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Abstract
In this paper, both numerical and analytical method were developed for computing, in strip or plate rolling, the distribution 
of roll pressure, rolling force, and rolling torque (from which also rolling power can be estimated), assuming an homogene-
ous deformation of the rolled material. Unlike other similar models present in the literature, which solve the resulting rolling 
differential equation for the roll pressure, the model presented in this work solves the problem for the horizontal force. In 
this way, it is possible to avoid the calculation of the derivative of material flow stress curve, which is not always analytically 
easy and possible (i.e., point material flow stress data). The proposed numerical model is based on the friction law proposed 
by Chen and Kobayashi while the analytical one is based on the simple shear friction model and brings to useful analytical 
formulas for a quick calculation of rolling torque and force. Moreover, a relationship between the shear friction factor and 
Coulomb friction coefficient in rolling was found. The developed models show good agreement with experimental measures, 
in terms of rolling force and torque, found in literature.
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Nomenclature
a	� Kobayashi friction constant (mm/s)
C(T)	� Material flow stress law parameter (MPa)
F	� Axial force along x (N/mm)
F1	� Back tension force (N/mm)
F2	� Front tension force (N/mm)
h	� Height of the rolled material al the considered sec-

tion (mm)
hn	� Height of the rolled material at neutral point (mm)
h1	� Original height of the rolled material (mm)
h2	� Final height of the rolled material (mm)
k	� Yield stress in plane strain (MPa)
m	� Shear friction factor
m(T)	� Material flow stress law strain rate exponent

N	� Rolls angular velocity (RPM)
P	� Vertical roll Force (N/mm)
Q	� Volumetric rate (mm2/s)
R	� Rolls radius (mm)
s	� Roll pressure (N/mm2)
t	� Friction stress (N/mm2)
T	� Rolling torque on a roll (N∙mm/mm)
V	� Strip material velocity (mm/s)
Vx	� Component of strip material velocity V along x 

axis (mm/s)
Vrel	� Relative velocity between VR and strip velocity V
VR	� Rolls peripheral velocity (mm/s)
� 	� Angular coordinate from plane of roll axes (rad)
�n 	� Value of � at the neutral point (rad)
� 	� Value of � at entry section (rad)

1  Introduction

Rolling is the most widely used mechanical work technique. 
About three quarters of steel output is treated in rolling 
mills, and only a quarter is consumed for forging, extrud-
ing, and founding [1].

Recent review papers on rolling process [2, 3] continues 
to point out that there are new demands on modeling the 
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rolling process that could bring prompt answers for indus-
trial need. Experimental methods require expensive equip-
ment and a large number of reproductive tests [4].

In the past, especially in the beginning of twentieth cen-
tury when computer did not exist, many attempts were made 
in order to develop simple analytical models of rolling, able 
to estimate macroscopic process parameters like roll force 
and torque. They are important parameters in hot strip roll-
ing, as they affect the quality of the final product and the 
efficiency of the rolling process. One fundamental require-
ment for fully automatic operation of hot strip mills is the 
calculation of rolling force in each rolling stand by math-
ematical models. The accuracy and precision levels achieved 
by those models depend also on specific features of each hot 
strip mill line.

During the last three decades, finite elements methods 
have known great advances in their application in the rolling 
process analyses, [5–8]. These methods are based on power-
ful software permitting to carry out fine details and analyses 
but they are still leading to a complex solution process and 
massive computational time.

Analytical methods [9–11] are most suitable and com-
monly used in industry. There are several models that have 
been developed where mechanical and physical parameters 
of the rolling process can be predicted rapidly in some confi-
dence. As far as thin strips are concerned, the slab method is 
the most appropriate [3] and knows improvement according 
to the industrial needs.

The slab method [12, 13, 14] is probably the most com-
monly used continuum mechanics-based approach to create 
fast rolling models [15]. The popularity of slab models can 
likely be attributed to the low complexity and the arbitrary 
extensibility [16, 17, 18].

Accurate information on rolling loads are useful when 
designing a rolling pass schedule. Many studies are focused 
on hot and cold plain rolling (i.e., plate or strip rolling), 
and one of the most used technique to solve the problem is 
the use of the slab method coupled with some simplifying 
physical assumption (i.e., plain strain deformation, material 
rigid plastic behavior, etc.).

This technique is surely less comprehensive than latest 
developed such as the FEM but, at the same time, it is less 
expensive from a computational point of view and allows to 
explain many issues of the roll bite mechanics. Furthermore, 
thanks to their simplicity, many rolling models used in the 
R&D centers of metallurgical companies are still based on 
this kind of approach [19].

Several models have been then developed in the past in 
order to better understand plain rolling process. Probably the 
first one was developed by Von Karman [20] that described 
the roll pressure distribution along the arc of contact between 
roll and workpiece by means of a differential equation, start-
ing from the assumption of homogenous deformation. This 

assumption states that plane sections remain plane during 
the deformation under the roll bite. Bland and Ford [21] 
obtained an analytical solution for the estimation of the neu-
tral angle, with the hypotheses of homogenous deformation, 
small angle simplification and slipping friction described 
by Coulomb’s law. However once the neutral point is calcu-
lated, roll force and torque cannot be analytically obtained 
and, as a consequence, the numerical calculation is needed. 
Bland and Ford [23] also proposed a model taking into 
account elastic deformation of contact arcs in entry and exit 
zones of roll bite. Orowan’s theory [24] considered the case 
of a not homogeneous deformation introducing an adjust-
ing factor. Moreover in his model, Orowan considered both 
slipping and sticking friction cases. In order to perform cal-
culation of his comprehensive theory, Orowan had to use a 
complicate graphical-numerical method.

With the aim to avoid uncomfortable computation meth-
ods necessary to solve Orowan’s model, Sims [25, 26] solved 
analytically Orowan’s equation for the sticking friction 
case introducing small angle simplification and consider-
ing a material with a constant yield stress. Sims derived 
algebraic formulae for neutral angle, roll pressure distri-
bution, roll force, and roll torque. Sims’s model is largely 
used in industrial rolling process control. Alexander [27] 
proposed a model based on homogeneous deformation 
assumption and with a mixed friction law. In this model, 
once friction force reached the material shear yield stress, 
the model automatically switch from slipping friction to 
sticking friction. Alexander included the strain-hardening 
effect of the rolled material; thus, in the resulting differential 
equation appears the derivative of the material flow stress 
curve. Alexander used the forth order Runge-Kutta solver 
scheme in order to reach numerical solution of roll pres-
sure and then to obtain roll force and torque. Pietrzyk and 
Lenard [28] developed a refinement of the models of Alex-
ander and Ford. Gunasekera [29] proposed similar numeri-
cal model with a constitutive equation for the material flow 
stress which included the effect of strain, strain rate, and 
temperature. Moreover, in [29], a friction model suitably 
modified to match the pressure calculated distribution with 
experimental data was implemented. Rusia [30] improved 
Alexander’s model introducing the model of friction pro-
posed by Chen and Kobayashi [31]. This friction model uti-
lizes a suitable mathematical form in order to consider null 
friction forces in the neutral angle zone, where the relative 
velocity between the rolled material and rolls are very small 
or equal to zero. Venter and Abd-Rabbo [32, 33] developed 
a computerized model for both hot and cold rolling taking 
into account inhomogeneity of deformation. Freshwater [34] 
simplified the equations proposed by Alexander [27] and 
Venter and Abd-Rabbo [32, 33] by removing the derivative 
of material flow stress curve. None of previous model was 
taking into account shear stresses. Lalli [35] developed an 
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analytical solution for the calculation of roll force and torque 
taking into account shear stresses role with a homogeneous 
deformation model. Hu [36, 43] developed a model for the 
calculation of vibration on the mill structure due to rolling 
process, by means of both homogenous and inhomogeneous 
deformation assumptions. Chun and Lenard [44] compared 
experimental measurement of rolling torque and load with 
a numerical slab method based on Coulomb friction law, 
demonstrating that when the ratio between roll and rolled 
thickness is sufficiently high, homogenous hypothesis is rea-
sonable and can bring to good agreement. A wide review of 
the existing method of rolling analysis can be found in [19] 
and [56].

Yang et al., [37] investigated the influence of the verti-
cal movement velocity of the rolls on the rolling process. A 
dynamic model for the rolling process when the roll gap is 
decreased during the dynamic hot rolling process was pro-
posed. The work in [38] shows an alternative methodology 
for direct calculation of rolling force by using the empirical 
equation proposed by Schultz [39]. A new solution Karman’s 
equation with the Mises plasticity condition was proposed 
in [40] for determining contact stresses in the slip zones for 
hot strip rolling. It was demonstrated that, even when deal-
ing with elevated frictional coefficients, the extent of slip 
zones comprises a noteworthy portion of the deformation 
region’s length. Using the solutions acquired, enhancements 
were made to the methods for graphing normal contact stress 
curves, ascertaining slip zone lengths, pinpointing the neu-
tral position of the cross-section, and refining the calculation 
of rolling force.

Rolling force is one of the significant parameters in roll-
ing process planning and equipment design, which is impor-
tant for the normal operation of equipment. Accurate calcu-
lation of rolling force is the key to produce high quality strip. 
Li et al. proposed a new analytical model for the prediction 
of rolling force based on the tangent velocity field and linear 
MY (mean yield) criterion in hot strip rolling [41].

Li et al. proposed a novel 3D multi-stand coupled thermo-
mechanical finite element (FE) model for the THR tandem 
hot rolling developed employing a segmentation modeling 
strategy and data transfer technologies [42]. From the study 
of the literature, it was found that the different models are 
characterized by a different level of complexity and simpli-
fications, all correctly validated.

In the present paper, a numerical homogeneous model 
based on the friction law proposed by Chen and Kobayashi 
[31] was developed. Differently to other similar models [27, 
30], which solve the resulting differential equation for the 
roll pressure, the model presented in this work solves the 
problems for the horizontal force in the strip. In this way, 
it is possible to avoid the calculation of the derivative of 
material flow stress curve, which is not always analytically 
easy and possible (i.e., point material flow stress data). In 

addition, an analytical closed solution of the problem, based 
on simple shear friction model, is provided. Useful analyti-
cal formulas for a quickly calculation of rolling torque and 
load were developed. Finally, both numerical and analytical 
models, in terms of roll force and torque calculation, were 
validated through the comparison with literature experimen-
tal data [44]. The aim was to propose and to provide an 
enabling methodology. Therefore, anyone, once they know 
the methodology proposed in the paper, will also be able to 
apply and validate it to compare other cases, experimental 
data sets of their own or from several literature sources.

2 � Mathematical model

In the present work, the following assumptions have been 
assumed in the proposed mathematical model formulation:

1.	 The strip material is assumed to have a rigid-plastic 
behavior with strain-hardening effects with incompress-
ibility condition. As a consequence:

2.	 Deformation occurs under plane strain conditions; there-
fore, no change in strip width is considered [45–52]. 
Then:

3.	 Following the slab method, strain and stresses do not 
vary in the thickness direction; they are independent of 
y direction.

4.	 Von Mises yield criterion has been applied, neglecting 
shear stresses due to shear deformation. As a conse-
quence, only normal stresses have been considered in 
the analysis.

5.	 Friction force has been modeled by Chen and Kob-
ayashi’s arc tangent function [31].

6.	 The rolls are considered as rigid bodies [58, 59].

With reference to Fig. 1, the balance of the forces applied 
to all the sides of the slab in the rolling direction (x axis) 
leads to the basic first order differential Eq. (3). It is impor-
tant to highlight that assumption 3 is reasonable until the 
ratio thickness over work-roll radius is maintained low. On 
the basis of what is reported in the literature [53–55], in 
the case of plates or sheets, in particular for ratios equal 
to approximately 5, justify the simplification. In the spe-
cific case considered in the present work, it is in the order 
of approximately equal to 8.3; therefore, the simplify-
ing hypothesis of deformation plane state is more than 
reasonable.

(1)𝜀̇x + 𝜀̇y + 𝜀̇z = 𝜀x + 𝜀y + 𝜀z = 0

(2)𝜀̇z = 𝜀z = 0
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If this ratio increases, the heterogeneity of the defor-
mation across thickness direction increases and cannot be 
neglected [57].

Where:

•	 F is the axial force along x (N/mm)
•	 R is the roll radius (mm)
•	 θ is the angle varying from α (entry section) to 0 (exit 

section) (rad)
•	 s is the roll pressure (N/mm2)
•	 t is the friction stress (N/mm2)
•	  + sign is for the exit section
•	  − sing is for the entry section

It is possible to note that all quantities are normalized 
along the strip width. Regarding to the ± symbol (or vice 
versa), in this work, the upper sign refers to the exit sec-
tion (from � = 0 to � = �n where �n is the angle of the 
neutral point) while the lower sign refers to entry section 
(from � = �n to � = �).

Neglecting shear stress contribution, the yield criterion 
of Von Mises for the plain strain condition leads to [21, 
22]:

where σeq is the material flow stress. The equilibrium of 
forces along the vertical axis y leads to:

considering a mean stress along x axis on a strip section of 
thickness h:

(3)
�F

��
= −2Rcos�(stan� ± t)

(4)�x − �y = k =
2√
3

⋅ �eq

(5)�y = −(s ∓ ttan�)

with:

friction force has been modelled with the shear model modi-
fied by Kobayashi and Chen [11]:

with:

•	 Vrel is the relative velocity between peripheral speed of 
the rolls VR and the strip velocity V

•	 a, the Kobayashi friction constant, is a constant several 
orders of magnitude less than VR

combining equations from 3 to 9 leads to:

This differential equation, in which the unknown is 
the function F, describes the strip rolling process. Equa-
tions (11) and (12) explain boundary conditions, which are 
related to the presence or not of back and front tension here 
called with F1 and F2.

(6)�x =
F

h

(7)h = h2 + 2R(1 − cos�)

(8)

t = m
�eq√
3

��
2

�

�
tan−1

�
Vrel

a

��
= m

k

2

��
2

�

�
tan−1

�
Vrel

a

��
= m

k

2
G

(9)G =

{(
2

�

)
tan−1

(
Vrel

a

)}

(10)
{

�F

��
= −2R cos �

[
−

F

h(�)
+

k

2

(
2 tan � ± m|G|(tan �)2 ± m|G|)

]

(11)F(�) = F1

(12)F(0) = F2

Fig. 1   a Geometry of the roll 
bite; b forces acting on a slab 
element in the roll bite
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In order to solve Eq. (10) it is necessary to know k which 
depends by the material flow stress (Eq. 4). Flow stress can 
generally depend by strain, strain rate and temperature.

Strain in each strip section can be calculated as follows:

from incompressibility condition (Eq. 1) and plane strain 
condition (Eq. 2) it can be found that:

finally, the equivalent strain necessary for flow stress calcu-
lation can be calculated from:

regarding strain rate it can be observed that in a dt time strip 
thickness, in a generic section, is reduced by dh, then [24]:

Vx can be calculated in each strip section from:

where Q is the volumetric rate measured in [mm2/s]. Substi-
tution of Eq. 18 in Eq. 17 leads to [5]:

in a similar way to what has been done to find the equivalent 
strain, equivalent strain rate can be calculated as:

from Eq. 17, it is possible calculate the mean strain as [7]:

where N is the revolutions per minute of the rolls. It is 
important to note that the exact value of Q depends on the 
position of the neutral point that is defined as the point in 
which strip velocity is equals to rolls peripheral velocity. 
Before this point, friction forces acting on strip surfaces are 
directed towards the exit section; after this point, friction 
forces act towards the entry section. Unfortunately, the exact 
location of the neutral point is not known a priori. As a con-
sequence, strain rate distribution (given by Eq. 19) cannot be 
known, and then also flow stress distribution within the strip 

(13)𝜎eq = f
(
𝜀eq, 𝜀̇eq, T

)

(14)�y = ln
h

h1

(15)�x = −�y

(16)�eq =

√
2
/
3 (�

2
x
+ �2

y
)

(17)𝜀̇y ==
1

h

dh

dt
=

1

h

dh

dx

dx

dt
=

1

h

dh

d𝜃

d𝜃

dx

dx

dt
=

1

h

dh

d𝜃

d𝜃

dx
Vx

(18)Vx =
Q

h

(19)𝜀̇y = 2Q
tan𝜃

h2

(20)𝜀̇eq =

√
2
/
3 (𝜀̇

2
x
+ 𝜀̇2

y
)

(21)𝜀̇y =
1

𝛼∫
𝛼

0

𝜀̇yd𝜃 =
1

𝛼

2𝜋N

60

[
ln

(
h1

h2

)]

cannot be calculated (see Eq. 13). The ways to overcome 
this problem will be explained for numerical and analytical 
solving of Eq. 10 in Sections 3 and 4, respectively.

3 � Numerical solution

Equation 10 is generally not solvable analytically unless 
mathematical simplifications. In this section, none of these 
simplifications were introduced; consequently, the solution 
was obtained numerically. In order to obtain a solution, a first 
discretization of the domain of integration [0; α] have to be 
done. In this paper, classical Runge–Kutta method (RK4) 
was employed to solve Eq. 10. This is a fourth-order explicit 
method that requests, for each point of the discretized domain, 
four new evaluations of the unknown function F. More details 
about this method can be found in [57]. In order to overcome 
the difficulty given by the indetermination of the neutral point 
and then of the volume rate Q, a first hypothesis on the neutral 
point location is done in order to have a first Q estimation, 
which allows to solve Eq. 10.

To solve Eq. (10), it is necessary to know the flow stress 
of the material which depends by the strain, strain rate, and 
temperature. To evaluate the strain rate, it is necessary to 
know the volumetric flow rate which can be determined if 
the neutral angle is known. The latter is obtained by solving 
Eq. 10. The problem is therefore non-linear and was solved 
by iteration, that is:

1.	 An initial neutral angle was assumed;
2.	 The volumetric flow rate was calculated;
3.	 The strain and strain rate were calculated, so it was pos-

sible to calculate the flow stress in each section of the strip;
4.	 Eq. 10 has been solved;
5.	 Another neutral angle value was found;
6.	 Steps 2) to 5) were repeated until the values relating 

to the neutral angle converged. A convergence rule 
has been imposed in the code which must be less than/
equal to 0.5%, i.e., the neutral angle value is considered 
acceptable when it differs by a maximum of 0.5% from 
the old value.

Once numerical solution of F is known, the roll pressure 
s can be found from Eq. 5 using Eqs. 4, 6, and 8 as:

where F1 and F2 are solution of Eq. 10 for the entry and exit 
sections, respectively, and s1 and s2 are the related values 
of roll pressure. Values of s1 are valid for θ ϵ [θn; α] while 
values of s2 are valid for θ ϵ [0; θn]. Figure 2, instead, shows 
an example of the final roll pressure distribution.

(22)

{
s1 = −

F1

h
+ k − m

k

2
|G|tan�

s2 = −
F2

h
+ k + m

k

2
|G|tan�
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Figure  3 shows an example the final roll pressure 
distribution.

The intersection of s1 and s2 plots returns the angle θn from 
which corresponding strip thickness hn can be calculated put-
ting θ = θn in Eq. 7. Then, volume rate can be recalculated as:

The new value of Q allows to recalculate F from Eq. 10, 
and then the solution procedure can be iterated until con-
vergence of Q is reached. In this paper, the first value of Q 
is calculated by means of Eq. 23 supposing starting value 
of neutral point given by:

Once convergence is reached, remembering that friction 
forces change versus at the neutral point, rolling torque T and 
load P per unit of width on the roll can be calculated from:

(23)Q = hnVRcos�n

(24)�n_start = 0.75�

(25)T = R2

[
−∫

�n

0

td� + ∫
�

�n

td�

]

where t is expressed by Eq. 8. In this work, Eqs. 25 and 26 
were solved by trapezoidal integration rule. It is important to 
consider that Eq. 26 takes into account also the contribution 
of friction forces that generally in literature are neglected. 
From the distribution of friction forces, it is possible to 
inversely calculate a corresponding value of the Coulomb 
friction factor μ. In fact:

then:

Since k and s generally change in the roll bite, Eq. 28 
returns different values in terms of µ. Typically in literature 
[27], mathematical modeling of hot rolling with shear friction 
model was used to consider that when values of Coulomb 

(26)

P = R

[
∫

�n

0

s2cos�d� + ∫
�

�n

s1cos�d� − ∫
�n

0

tsin�d� + ∫
�

�n

tsin�d�

]

(27)t = � ⋅ s = m ⋅

k

2

(28)� =
m ⋅ k

2 ⋅ s

Fig. 2   Predicted distribution 
pressure calculated from the 
entry section (s1) and from the 
exit section (s2); intersection 
of the two curves identifies the 
neutral point

Fig. 3   Resulting effective 
distribution of the calculated 
roll pressure with the numerical 
model
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coefficient µ are too high, friction forces could overcome 
material flow stress, which is physically not possible. Based 
on these considerations, only the maximum value of µ 
obtained by means of Eq. 28 has been considered. The maxi-
mum value of µ occurs when s is minimum. Depending on 
material flow stress law and boundary conditions in terms of 
back and front forces (F1 and F2, respectively), s can be mini-
mum at the entry or exit section and reach a maximum value 
in correspondence of the neutral point (see Fig. 3). Then:

in the particular case in which F1 = F2 = 0:

4 � Analytical solution

In order to find an analytical resolution of Eq. 10, accord-
ing to [26], the following mathematical simplifications 
were introduced:

note that these are the same simplification made in [26]. This 
leads to an approximate form of Eq. 7 as:

as a consequence, Eq. 3 becomes:

friction model given by Eq. 8 was reduced neglecting func-
tion G. Then friction model can be expressed by:

(29)� = max

⎧
⎪⎨⎪⎩

m⋅k(�)

k(�)⋅[2−m⋅tan �]−2
F1

h1
1

2

m⋅k(0)

k(0)−
F2

h2

(30)� = max

{
m⋅k(�)

k(�)⋅[2−m⋅tan �]
1

2

m⋅k(0)

k(0)

=
m

[2 − m ⋅ tan �]

(31)

{
sin� ≈ tan� ≈ �

cos� ≈ 1 −
�2

2

(32)h = h2 + R�2

(33)�F

��
=

�
(
�xh

)
��

= −2R

[
�s ±

(
1 −

�2

2

)
t

]

Equation 22 becomes:

from which:

replacing Eqs. 34 and 36 in Eq. 33 and solving for s yields:

in order to integrate directly Eq. 33, k is replaced by a con-
stant mean value calculated overall for the entire roll bite:

this implies that:

substitution of Eq. 34 and 35 in Eq. 33 leads to:

where Eqs. 41 and 42 are the related boundary conditions 
obtained from Eq. 35. As it can be seen, σ2o and σ1o are the 
stresses due to front and back tension, respectively, in exit 
and entry sections.

Integration of Eq. 40 results in:

(34)t = m
�eq√
3

= m
k

2

(35)s = −�x + k ± m
k

2
�

(36)�x = −s + k ± m
k

2
�

(37)

�s

��
=

�k

��

[
1 ±

m�

2

]
±
[
mk

2

]
±
[
Rmk

h
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±

R�2

2h
mk +

2R�k

h

(38)k =
1

�∫
�

0

kd� = constant

(39)�k

��
= 0

(40)
{

�s

��
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[
mk

2

]
±

[
Rmk

h
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±

R�2

2h
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2R�k

h

(41)
{
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k

2
� = k −

F1
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− m

k

2
�

(42)
{
s(� = 0) = s2o = s1o = k − �2o = k −
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�
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where:

(44)Z(�) = tan−1
(
�

√
R
/
h2

)
The angle related to the neutral point can be found equating 

s1 with s2 and solving for θ:

(45)�n =
1

2mk

⎧
⎪⎨⎪⎩

�
�2o − �1o

�
− kln

�
h1

h2

�
+ mk

⎡
⎢⎢⎢⎣
�

2
+

�
R
�
h2
Z(�) −

Z(�)

2

�
R
�
h2

⎤
⎥⎥⎥⎦
− mk

⎡
⎢⎢⎢⎣
2

�
R
�
h2
Z(�n) −

Z(�n)�
R
�
h2

⎤
⎥⎥⎥⎦

⎫
⎪⎬⎪⎭

Equation 45 is a nonlinear equation that can be solved 
graphically or through specific numeric methods (i.e., New-
ton–Raphson or fixed-point iteration). However, it is possi-
ble to find an analytical closed form by noting that usually θn 
assumes values near zero. Then the following approximation 
can be introduced in Eq. 45:

It is important to note that this approximation was adopted 
only for Z(θn) and not for Z(α), because in this last case is not 
necessary. Replacing Eq. 46 in Eq. 45 and solving for θn yields:

(46)Z
(
�n
)
= tan−1

(
�n

√
R
/
h2

)
≈ �n

√
R
/
h2

(47)

�n =
1

2mk

⎧
⎪⎨⎪⎩

�
�2o − �1o

�
− kln

�
h1

h2

�
+ mk

⎡⎢⎢⎣
�

2
+
�

R
�
h2
Z(�) −

Z(�)

2

�
R

�
h2

⎤⎥⎥⎦

⎫⎪⎬⎪⎭�
R
�
h2

+ 1∕2

�

Once θn is known, it is possible to proceed with the calcula-
tion of rolling torque T and load P per unit of width. From inte-
gration of Eq. 25, introducing simplifications given by Eq. 31, 
Eq. 34 and results of Eq. 43:

(48)T = R2m
k

2

[
� − 2�n

]

If rolling torque and material mean flow stress are experi-
mentally known, founding neutral point through Eq. 47 and 
then solving Eq. 48 for the shear factor m can be interest-
ing in order to have quickly an estimation of rolling friction 
conditions.

Regarding rolling load the following approximate method 
of calculation was employed [24–26]:

(49)P = R

[
∫

�n

0

s2cos�d� + ∫
�

�n

s1cos�d� − ∫
�n

0

tsin�d� + ∫
�

�n

tsin�d�

]
≈ R

[
∫

�n

0

s2�� + ∫
�

�n

s1d�

]

Replacing s1 and s2 from Eq. 43:

(50)P = R
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where:

(51)b(�) = � +

√
R
/
h2
Z(�) −

Z(�)

2

√
R
/
h2

(52)
B(�) =

�2

2
+ Z(�)

⎛
⎜⎜⎜⎝

�
R
�
h2

−
1

2

�
R
�
h2

⎞
⎟⎟⎟⎠
� +

�
1

4 R
�
h2

−
1

2

�
ln
�

R
�
h2
�2 + 1

�

Unlike Eq. 26, Eq. 50 was obtained neglecting friction force 
contribution but slightly overestimating the roll pressure contri-
bution. This approach should result in a percentage error lower 
than 10% [24–26]. Similarly to the previous section, from the 
distribution of friction forces, it is possible to inversely calcu-
late a corresponding value of the Coulomb friction coefficient 
μ. Considering Eqs. 28 and 29, it is possible to obtain:

If F1 = F2 = 0, then:

5 � Results and discussion

In order to validate both the numerical and analytical models 
proposed in the present work, the prediction of rolling torque 
and load were compared with rolling experimental results 
found in the paper of Chun and Lenard in [44]. Their study 
was focused on the effects of the rolling speeds, reduction 
and lubricant on the roll torque, load, forward slip, and sur-
face on commercially pure aluminum strips. By matching the 
measured and calculated roll separating forces, roll torques, 
and the forward slip, the Coulomb coefficient of friction as a 
function of the process parameters is obtained, too.

5.1 � Experimental setup and measurement

In [44], commercially pure aluminum strips (Al1100-H14) 
of 6.12–6.16 mm thickness, 50–52 mm width, and 310 mm 

(53)� = max

⎧⎪⎨⎪⎩

m⋅k

k⋅[2−m⋅�]−2
F1

h1

1

2

m⋅k

k−
F2

h2

(54)� = max

⎧⎪⎨⎪⎩

m⋅k

k
�
2− m ⋅ tan �

�

1

2

m⋅k

k

=
m�

2 − m⋅ �
�

length were rolled at 500 °C. A reduction of approximately 
15% and 35% was performed on the strips. Each reduction 
was replicated with a roll speed of 20, 60, 100, and 160 rpm. 
Generally, increasing hot-rolling reduction is an effective 
approach to improve overall mechanical properties and 
microstructure evolution of the material. For this reason and 
taking into account that in the case of plates with ratios equal 
to approximately 5 [53–55] (equal to about 8.3 in the present 
work), the variation in the width of the strip was not consid-
ered in the paper [45–52]; therefore, the simplifying hypoth-
esis of deformation plane state is more than reasonable.

All the tests were done with two different lubricants with dif-
ferent emulsion concentrations. Both lubricants were based on 
synthetic esters, especially designed for hot rolling operations, 
and are referred in this work as semi-synthetic A, designed for 
low friction applications and semi-synthetic B, designed for 
higher friction applications. Rolling experiments were per-
formed on a mill equipped with rolls having 127 mm radius 
and 100 mm length. Rolling torque was measured by transduc-
ers positioned in the driven spindles, while rolling force was 
measured by two load cells located under the bearing blocks 
of the lower roll. More details can be found in the paper [44].

5.2 � Material flow stress characterization

It is known that, the goodness of the results produced 
by a mathematical modeling of a metal forming process 
strongly depends on accurate material flow stress data. 
Chun and Lenard [44] conducted flow stress characteriza-
tion on the aluminum used in their study at temperatures 
and strain rates of interest. They expressed the flow stress 
in the following constitutive equation:

(55)

⎧⎪⎨⎪⎩

𝜎eq = C(T)𝜀̇m(T)
eq

C(T) = 76.887 − 0.1212T

m(T) = 0.0004T − 0.0258
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where T is expressed in °C. Constants of the constitutive 
equation were found in [44] through regression analysis on 
experimental compressions test data. The flow stress model 
reported in Eq. 55 was used in this paper. In the resolutive 
algorithm of the numerical model, Eq. 55 was used at each 
integration point, while in the analytical model, Eq. 55 was 
used in order to find the mean value of flow stress k . If flow 
stress depends only on temperature and strain rate, as in this 
case, the mean value of flow stress at the desired temperature 

can be calculated from Eq. 55 using a mean value of strain 
rate obtainable from Eq. 21.

5.3 � Comparison of the results

Table 1 reports the comparisons between experimental meas-
urement of rolling torque and load with both numerical and 
analytical models. It is important to highlight that rolling 

Fig. 4   Comparison between 
numerical and analytical solu-
tion in terms of roll’s pressure 
distribution

Fig. 5   Comparison between 
numerical and analytical solu-
tion in terms of friction stress 
distribution

Fig. 6   - Variation of m in 
rolling tests performed with 
lubricant A1
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torque estimated by the proposed models refers to a single roll 
while experimental measurements reported in [44] refer to the 
total rolling torque. Therefore, for the comparison, it is neces-
sary to double the values obtained by means of Eqs. 25 and 48.

As can be observed from Table 1, both numerical and 
analytical models show a good agreement with experimental 
measurements in terms of rolling torque and load. In particu-
lar, in the torque prediction maximum errors are less than 

Fig. 7   - Variation of m in 
rolling tests performed with 
lubricant A10

Fig. 8   - Variation of m in 
rolling tests performed with 
lubricant B1

Fig. 9   - Variation of m in 
rolling tests performed with 
lubricant B10
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8.94% for the numerical model and less than 11.60% for the 
analytical one while in the load prediction, maximum errors 
are less than 9.12% and less than 10.85% respectively for the 
numerical and analytical model.

In Fig. 4, a comparison between numerical and analytical 
solution in terms of roll’s pressure distribution is reported.

As it can be observed, the numerical approach is able to 
take into account a null value of s at the exit section (θ = 0) 
where strain rate and, as a consequence (see Eq. 47), the flow 
stress are equal to zero. Differently, the analytical solution, 
considering a mean value of the flow stress everywhere in 
roll bite, does not show a null value of s at the exit section 
(θ = 0). Furthermore, Fig. 5 reports a comparison between 
numerical and analytical solution in terms of friction stress 
prediction in the roll bite.

In addition to the previously mentioned differences in 
terms of flow stress, it is possible to observe (slope of the 
dotted line in Fig. 5 around the neutral point) that, thanks to 
Eq. 9, the numerical model is able to predict a null value of 
friction force at the neutral point where there is no relative 
velocity between rolls and workpiece speed. Analytical solu-
tion fails in this prediction and can only consider the change 
of friction forces direction in correspondence of the neutral 
point. From both Figs. 4 and 5, it can be seen that there 
is also a difference in the estimation of the neutral point 
location. This difference between numerical and analytical 
solution was about 10%. Table 1 reports the coefficient of 
Coulomb friction µ used in [44] and the friction factor m 
used in the models here proposed. The histograms reported 
in Figs. 6, 7, 8, and 9 show the values of the shear factor m 
as a function of rolling reduction and rolling speed for the 
lubricant A1, A10, B1, and B10, respectively.

The shear friction factor has been plotted against the 
speed of rolling in Figs. 6 and 7 for the A1 and A10 — emul-
sion and in Figs. 8 and 9 for the B1 and B10 — emulsion. 
From Table 1 and from the histograms of Figs. 6, 7, 8, and 
9, it is possible to see that, according with Chun and Lenard 
[44], generally, the frictional resistance decreases if speed 
increases and increases as reduction increases. In effect, the 
shear friction factor, in rolling tests, is a critical parameter 
that characterizes the interface between the rolling mate-
rial and the rolls during the rolling process. As the roll-
ing reduction increases, the shear friction factor tends to 
increase. This is because a higher reduction in thickness 
leads to a greater deformation of the material, causing more 
interlocking and interaction between the material and the 
rolls. The increased contact area and deformation result in 
higher resistance to shear, hence an increase in the shear 
friction factor. Furthermore, the shear friction factor tends 
to decrease with an increase in rolling speed. Higher roll-
ing speeds typically reduce the contact time between the 
material and the rolls, limiting the opportunity for extensive 
interlocking and interaction. As a result, the shear resistance 

decreases, leading to a lower shear friction factor. These 
relationships are crucial for optimizing the rolling process to 
achieve desired material properties and efficient manufactur-
ing. This trend can be observed for each employed lubricant.

6 � Conclusion

In this paper, a mathematical model based on slab method 
and able to predict rolling torque and load was proposed. 
Both numerical and analytical resolutions of the starting 
mathematical equations were developed. In this last case, 
useful formulas for the calculation of rolling torque and 
load were analytically obtained. The proposed mathemati-
cal modeling was validated by the comparison with experi-
mental measurements concerning hot rolling of aluminum 
and two types of semi-synthetic lubricants found in litera-
ture. One of the oils was designed for low friction, while 
the other for higher friction. Both numerical and analytical 
calculation showed good agreement with experimental data 
giving a good estimation with a maximum absolute error 
less than 10.17% and 10.92%, respectively, for the numerical 
and analytical case. The obtained analytical torque formula 
is interesting because it can be inverted in order to obtain 
a quick estimation of the shear factor m once rolling torque 
and material flow stress are experimentally known. The 
estimated friction factor values used in the mathematical 
calculation show good agreement with the adhesion theory 
which states that friction forces increase as rolling speed and 
reduction increase.

It should be highlighted that the model studied in this 
paper can be used independently of the final geometry. With 
the appropriate modifications of the formulas, it is possible 
to apply the methodology to other cases with different sec-
tions (the important thing is to have a rectangular section) 
and different materials. Therefore, the strength of the model 
studied in this paper is that it can be extended to other hot 
plastic deformation processes.

Finally, it is good to point out that, when larger reduc-
tion ratios are involved during rolling, the constraint used 
in the mathematical model (conditions 1 and 2) deviates 
significantly more from the real-world rolling. Specifically, 
percentage reductions greater than 35%, translate into strong 
non-homogeneous deformation behaviors (sections no 
longer remain flat). Consequently, the model which instead 
assumes that the sections deform while remaining flat, over-
estimates the rolling loads (in fact, the non-homogeneous 
behavior results in a lower deformation power, consistently 
with the energy theorems, according to which the deforma-
tion paths occur in configurations such as to minimize the 
energy required). This may be a limitation of the model and, 
depending on the material, it is necessary to validate the 
applicability.
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