°(RxR";]R"X")Hni”L”(R;R")Haa%wniHLOC(R;R”)M)
x||r — pHLl(R;R")

< (44 Ml ey + M2 11l iy )

X[villy 173l w200 gy 17 = Pllpr (iR -

Thus, fIvﬂ7 is Lipschitz continuous with a Lipschitz constant depending on
v, M and 7. ~
The uniform bound of IT,, ,, directly follows from (4.8), (4.9) and (4.9). O

We now investigate the dependence of the map ﬁvm on v and 7.

Proposition 4.4. Fiz p € Xy, as defined in (4.2). With the notation (4.3)-
(4.4), define
Vrox WZ,OO(R; Rnxn) — WZ,OO(R; Rn)

~ 4.10
w o, € — Iy ¢ p. (4.10)
Then,
(1) For all ¢ € W2=(R;R™), the map v — I, ¢p is Lipschitz continuous:
Yo, w e V"
[ 60 = Pl 0] e gy < (B 5M .o aimny + M2 ey sy ) 0 =l

(2) Forallv € V", the map § — Hv,gp 1s locally Lipschitz continuous: V&, n €
W2 (R; R")

HHU’gp_H”’”p”wa(R;Rn)
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2
= (7 + 4M||7]||W2*°°(R;R") + 3MH£||W2,0<>(]R;R") + (M + M2)||£||Wz,oc(R;Rn))
X Mol 1€ = Al ey

Proof. Fix £ € W2>(R;R™"), p € Xy and v,w € V. For i = 1,...,n, one
obtains

H( v,eP)i — ( w,eP)i Lo (R:R)
< lvi(+,0) — wi('70)||L°°(R;R) + Vv — pri”Loo(Ran;Rn)||5iHLoo(R;Rn)||P||L1(R;]Rn)
< (14 M lillpos gy ) i = willy -

Moreover, for i =1,...,n,
T ﬁv i — Uz ﬁw [
(Iyep)i — Op (i gp) L ()
< 020 (- & % p()) = Oxwi (& * p()) oo (miw)
H(Vpvi (-5 & p(+) = Vowi (& % p(4))) (02 5 p(4)) 00 (rir)
< [|0pvi — &vwiHLw(Ran;R) + HpHLl(R;R”)||8$€iHL°°(R;R”)”VPUiH

_vaiLw(Ran,Rn)
< (1 +M ||3acfi”Loo(R;R")) l[oi — willy,

and

e (Mo gp)i = 0, (M gp)i| -

= (020, (& ) () = Bawi (-, (6 % ) (D e iy
(02 Vp0i - (& % ) () = 0V ywil-, (& % p)())) 200 % P) )l (i)
+||<V2 Ui (& # ) () = Vil (& % 2)())) (e # ) ()| o iy
H(Vovil, (6 %)) = Vowil-, (€ %)) (0226 * 0) | oo sy

= H wa Vi xacwiHLOC(]Rx]R";R)
10V pvi — amvaiHLoo(Ran;Rn)QnazfiHLoo(R;R")M

a3 iy M

M

+||V;2w”i - vxzwwi||Loo(Ran;Ran)

ao%argi HLW(]R;]R")

2
< (1 + 2M |02l 00 (R Ry T M2||3x§iHLoo(R;Rn) + MHaixfiHLoo(R;Rn))

X |vi = willy,

+||vpvi — Vow; HLoo(RX]Rn;]Rn)

completing the proof of (1).

Now, we prove that the function £ — f[v, ¢p is locally Lipschitz continuous.
Fix v € V", p € Xy and the functions 7, & € W22 (R; R™™™). Tt is immediate
to verify that fori=1,...,n,

| (p): = (TLuep): = lJosCeymi % () = vil-, & % () e iy

L~ (R;R)
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< M||vpvi||L°°(R><R";R")”ni - 51'”L°°(R;R")

and

o (Tynp)i — Oa (L £p); B

< 10wvi (s mi % p() — Opvi (- & * p()) |0 (iR)
FI(VoviCsmi % p()) = Vi & % p())) (Gani * ()| poo (m.r)
FIVovi(; &% p() ((Oami — 02&) * ()| oe (m.r)

< 102V pvillp o sz 170 = &ill oo (rymen) M
+[|Dg,v
IV ovill oo R w1027 — Ooill oo (mipmy M

< Mlfuilly (2+ MU0 loe gy ) 17 = €l -

Moreover, for i =1,...,n,

e (op)i — 02, (I, gp);
< [02pviComi x p() = 02z & % p(O)) || oo (i)
+11202V pvi (-, 13 # p(+)) ((Oani — 02&i) * () ly,00 (mo)
120V pvi (- mi % p()) — 02V v, & * p(+))) ( 98 * p())l oo (riR)
H[IV2,0i(mi % p(4)) (Do # p(-))? = (D * p(- )!ILm ®R)
H(V3,0iCmi % p()) = V) vl( &% () (0 % POl o ey
H|Vpvi(emi* p(-) (07,1 — 0746) * p(- )HLOO(]RR)
—i—H Vi (5 mi % p(+)) = Vi, & % p(+)) (02, * p(- )HLoo(RR)

2
i||Loo(R><Rn;]Rn><n)M an - fi”L"O(R;]R")HaxniHL‘x’(]R,R”)

L~ (R;R)

= Hamvp”iHLoc(Rwa;Rn)Hm = Sl @y M
+2[05V pVill oo (mxmn ) |02 — Oaill oo (mimn) M
2 2
+2H8$DppviHLoo(]Ran;Ran)”ni = Gillpoe (rign) M N102ill e (i)
2 2
D20l ey 195 = Duilg o oy M (19 e

+||6“3§iHL°°(R;R" ) + HDppp HLOO(]RX]R";R"X"X")
Ini — fiHLw(R;Rn)||azfiHLoo(R;Rn)M3
|02 — aizgiHLOO(R;R")M

+||VP”Z'HL<>°(RXRH;R")
+[|D}, il In: — &ll 02,4 M?
PP UL (Rx R ;R X 7)) i Lo (R;R) [[YzxSt L° (R;R")
2
< (44 3M (10umill e ) HIOEillm ) ) + M0 e i
2
M 02,6 iy ) X Moally i = &ill o e e

proving (2).
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In the next step we introduce the time dependent version of the map 1:[1,777
defined by (4.3)—(4.4) on the time interval [0,T], for a fixed T > 0. To this
aim, recall X, as in (4.2) and introduce

Xo = €T Kar) and ol = 5w IoOls ey (411
€10,

Lemma 4.5. Let v € C°([0,T); V") and (1) hold. Then, the map

I, : Xar — C°([0,T]; W2 (R; R™))
P [t T (0(0)] e (Magp)(®) () = v (E 2, (05 p() ()

1s well defined, bounded and satisfies for r,p € Xy; the Lipschitz estimates

(1L, 7 —
([TLy 7 —

,nl)HcO([O T); W 2.2 (R;R™)) < Lip(IL, ) [Ir — PHXM (4.12)

Iy llLs o, 7wz o0 rireyy < TaP(Ho ) (17 = pll L (o, 79wz
(4.13)

where Lip(I1, ,,) = SUpyco, 7] Lip (ﬁv(t),n)

Proof. Fix p € Xy, t € [0,7T] and consider a sequence {t,}, C [0,T] converg-
ing to t. Taking advantage of the Lipschitz regularity of II, ,, by Lemma 4.3
and (1) in Proposition 4.4, one can get

e n(o(tn)) = oo (D)

< [Tt (p(ta)) = o o

W22 (R;R™)

tn
))Hw2v°°(]]2€;]R{")
oot = oo
< CM, [l e agznny) 10 (E0) =0 (@l + Lip o l(En) =Pl 10,

which tends to zero as n — +o00, due to the continuity in time of v and p.
Hence, I, , is well defined.

The boundedness of II, ,, follows from the same property of v by (v) and
of f[v(t)m as proved in Lemma 4.3 for all ¢ € [0, T].

To prove the Lipschitz estimates on I, ,, let r, p € X3 and evaluate

v (1) = Ty (o(0)) |

”H'U"?TiH“WpHCO([OT]WZ 100 (R;R™)) sup ‘

te[o W22 (R;R™)

< sup I‘lp(Hv(t),n)”T( ) - p(t)”Ll(]R;]R”)
te[0,T

< Lip(Ily ) [Ir — P”XM,

where Lip(Il, ) := sup;ejo 7 Lip(f[v(t)m) is finite by (4.5) and v € C°([0,T;
V"), proving (4.12). An analogous procedure gives the other estimate (4.13).
O
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For later use, recall that, given w € C°([0,T]; W1:°°(R;R")) and p, €
(L' nBV)(R;R"), the Cauchy problems

O¢pi + 0z (piwi) =0
pi(0,2) = (po)i(x)

admit the (Lagrangian, see [25, § 2.5]) solutions p1, ..., p, such that

i=1,....n, (4.14)

pi(t, ) = (p)i(X;(0st,z)) exp (/0 O w; (s, X;(s;t,x)) ds> (4.15)

where the characteristic t — X;(t;t,, x,) is the solution to the Cauchy problem

& =w;(t,z) te Ry
{ N (4.16)
The maps p1,. .., p, are also Kruzkov solutions to (4.14) in the sense of [30,

Definition 1]. Indeed, several results in the literature, see for instance [23,
Lemma 5] or [26, Corollary I1.1], ensure that for a Cauchy problem of the type
(4.14), the concepts of weak and entropy (or Kruzkov) solutions coincide.

Useful relations (see [9, Chapter 3] or [28, Lemma 2.6]) which we exploit
below are:

0 X (b to, o) = w; (t, Xi(t;t0, 20))

t
O, Xi(t;to, o) = —w;(to, To) €Xp (/ O w;i (8, X;(85t0, o)) ds)
0

t

05, Xi(t;t0,20) = €xp ( Ozw; (s, Xi(s5t0,%0)) ds) (4.17)

to
where i € {1,...,n}.

Lemma 4.6. Let p, € (L' NBV)(R;R"), fiz Q > 0 and call

Wg = {w ec’ ([OaT];Wz’OO(R;Rn)) : ||w||CO([O,T];W2=°C(]R;]Rn)) < Q}
(4.18)
Define the map ¥, as
Y, 1 Wo — CO ([0, T]; LY (R; RY))
wo P,
where p is the solution to (4.14). Then,

(X1) The map ¥,, is well defined and Lipschitz continuous.

(X2) For all w € Wy, t — (E,,w)(t) is locally L!-Lipschitz continuous in
time.

(33) For allw € Wg, te [0,T] and i =1,...,n,

||(Zpow)i(t)||L1(R;R) = ||(P0)i||L1(]R;R) vte[0,T], Vi=1,....m

(4.19)

TV (S,0)i0) < (TV (90)0) + @t l(po)ills sy ) €27 (421)
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(3¥4) For alli = 1,...,n and for all w € Wg, if (po)i > 0, then for all
L (0,T), pit) > 0.

Proof. Fix throughout the index 7. We distinguish several steps.
L'-norm of ¥,w. With the change of variable £ = X;(0;¢,z), for any
€ (0,77,

1S, )i (1)l gz

[ Jooxs st e (- / 0,105, X5 .4) s

/I i eXp(/awz, st:r))ds>

X exp </ Oz w; (8, X;(s;0,8)) ds) d¢

= [ lentelac.

proving (4.20), thanks to (4.15) and (4.17).
TV estimate. If p, € WLH1(R;R") then, for all ¢+ € [0,7], differentiat-
ing (4.15) and using the change of variable £ = X;(7;t, x),

102(Ep,w)i (1) |1 (i)

- [ o oxona e (- [ Dy, (7, X (i1, x) ar)
+ /R [1p0): (X,0:1,2))] exp (- /0 Do (7, Xi(T;t,x))dT)

dx

dx

/ |02 w; (1, X, (75t x))@in(T;t,x)‘dT}dx

< exp (Haﬁrwi”CO([O,t];LOO(R;R) ’5) TV ((po)i)

+Ha,gmwi||CO([O7t];L<x(R)) €exXp <||axwiHCO([O,T];LOO(R;R)t) ”(po)i”Ll(R;R)tv

proving (4.21) when p, € W11 (R; R").
We now proceed to consider the case p, € (L' N BV)(R;R"). Thanks
o0 [3, Theorem 3.9], there exists a sequence {p2}; € C*®(R;R"™) such that

Pl — po in LY(R;R™) and lim;_ ‘}8mpZ“L1(R;RTL) =TV(p,).
Since, for i = 1,...,n, (4.20) ensures that
| )i = @i, o = 10D = o)ills sz

the lower semicontinuity of the total variation, see [3, Remark 3.5], ensures
that

TV ((S,,w):(t)) < liminf TV (( Jw)i(t))

Jj—00

< exp (Haﬂcwi”CO([O,t];L‘x’(R;R) t) TV ((po):)
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il on o g ey o (10ell oo g ey 1)
H(po)i”Ll(R;R)ta
completing the proof of (4.21).

¥,, is well defined. Given w € WQ our aim is to prove the continuity in
time of the function ¥, w. So, fix 0 < t; <ty < T, by (4.15) evaluate

(Epow)i(tr) — (Epow)i(t2) 1 (rsr)

= /R ‘(Epow)i(tlyx) — (Zp,w)i(t1, Xi(t1;t2, ) exp <f " Opwi(s; Xi(s;t2,2)) ds) ’d:p

t1

< /R ‘(Epo’w)i(tl,w) - (Epow)i(tl,Xi(tl;tQ,z))’ da

+ /R ’(Epow)i(tLXz‘(tl;tz,I)) <1 — exp <— * azwi(5§Xi(5§t27x))d8)) )dx

ty

(4.22)
< TV((ZPDw)ﬂtﬂ)(max{es::ﬂgp(x - Xi(tl;tz,x)),ﬂ}
7min{esg§€sﬂ§1p(m — Xi(t1;t2,x)), O})
+ /]R ’(Epow)i(tuXi(h;tg,a:)) /:2 Orw;(s; Xi(s;t2,2)) ds‘ dz, (4.23)

where we used Lemma 4.1.
Consider (4.22). Using the estimate (4.21) and the boundedness of w; we
obtain
TV((Sp,w)i(t1)) < e TV((po):) + Qt1e9 [[(po)ill 1 (rie)
and
max {ess sup,er (e — X;(t1;t2,2)),0} — min {ess sup,ep(z — Xi(t1;t2,2)),0}

< 2ess sup [z — X;(t1; ta, )|
z€R

< 2f|lwill gogo, 7m0 (rimy) (B2 — 1)
<2Q(ts — 1)
so that
[(4.22)] < (fotl TV((po)i) + Qt1e°" ”(IDO)Z'HLl(R;R)) 2Q (ty — t1).

Consider now (4.23). By the change of variable ¢ = X;(t1;t2, ), (4.20)
and (4.18)

[(4.23)] < Q(ty — tl)/]R ‘(Zpow)i(tl;Xi(tl;tg,x))‘ dx

to
< Qt2 — tl)/R |5, w(t, €)i] exp ( Ozwi(s, Xi(s;t1,€)) d5> d¢
ty

< Q(t2 = 1) [(po)ill L1 iy

Collecting together the estimates above leads to the following bound:
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(0 w)ilt) = (S, w)i(t2) g e

<Q [2(TV((p)2) + QT (Po)illremy) + 100l asmy | €@ (12 = 12)
(4.24)

concluding the proofs of (32) and of the well-posedness of ¥, .
The map X, in (4.19) is Lipschitz continuous. Consider ¢t € [0,T], w, z €
W4 and using (4.15), estimate

po(Xi(05¢,x)); exp <—/Ot Ogwi (1, X (15, 2)) dT)

(20,0 0) = (S, 2 (s ey = |,

—po(Y;(0;t, z)); exp (7 /Ot Oz zi (7, Yi (T3 L, x))dT) ‘ da

(4.25)
where X;(t;t,,x,) and Y;(¢;t,, x,) are the solutions to
i = wilt, ) and i =z(my) (4.26)
Xi(to) =z, Yi(t,) = xo.

Adding and subtracting the term p,(X;(0;¢,)); exp (— fot 032 (1, Y (T3 t, 7))
dr) to (4.25) and thanks to (4.18), Proposition 4.2 and Lemma 4.1, one obtains
[(Zpow)i(t) — (Epoz)i(t)”Ll(]R;[R)
< [ 1po(X:(05t,2): = po(Yi(0st, )] do e
R
+/ |00 (X3 (058, 2))il /t Ogwi (1, X (T5t,2)) — Oz2i (7, Yi(7; t,x)) d7 | do eQt
R 0

<2 TV((po)a) I1X: (03 £,2) = Vi (03, ) | o0 (mm) €2

+ [t (f \Xi(rita)Yi(rit ) dr

+||81}w2‘_azziHCO([O’T];LOO (R;R))t)der t

<2 TV((po)i) l|lwi — Zi”cO([o,T];Loo(R;R)) te? @

. ot ~ -
[ |po(xi<0;t,x>>i|[Q s = 2o rynos ey 1t = 71e@ 47 dr | da 6@

+/R|po(Xi(0; )il [H18aws — Bezillgo (o ryos (mimyy | Ao e

<2 TV((po)i) lwi — Zi”cO([o,T];Loo(R;R)) 2@t
N 2 . =
+Q H(PO)i”Ll(R;R) [|lws — Zillc()([O,T];Loo(R;R)) 3 2t

+ ||(P0)iHL1(R;R) [10zw; — zZiHCO([O’T];LOQ(R;R» te?@?

1 -
< <2TV((po)¢) + 3 Qtll(po)illLr rr) + ”(po)iHLl(R;R))
lwi = 2illco o, rsw oo rizyt€® @

Passing to the supremum over ¢ € [0, 7],

IZpew = Bp, 2l oo, ryimr mmyy < LP(Epo) 1w = 2l oo, 11w i)
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where

. 1~ ~
Lip(%,,) := (2 TV(po) + 3 QTpollLr (rz) + ||P0L1(R;R)) T exp(2QT).
(4.27)

The proof of (¥1) is completed.
Finally, the positivity (34) immediately follows from (4.15). O

Proposition 4.7. Let Q > 0. For a fized w € Wg as defined in (4.18), the map

(L' NnBV)(R;R") — C°([0, T]; L} (R; R"))

o - S (4.28)

with ¥ as in (4.19), is Lipschitz continuous.

Proof. Choose p, and o, in (L' " BV)(R;R"). Fix w € Wg. t € 0,7 and
it =1,...,n. Then the result is a direct consequence of the linearity of (2.1)
and of the equality (4.20):
[2p,w(t) = anw(t)”Ll(R;Rn) = ||Epofaow(t)||L1(R;Rn) = [lpo — UO||L1(R;R")'
]
Lemma 4.8. Let (v) and () hold. Fix M > 0 and p, € (L' N BV)(R;R")
such that
M = ||polly: g;gn)- (4.29)
Define Q 1= sup,cio, 1) Qu(ry as in (4.6) and X as in (4.11)~(4.2). Then, the
map
Tonp : XM — Xn
p = (B, ollyy) (p)

is well defined and Lipschitz continuous. For each p € Xy the function Ty, p 5. p
18 locally Lipschitz continuous in time and with total variation in space bounded

by

(4.30)

TV (T p(t)) < exp(@0) (TV(p0) + Q ol gz t)  VEE 0,71,
(4.31)

Furthermore, if T' is sufficiently small, then T, ,, is also a contraction.

Proof. Throughout this proof, we keep v,  and p, fixed, hence we omit them.
The map 7 is well defined and Lipschitz continuous. Thanks to the prop-
erty of the maps II and X, it is immediate to verify that if p € X then 7p €
C°([0,T]; L' (R;R™)). Furthermore, owing to (4.20), [|7pllco(o, 711 (rrn)) =
Hp(JHLl(R,R") =M.
The Lipschitz regularity follows, since 7 is the composition of Lipschitz
continuous maps, by Lemmas 4.6 and 4.5.
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Properties of the function 7 p. Given p € Xy, the local L!-Lipschitz con-
tinuity in time of 7 p directly descends from (¥2) in Lemma 4.6. Furthermore,
for each ¢ € [0,T], thanks to 4.21, one obtains that

TV(Tp(t)) < exp(Qt) (TV(po) + Q llpollpr (r;zm) t)

proving (4.31).
The map 7 is a contraction for sufficiently small times. Since we have

Lip(7) = Lip(X) Lip(II), we are lead to prove that Lip(X) Lip(II) < 1.
Choose T < 2, which implies that

Q - Sup Q’U(t < C <||77||W2 [eS] RRnXm)7M Sup ||U( )||Vn> = Q

te[0,T] te0,2]

Moreover, by (4.5),

Lip(IT) < <||77||W2 o (RR™X MY M, st] [lo(t)] V") =: LipIL
tel0,
Hence, by (4.27) the additional conditions
T<1/(2Q)
1 , : -1
T < 5 (e (2 TV((po)i) + (Q+1) M) Lip(Il))
ensure that Lip(7) < 1/2. O

Proposition 4.9. Fiz p € X as defined in (4.11). Define the map
CO([0,T]; V™) x W2:22(R; R™*") x (L' N BV)(R;R") — C° ([0, 7]; L' (R; R™))
U, 7, Po = To,m,p0P-
(4.32)
Then
(1) For all n € W2 (R;R"™"), p, € (L' N BV)(R;R"), the map v
To.n.p.p 5 Lipschitz continuous.
(2) For allv e C°([0,T); V"), po € (L' NBV)(R;R™), the map n — T,
is locally Lipschitz continuous.
(8) For allv e CO°([0,T); V™), n € WZX(R; R"™ ™) the map po — Ty p,p 8
Lipschitz continuous.

Uﬂo

The proof follows directly from Propositions 4.4 and 4.7.

Proof of Theorem 2.3. Proof of (P2): Note that Definition 2.2 implies that
solving (1.1) is equivalent to finding a fixed point of the map 7, , ,, defined
in 4.30. Lemma 4.8 ensures that for a 7% > 0 the map 7, ,, admits a unique
fixed point.

Fix an arbitrary T > 0. Recall the quantities M defined in (4.29), Q :=
SuPse(o,1] @u(r) s in (4.6) and by (4.5)

Lip(IL, ;) < C (IInllwz,w(mnm) M, ' Sup [[o(t )Ilvn) =: Lip(IL, ).
€
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Introduce

K :=exp(QT)(TV(po) + QMT)

AT := min {T, L } .
2¢ (2K + QM + M) Lip(Il,)

Then, Lemma 4.8 ensures that there exists p € C°([0, AT]; L' (R; R"™)) solv-
ing (1.1) on [0,AT]. Observe that [[p(AT)[|y gy = M by (4.20) and
TV (p(AT)) < K by (4.31). We can iterate the application of Lemma 4.8
obtaining a solution to (1.1) on [0,77], since [|p(k AT)|p1(gpny = M and
TV (p(k AT)) < K for k =1,2,.... By the arbitrariness of T, (P2) follows.

Define 7307tp0 = p(f,).
Proof of (P1): This property directly follows from the construction, for in-
stance from (4.15).
Proof of (P3): Call M := max{||po|lr: zn): Aol mpny }- For t € Ry denote
p'(t) = Potpo, P (t) = Pospo and introduce the corresponding characteristics
X/ and X as in (4.16). Then, by (4.30) p' = Ty 5.0 and p" =T, , 5 p", so
that fori=1,....,n

16250 = (e Ol ey
< [ 100)s (X105t20) = (s (XL (058, ) exp (—/0 a.T(nu,np’)f,(s,X;(s;t,r»ds) dz

+ / |(ﬁo)¢(X,{(0;t,LE))—(pAo)i(X,{/(O;t,Z))‘ exp <_/t 6z(Hv,np/)'i(57X£(S;t,l)) ds> dz

Q*/\ X(Otm“/a(ﬂvnp)(sx(stx))

— 0z (Hv,np )7( 5 1‘, (s, t, z)) dsdx
< po)i = (Po)illr (mimy + A1 + A2 + As,

where @ = C(|[n]lyyz.00 (g nxn) M, [vllo(fo,g,vn)) @s in Lemma 4.8, and
Al = 26Qt vV ((/30)75) ||X7f(07 t? ) - Xz”(ov t? ')HL°°(]R;R)
¢
A AL ATV} NGV RES HET)
R 0

=0y (ILy 1y p" )i (s, X (s5t,2)) ds dz

o= [1ponxioe )| | ammv,np")z«(s,X;<s;t,x>>\
=0y (ILy 0" )i (s, X' (s5t,2)) dsdx .

We estimate the latter terms separately:
X708, ) = X7 (05t ) [ oo (e

< 0% (o), = s (o), s oy [ BY (21) = (4.16)]

< Lip(Iy ) 10" = 2" lgr (0,6 xR [By Lemma 4.5]

so that
Ay <2 Lip(TL, ;) TV ((po)i) €?" [|p’ — Pl (o, x i)
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Moreover,

t
/ 0 (TLy )i (5, X! (551, 2)) — By (TLypp)a(s, X/ (3 £, 2)) dls
0

¢
< /O ||81(Hv,,,p’)i(s,X;(s;t,x)) - (%(vapﬁ)i(S,X{(s;t, x))HLOO(]R;]Rn) ds

t
< / Lip(T.) [17/(5) = 0(5) s gz s [By Lemma 4.5]
implying that
Az < Lip(Ily ) M9t 10" — PU”LI([o,t]xR;R”)'

Finally,

¢
‘/ O (Iy " )il(s, X[ (s5t, @) — Oy (Iy 1y p" )i(s, X' (53¢, ) ds
0
¢
< / |aw(Hv,77p”)i(8ﬂ Xz’(s, t, CL‘)) - am(l_‘[vmp”)i(sv Xz(/(& L, :L‘))‘ ds
0

t
< M ey X5 2) = X (sit,0) s
0
< Q Lip(ILy ) 10" = "l (0,4 xR
so that
A3 < QM Lip(TLy ) t€* @ [[0" = 0" |l 0, xmepny-
We thus obtain
[10/(t) = p" (D)l gz
<lpo — ﬁo“Ll(R;Rn)
+(2 TV (po) + M + QM t) Lip(IL, ;) € [10" = " |11 (0.1 xsin) -

An application of Gronwall Lemma completes the proof of (P3).
Proof of (P4): Choose t',t"” € [0,T]. Then, calling w(t,z) = IL, ,p(t, x),

19(") = ) s e
= (B, w)(t") — (Epow)(t/)HLl(R;Rn) [ Since 7y, ,,p = pl
=¢ (”””Wm(R:R"X")’ 1Vllo o710y 1Pollus gy TV (o), T) jt" — ¢
[By (4.24) in Lemma 4.6]

proving (P4).
Proof of (P5): For any t € R, by [8, Theorem 2.9], we have:

7’T,h750,7po - 757,h750,7po

e
< Lip(P lim inf
L1 ey = HP(P) | lim i B

L' RR") 4

"Po,tpo - 750,75/)0
where

Lip(P) :=C <||T]||W2,M(R;Rnxn)7 HU”CO([O,t];Vn)a ||po||L1(R;Rn),TV(po),t)
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is as in (P3). Call p = 750,Tp0. Recall that for h small, owing to Proposi-
tion 4.9,

Bih

pr,hp - ﬁr,hﬂ‘ = 1_ B v =2llcoo,n;vm)

L!(R;R")

with
1
B = (2TV(po) + 5Qh+1 lpolly1 (r;rm) C<||pOHL1(R;R")7Hnllw2v°°(R;R"X"))
1 .
By = (2TV(00) + (5Qh 1) 0l een) ) T )

and the constant C(||pol|g, @zn), [1Mllw2.0 (g gnxn) is given by (1) in Proposi-
tion 4.4. So,

Po.tPo — PotPo
H 0.tP 0tP0 | L1 (mign)

< (2TV(p0) + lpollgs gy ) € (Iools mnys Ilhws e g )
Lip(P) t ||’U — {}HCO([O,t];V")'

completing the proof of (P5).
Proof of (P6): For any ¢t € Ry, using the same technique as in the proof
of (P5), one gets

Po.cpo — P
H 0,tPo 0,tPo Li(RR")

< C (Il e gy Il oy [0l e o)

X (2 TV(po) + ||pOHL1(R,R")> ||,00HL1(R)R7,,)||U|‘Cg([07t];vn)
Lip(P) 1 — il gz,

thanks to Proposition 4.9.
The total variation estimate (P7) directly follows from (4.31) while the
positivity (P8) is immediate. Hence, the proof is completed.
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