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We consider the Lommel functions 𝑠𝜇,𝜈(𝑧) for different values of the parameters (𝜇, 𝜈). We show 
that if (𝜇, 𝜈) are half integers, then it is possible to describe these functions with an explicit 
combination of polynomials and trigonometric functions. The polynomials turn out to give Padé 
approximants for the trigonometric functions. Numerical properties of the zeros of the polynomials 
are discussed. Also, when 𝜇 is an integer, 𝑠𝜇,𝜈 (𝑧) can be written as an integral involving an explicit 
combination of trigonometric functions. A closed formula for 2𝐹1

(
1
2
+ 𝜈,

1
2
− 𝜈;𝜇 + 1

2
; sin( 𝜃

2
)2
)

with 𝜇 an integer is given.

1. Introduction

When 𝜈2 ≠ (𝜇 + 2𝑘+ 1)2, 𝑘 = 0,1,2,… , the Lommel functions 𝑠𝜇,𝜈(𝑧) are dfined by the converging series [5], [8]:

𝑠𝜇,𝜈(𝑧) =
𝑧𝜇+1

(𝜇 + 1)2 − 𝜈2

(
1 − 𝑧2

(𝜇 + 3)2 − 𝜈2
+ 𝑧4(

(𝜇 + 3)2 − 𝜈2
)(

(𝜇 + 5)2 − 𝜈2
) +⋯

)
,

and are particular solutions of the following inhomogeneous Bessel differential equation

𝑧2
𝑑2𝑦

𝑑𝑧2
+ 𝑧

𝑑𝑦

𝑑𝑧
+ (𝑧2 − 𝜈2)𝑦 = 𝑧𝜇+1. (1)

Equivalently, 𝑠𝜇,𝜈(𝑧) can be written in terms of hypergeometric 1𝐹2 function as:

𝑠𝜇,𝜈(𝑧) =
𝑧𝜇+1

(𝜇 + 1)2 − 𝜈2
1𝐹2

(
1; 𝜇 − 𝜈 + 3

2
,
𝜇 + 𝜈 + 3

2
;−𝑧2

4

)
Among the many properties of these functions (see e.g. [5] and [8] and references therein for a complete list), we remember here the 
recurrences solved by 𝑠𝜇,𝜈(𝑧) and their derivatives:

𝑠𝜇+2,𝜈(𝑧) = 𝑧𝜇+1 −
(
(𝜇 + 1)2 − 𝜈2

)
𝑠𝜇,𝜈(𝑧),

𝑑𝑠𝜇,𝜈

𝑑𝑧
± 𝜈

𝑧
𝑠𝜇,𝜈(𝑧) = (𝜇 ± 𝜈 − 1)𝑠𝜇−1,𝜈∓1(𝑧).

(2)
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The Lommel functions have many applications in mathematical physics and applied sciences: the interested reader can look at [5] 
and [10] and references therein.

This paper is the second of a series of paper dedicated to the Lommel functions. In the first paper [10] the distribution of the 
zeros of the functions 𝑠𝜇,𝜈(𝑧) has been analyzed by making use of an integral representation of 𝑠𝜇,𝜈(𝑧) involving the hypergeometric 
1𝐹2 functions and old results due to Pólya [6] about the zeros of functions dfined by trigonometric integrals. In this paper we will 
discuss the relevant special cases with (𝜇, 𝜈) = (𝑚 + 1∕2, 𝑛 + 1∕2) with (𝑚,𝑛) integers and the special cases 𝜇 = 𝑛 with 𝑛 an integer. 
In Section 2 we will remember some results from [10] that will be useful in the successive part of the work. In Section 3 we will 
show how it is possible to explicitly write an expression involving polynomials and the classical trigonometric functions for the 
functions 𝑠

𝑚+ 1
2 ,𝑛+

1
2
(𝑧). The coefficients of the polynomials can be explicitly described in terms of the derivatives of the Legendre 

polynomials 𝑃2𝑛(𝑡) and of the associated Legendre 𝑃 1
2𝑛+1(𝑡) evaluated in 𝑡 = 0 and 𝑡 = 1. Further, the ratios of the polynomials are 

Padé approximants of order 𝑧𝑚+𝑛+1 to the trigonometric functions sin(𝑧) and cos(𝑧). In Section 4, after giving the explicit form of the 
coefficients of the polynomials of Section 3, we will give some numerics about them. In Section 5 we will write 𝑠𝑛,𝜈(𝑧) as an integral 
involving only trigonometric functions: the link with the integral of 𝑠𝜈,𝜇(𝑧) involving the hypergeometric 1𝐹2 function will give an 
explicit formula for the function 2𝐹1

(
1
2 + 𝜈,

1
2 − 𝜈;𝑛+ 1

2 ; sin(
𝜃

2 )
2
)

in terms of 𝜃.

2. Integral representations and zeros

In [9] it has been noticed that the function 𝑠0,𝑣(𝑧) can be represented by the following integral:

𝑠0,𝜈(𝑧) =
1

1 + cos(𝜋𝜈)

𝜋

∫
0

sin(𝑧 sin(𝑡)) cos(𝜈𝑡)𝑑𝑡. (3)

The consequences of these type of integral representations are many and noteworthy in the study of the properties of these functions. 
For example, thanks to a Theorem by Pólya, it has been shown in [9] that 𝑠0,𝜈(𝑧), for |𝜈| < 1, possesses only real zeros: these zeros are 
simple and the intervals (𝑘𝜋, (𝑘 + 1)𝜋), 𝑘 = 0,1,2,… contain the non-negative zeros, each interval containing just one zero. In [10] 
an integral representation has been given for 𝑠𝜇,𝜈 (𝑧) for 𝜇 > 1∕2. In particular it has been shown that the following formula holds:

𝑠𝜇,𝜈(𝑧) = 𝑧𝜇

1

∫
0

sin(𝑧𝑡)𝑓𝜇,𝜈(𝑡)𝑑𝑡 = 𝑧𝜇

1

∫
0

sin(𝑧𝑡)

(1 − 𝑡)
1
2 −𝜇

2𝐹1

(
1
2 + 𝜈,

1
2 − 𝜈;𝜇 + 1

2 ;
1−𝑡
2

)
2𝐹1

(
1
2 + 𝜈,

1
2 − 𝜈;𝜇 + 1

2 ;
1
2

) 𝑑𝑡. (4)

The function 𝑓𝜇,𝜈(𝑡), dfined by (4), possesses different properties. For example it solves a differential recurrence:

𝑑𝑓𝜇,𝜈

𝑑𝑡
+ 𝑎𝜇,𝜈𝑓𝜇−1,𝜈 = 0,

where we set

𝑎𝜇,𝜈 ≐ 2
Γ
(
𝜇+1+𝜈

2

)
Γ
(
𝜇+1−𝜈

2

)
Γ
(
𝜇+𝜈
2 )Γ

(
𝜇−𝜈
2

) ,

with 𝜇 ± 𝜈 being different from an odd negative integer. Another integral representation is the following [10]

𝑠𝜇,𝜈 =
𝑎𝜇+2,𝜈

((𝜇 + 1)2 − 𝜈2)
𝑧𝜇+1

1

∫
0

cos(𝑧𝑡)𝑓𝜇+1,𝜈(𝑡).

Again, from these integral representations, and in particular from the monotonicity properties of 𝑓𝜇,𝜈(𝑡), different properties of 𝑠𝜇,𝜈(𝑧)
can be derived. For example it has been shown [10] that, apart from the branch point at 𝑧 = 0, the functions 𝑠𝜇,𝜈(𝑧) for 𝜇 ∈ (−1∕2,1∕2)
and 𝜈 ∈ (|𝜇|, 𝜇+1) possess only real zeros. The zeros are simple and the intervals (𝑘𝜋, (𝑘+1)𝜋), 𝑘 = 0,1,2,… contain the non-negative 
zeros, each interval containing just one zero. Another result is the following: apart the branch point at 𝑧 = 0, the functions 𝑠𝜇,𝜈(𝑧)
for 𝜇 > 1∕2 and 𝜈 ∈ (0, 𝜇) are positive on the positive real axis, i.e. they possess only complex zeros. Further, it is possible to show 
that the function 𝑧−𝜇

(
𝑎𝜇,𝜈 cos(𝜃)𝑠𝜇−1,𝜈(𝑧) + sin(𝜃)𝑠𝜇,𝜈(𝑧)

)
for 𝜇 ∈ (−1∕2,1∕2) and |𝜈| ∈ (|𝜇|, 𝜇 + 1) possesses only real zeros for any 

𝜃 ∈ [0, 𝜋]. The zeros are simple and each of the intervals((
𝑘− 1

2

)
𝜋 + 𝜃,

(
𝑘+ 1

2

)
𝜋 + 𝜃

)
, 𝑘 = 0,±1,±2,…

contain just one zero. In the following, we will make use again of the integral representation (4) to derive further properties of the 
Lommel functions.
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3. The case of algebraic kernels

For particular values of the parameters 𝜇 and 𝜈 it is possible to get algebraic functions for the kernel of the integral (4). First of 
all, let us notice that, for 𝜈 = 1

2 , equation (4) gives a well known representation for 𝑠
𝜇,

1
2
(𝑧) (see e.g. Koumandos and Lamprecht [4]):

𝑠
𝜇,

1
2
(𝑧) = 𝑧𝜇

1

∫
0

(1 − 𝑡)𝜇−
1
2 sin(𝑧𝑡)𝑑𝑡. (5)

Actually, when 𝜈 = 2𝑛+1
2 , with 𝑛 ∈ℕ, the hypergeometric function collapses into a polynomial, since we get:

𝑠
𝜇,𝑛+ 1

2
(𝑧) = 𝑧𝜇

1

∫
0

sin(𝑧𝑡)

(1 − 𝑡)
1
2 −𝜇

2𝐹1

(
−𝑛, 𝑛+ 1;𝜇 + 1

2 ;
1−𝑡
2

)
2𝐹1

(
−𝑛, 𝑛+ 1;𝜇 + 1

2 ;
1
2

) 𝑑𝑡. (6)

Taking into account the series of the hypergeometric function 2𝐹1

(
−𝑛, 𝑛+ 1;𝜇 + 1

2 ;
1−𝑡
2

)
, we can write the following explicit sum for 

𝑠
𝜇,

2𝑛+1
2

(𝑧):

𝑠
𝜇,𝑛+ 1

2
(𝑧) =

Γ
(
2𝜇+3+2𝑛

4

)
Γ
(
2𝜇+1−2𝑛

4

)
2

1
2 −𝜇𝑛!

√
𝜋

𝑧𝜇
𝑛∑

𝑘=0

(−1)𝑘(𝑛+ 𝑘)!

2𝑘Γ
(
𝑘+ 𝜇 + 1

2

)(𝑛

𝑘

) 1

∫
0

sin(𝑧𝑡) (1 − 𝑡)𝑘+𝜇−
1
2 . (7)

The previous can be also rewritten in terms of products as

𝑠
𝜇,𝑛+ 1

2
(𝑧) = 𝑧𝜇

𝑛−1∏
𝑝=0

2𝜇 − 4𝑝+ 2𝑛− 1
2𝜇 + 2𝑝− 2𝑛+ 1

𝑛∑
𝑘=0

𝑘−1∏
𝑞=0

(𝑞 − 𝑛)(𝑞 + 𝑛+ 1)
(𝑞 + 1)(2𝜇 + 2𝑞 + 1)

1

∫
0

sin(𝑧𝑡) (1 − 𝑡)𝑘+𝜇−
1
2

After 𝑠
𝜇,

1
2
(𝑧), the first two elements of the set of functions 𝑠

𝜇,𝑛+ 1
2
(𝑧), 𝑛 ∈ℕ, are:

𝑠
𝜇,

3
2
(𝑧) = 𝑧𝜇

1

∫
0

(1 − 𝑡)𝜇−
1
2

(
1 + 2

2𝜇 − 1
𝑡

)
sin(𝑧𝑡)𝑑𝑡,

and

𝑠
𝜇,

5
2
(𝑧) = 𝑧𝜇

1

∫
0

(1 − 𝑡)𝜇−
1
2

(
1 + 6(2𝜇 − 1)

(2𝜇 + 1)(2𝜇 − 3)
𝑡+ 12

(2𝜇 + 1)(2𝜇 − 3)
𝑡2
)
sin(𝑧𝑡)𝑑𝑡.

From (7) it readily follows that if 𝜇 =𝑚+ 1
2 , with 𝑚 ∈ℕ and 𝑚− 𝑛, 𝑚+ 𝑛+1 not negative odd integers, then the integral (7) gives 

a combination of rational functions of 𝑧 and trigonometric functions. More precisely we can dfine

𝑠 2𝑚+1
2 ,

2𝑛+1
2

(𝑧) =
(
𝐴𝑚,𝑛(𝑧) −𝐵𝑚,𝑛(𝑧) cos(𝑧) −𝐶𝑚,𝑛(𝑧) sin(𝑧)

)
𝑧
𝑛+ 1

2

, (8)

where the three functions 𝐴𝑚,𝑛(𝑧), 𝐵𝑚,𝑛(𝑧) and 𝐶𝑚,𝑛(𝑧) are polynomials in 𝑧. Indeed, it is not difficult to show by induction that if 
𝑅𝑘(𝑡) is a polynomial of degree 𝑘 then one has

∫ sin(𝑧𝑡)𝑅𝑘(𝑡)𝑑𝑡 =

⌊
𝑘

2

⌋∑
𝑗=0

(
(−1)𝑗+1𝑧𝑘−2𝑗 cos(𝑧𝑡)𝑅(2𝑗)

𝑘
(𝑡) + (−1)𝑗𝑧𝑘−2𝑗−1 sin(𝑧𝑡)𝑅(2𝑗+1)

𝑘
(𝑡)
)

𝑧𝑘+1
, (9)

where the apex on 𝑅 stands for the order of the derivative. In order to identify which are the polynomials 𝐴𝑚,𝑛(𝑧), 𝐵𝑚,𝑛(𝑧) and 𝐶𝑚,𝑛(𝑧)
in (8), from (2) we notice that they satisfy the following difference equations with respect to 𝑚:

𝐴𝑚+2,𝑛(𝑧) + (𝑚+ 𝑛+ 2)(𝑚+ 1 − 𝑛)𝐴𝑚,𝑛(𝑧) = 𝑧𝑚+𝑛+2,

𝐵𝑚+2,𝑛(𝑧) + (𝑚+ 𝑛+ 2)(𝑚+ 1 − 𝑛)𝐵𝑚,𝑛(𝑧) = 0,

𝐶𝑚+2,𝑛(𝑧) + (𝑚+ 𝑛+ 2)(𝑚+ 1 − 𝑛)𝐶𝑚,𝑛(𝑧) = 0.

The previous equations show that 𝐶𝑚,𝑛(𝑧) and 𝐵𝑚,𝑛(𝑧) are proportional, respectively, to 𝐶0,𝑛(𝑧) and 𝐶1,𝑛(𝑧) and to 𝐵0,𝑛(𝑧) and 𝐵1,𝑛(𝑧)
with coefficients independent of 𝑧. More precisely one has:
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𝐵2𝑚,𝑛(𝑧) =
(−1)𝑚4𝑚Γ( 2𝑚+𝑛+22 )Γ( 2𝑚−𝑛+12 )

Γ( 𝑛+22 )Γ( 1−𝑛2 )
𝐵0,𝑛(𝑧),

𝐵2𝑚+1,𝑛(𝑧) =
(−1)𝑚4𝑚Γ( 2𝑚+𝑛+32 )Γ( 2𝑚−𝑛+22 )

Γ( 𝑛+32 )Γ( 2−𝑛2 )
𝐵1,𝑛(𝑧)

and identical relations for 𝐶𝑚,𝑛(𝑧). For 𝐴2𝑚,𝑛 one gets:

𝐴2𝑚,𝑛(𝑧) =
(−1)𝑚4𝑚Γ( 2𝑚+𝑛+22 )Γ( 2𝑚−𝑛+12 )

Γ( 𝑛+22 )Γ( 1−𝑛2 )
𝐴0,𝑛(𝑧)+

+ (−1)𝑚+14𝑚Γ(2𝑚+ 𝑛+ 2
2

)Γ( 2𝑚− 𝑛+ 1
2

)𝑧
𝑛+2

4

𝑚−1∑
𝑗=0

(𝑧
2
)2𝑗 (−1)𝑗

Γ( 2𝑘+𝑛+42 )Γ( 2𝑘+3−𝑛2 )

whereas for 𝐴2𝑚+1,𝑛 one has:

𝐴2𝑚+1,𝑛(𝑧) =
(−1)𝑚4𝑚Γ( 2𝑚+𝑛+32 )Γ( 2𝑚−𝑛+22 )

Γ( 𝑛+32 )Γ( 2−𝑛2 )
𝐴1,𝑛(𝑧)+

+ (−1)𝑚+14𝑚Γ(2𝑚+ 𝑛+ 3
2

)Γ( 2𝑚− 𝑛+ 2
2

)𝑧
𝑛+3

4

𝑚−1∑
𝑗=0

(𝑧
2
)2𝑗 (−1)𝑗

Γ( 2𝑘+𝑛+52 )Γ( 2𝑘+4−𝑛2 )
.

Let us keep separate the cases of 𝑚 even or odd.
The case 𝑚 even. Notice that 𝑛 must be different from 𝑚+2𝑘+1, 𝑘= 0,1,2,… , so we must have 𝑛 < 𝑚 (with 𝑛 ≠ −𝑚−2𝑘,𝑘 = 1,2,…) 
or 𝑛 even. Let us assume 𝑛 even. Now we substitute 𝑚→ 2𝑚 and 𝑛→ 2𝑛 wherever in the previous results. We get

𝐵2𝑚,2𝑛(𝑧) =
(−1)𝑚4𝑚(𝑚+ 𝑛)!Γ(𝑚− 𝑛+ 1

2 )

𝑛!Γ( 12 − 𝑛)
𝐵0,2𝑛(𝑧),

𝐶2𝑚,2𝑛(𝑧) =
(−1)𝑚4𝑚(𝑚+ 𝑛)!Γ(𝑚− 𝑛+ 1

2 )

𝑛!Γ( 12 − 𝑛)
𝐶0,2𝑛(𝑧).

The functions 𝐴0,2𝑛, 𝐵0,2𝑛 and 𝐶0,2𝑛 are determined by the values of the functions 𝑠 1
2 ,2𝑛+

1
2
(𝑧). With reference to equation (6), we see 

that we must look at the following integral

1

∫
0

sin(𝑧𝑡)
2𝐹1

(
−2𝑛,2𝑛+ 1;1; 1−𝑡2

)
2𝐹1

(
−2𝑛,2𝑛+ 1;1; 12

) 𝑑𝑡.

The function 2𝐹1

(
−2𝑛,2𝑛+ 1;1; 1−𝑡2

)
is actually the Legendre polynomial 𝑃2𝑛(𝑡) of order 2𝑛 [7]. Let us set

𝑝2𝑛(𝑡) ≐ 𝑃2𝑛(𝑡)
𝑃2𝑛(0)

=
2𝐹1

(
−2𝑛,2𝑛+ 1;1; 1−𝑡2

)
2𝐹1

(
−2𝑛,2𝑛+ 1;1; 12

) .

Thanks to formula (9) we get

𝑧2𝑛+1 ∫ sin(𝑧𝑡)𝑝2𝑛(𝑡)𝑑𝑡 =
𝑛∑

𝑗=0
(−1)𝑗𝑧2𝑛−2𝑗−1

(
sin(𝑧𝑡)𝑝(2𝑗+1)2𝑛 (𝑡) − 𝑧 cos(𝑧𝑡)𝑝(2𝑗)2𝑛 (𝑡)

)
. (10)

Evaluating the previous integral between 0 and 1 and confronting with equation (8) finally we get explicit expressions for 𝐴0,2𝑛, 𝐵0,2𝑛
and 𝐶0,2𝑛 in terms of 𝑧 with coefficients given in terms of derivatives of the Legendre polynomials 𝑃2𝑛(𝑡) of order 2𝑛 evaluated in 
𝑡 = 0 or in 𝑡 = 1. More explicitly:

𝐴0,2𝑛 =
𝑛∑

𝑘=0
(−1)𝑘𝑧2𝑛−2𝑘𝑝(2𝑘)2𝑛 (0),

𝐵0,2𝑛 =
𝑛∑

𝑘=0
(−1)𝑘𝑧2𝑛−2𝑘𝑝(2𝑘)2𝑛 (1),

𝐶0,2𝑛 =
𝑛−1∑
𝑘=0

(−1)𝑘+1𝑧2𝑛−2𝑘−1𝑝(2𝑘+1)2𝑛 (1).

(11)
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In Section 4 a closed formula with explicit coefficients for these polynomials will be given. Now, we notice that the expression (8) 
for 𝑚 = 0 and 𝑛→ 2𝑛, together with (10) gives:

𝐴0,2𝑛(𝑧) −𝐵0,2𝑛(𝑧) cos(𝑧) −𝐶0,2𝑛(𝑧) sin(𝑧) = 𝑧2𝑛+1

1

∫
0

sin(𝑧𝑡)𝑝2𝑛(𝑡)𝑑𝑡,

i.e.

𝐴0,2𝑛(𝑧) −𝐵0,2𝑛(𝑧) cos(𝑧) −𝐶0,2𝑛(𝑧) sin(𝑧) =𝑂(𝑧2𝑛+2). (12)

In the theory of Padé approximation [1], if two polynomials 𝑞𝑛 and 𝑞𝑚 of order, respectively, 𝑛 and 𝑚 are given and if they satisfy 
𝑞𝑛 −𝑓 (𝑧)𝑞𝑚 =𝑂(𝑧𝑚+𝑛+1), then 𝑞𝑚∕𝑞𝑛 is a Padé approximation of type (𝑚,𝑛) of the function 𝑓 (𝑧), i.e. the series of 𝑞𝑚∕𝑞𝑛 and the series 
for 𝑓 (𝑧) agrees up to the order 𝑚+ 𝑛+ 1. The equation (12) can be interpreted in a similar manner: the polynomials 𝐴0,2𝑛 , 𝐵0,2𝑛 and 
𝐶0,2𝑛, of order respectively 2𝑛, 2𝑛 and 2𝑛− 1 can be chosen in such a way that (12) is satified. Notice that 𝐴0,2𝑛 and 𝐵0,2𝑛 are even 
polynomials whereas 𝐶0,2𝑛(𝑧) are odd polynomials and indeed their coefficients are not uniquely dfined by (12) as usually happens 
for Padé approximants. By rewriting equation (12) as

𝐵0,2𝑛(𝑧)
𝐴0,2𝑛(𝑧)

cos(𝑧) +
𝐶0,2𝑛(𝑧)
𝐴0,2𝑛(𝑧)

sin(𝑧) = 1 +𝑂(𝑧2𝑛+2),

it is clearer that 𝐵0,2𝑛
𝐴0,2𝑛

and 𝐶0,2𝑛
𝐴0,2𝑛

are Padé approximants of the cosine and sine functions, i.e.

𝐵0,2𝑛(𝑧)
𝐴0,2𝑛(𝑧)

= cos(𝑧) +𝑂(𝑧2𝑛+2),
𝐶0,2𝑛(𝑧)
𝐴0,2𝑛(𝑧)

= sin(𝑧) +𝑂(𝑧2𝑛+3).

From the previous it follows that the coefficients of the polynomials 𝐴0,2𝑛 , 𝐵0,2𝑛 and 𝐶0,2𝑛 satisfy polynomials relations, since one has

𝐵0,2𝑛(𝑧)2 +𝐶0,2𝑛(𝑧)2 =𝐴0,2𝑛(𝑧)2 +𝑂(𝑧2𝑛+2).

The first few elements of the rational functions 𝐵0,2𝑛
𝐴0,2𝑛

and 𝐶0,2𝑛
𝐴0,2𝑛

are

𝐵0,2

𝐴0,2
= 6 − 2𝑧2

6 + 𝑧2
,

𝐶0,2

𝐴0,2
= 6𝑧

6 + 𝑧2
,

𝐵0,4

𝐴0,4
= 840 − 360𝑧2 + 8𝑧4

840 + 60𝑧2 + 3𝑧4
,

𝐶0,4

𝐴0,4
= 840𝑧− 80𝑧3

840 + 60𝑧2 + 3𝑧4
,

𝐵0,6

𝐴0,6
= 166320 − 75600𝑧2 + 3360𝑧4 − 16𝑧6

166320 + 7560𝑧2 + 210𝑧4 + 5𝑧6
,

𝐶0,6

𝐴0,6
= 166320𝑧− 20160𝑧3 + 336𝑧5

166320 + 7560𝑧2 + 210𝑧4 + 5𝑧6
.

The case 𝑚 odd. Again, 𝑛 must be different from 𝑚+2𝑘+1, 𝑘 = 0,1,2,… , so we must have 𝑛 < 𝑚 (with 𝑛 ≠ −𝑚−2𝑘,𝑘 = 1,2,…) or 
𝑛 odd. Let us assume 𝑛 odd. By substituting 𝑚→ 2𝑚+ 1 and 𝑛→ 2𝑛+ 1 we get

𝐵2𝑚+1,2𝑛+1(𝑧) =
(−1)𝑚4𝑚(𝑚+ 𝑛+ 1)!Γ(𝑚− 𝑛+ 1

2 )

(𝑛+ 1)!Γ( 12 − 𝑛)
𝐵1,2𝑛+1(𝑧),

𝐶2𝑚+1,2𝑛+1(𝑧) =
(−1)𝑚4𝑚(𝑚+ 𝑛+ 1)!Γ(𝑚− 𝑛+ 1

2 )

(𝑛+ 1)!Γ( 12 − 𝑛)
𝐶1,2𝑛+1(𝑧).

𝐴1,2𝑛+1, 𝐵1,2𝑛+1 and 𝐶1,2𝑛+1 are determined by the values of the functions 𝑠 3
2 ,2𝑛+

1
2
(𝑧). With reference to equation (6), we see that we 

must look at the following integral

1

∫
0

(1 − 𝑡) sin(𝑧𝑡)
2𝐹1

(
−2𝑛− 1,2𝑛+ 2;2; 1−𝑡2

)
2𝐹1

(
−2𝑛− 1,2𝑛+ 2;2; 12

) 𝑑𝑡.

The polynomial 2𝐹1

(
−2𝑛− 1,2𝑛+ 2;2; 1−𝑡2

)
is related to the associated Legendre polynomial 𝑃 1

2𝑛+1(𝑡) of order 1 and degree 2𝑛 + 1
[7]. Indeed one has

2𝐹1

(
−2𝑛− 1,2𝑛+ 2;2; 1 − 𝑡

2

)
= − 1

2(𝑛+ 1)(2𝑛+ 2)

(1 + 𝑡

1 − 𝑡

) 1
2
𝑃 1
2𝑛+1(𝑡).
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More explicitly, these polynomials can be written in terms of derivatives of the function (𝑡2 − 1)2𝑛+1:

2𝐹1

(
−2𝑛− 1,2𝑛+ 2;2; 1 − 𝑡

2

)
= (1 + 𝑡)

22𝑛+2(𝑛+ 1)(2𝑛+ 1)(2𝑛+ 1)!
𝑑2𝑛+2

𝑑𝑡2𝑛+1
(𝑡2 − 1)2𝑛+1.

Let us dfine the polynomials 𝑞2𝑛+1 as:

𝑞2𝑛+1(𝑡) ≐ (1 − 𝑡2)
1
2
𝑃 1
2𝑛+1(𝑡)

𝑃 1
2𝑛+1(0)

=
(1 − 𝑡)2𝐹1

(
−2𝑛− 1,2𝑛+ 2;2; 1−𝑡2

)
2𝐹1

(
−2𝑛− 1,2𝑛+ 2;2; 12

) . (13)

By noticing that 𝑞2𝑛+1 is a polynomial of degree 2𝑛+ 2, thanks to formula (9) we get

𝑧2𝑛+3 ∫ sin(𝑧𝑡)𝑞2𝑛+1(𝑡)𝑑𝑡 =
𝑛∑

𝑗=0
(−1)𝑗𝑧2𝑛+1−2𝑗

(
sin(𝑧𝑡)𝑞(2𝑗+1)2𝑛 (𝑡) − 𝑧 cos(𝑧𝑡)𝑞(2𝑗)2𝑛+1(𝑡)

)
,

from which we obtain

𝐴1,2𝑛+1 =
𝑛+1∑
𝑘=0

(−1)𝑘𝑧2𝑛+2−2𝑘𝑞(2𝑘)2𝑛+1(0),

𝐵1,2𝑛+1 =
𝑛+1∑
𝑘=0

(−1)𝑘𝑧2𝑛+2−2𝑘𝑞(2𝑘)2𝑛+1(1),

𝐶1,2𝑛+1 =
𝑛+1∑
𝑘=0

(−1)𝑘+1𝑧2𝑛+1−2𝑘𝑞(2𝑘+1)2𝑛+1 (1).

(14)

Also for these polynomials a closed formula will be given in Section 4. Again, one can look at the ratios 𝐵1,2𝑛+1
𝐴1,2𝑛+1

and 𝐶1,2𝑛+1
𝐴1,2𝑛+1

as Padé 
approximant for the trigonometric functions

𝐵1,2𝑛+1(𝑧)
𝐴1,2𝑛+1(𝑧)

= cos(𝑧) +𝑂(𝑧2𝑛+4),
𝐶1,2𝑛+1(𝑧)
𝐴1,2𝑛+1(𝑧)

= sin(𝑧) +𝑂(𝑧2𝑛+5).

The first elements of the above rational functions are

𝐵1,1

𝐴1,1
= 2

2 + 𝑧2
,

𝐶1,1

𝐴1,1
= 2𝑧

2 + 𝑧2
,

𝐵1,3

𝐴1,3
= 120 − 48𝑧2

120 + 12𝑧2 + 𝑧4
,

𝐶1,3

𝐴1,3
= 120𝑧− 8𝑧3

120 + 12𝑧2 + 𝑧4
,

𝐵1,5

𝐴1,5
= 15120 − 6720𝑧2 + 240𝑧4

15120 + 840𝑧2 + 30𝑧4 + 𝑧6
,

𝐶1,5

𝐴1,5
= 15120𝑧− 1680𝑧3 + 16𝑧5

15120 + 840𝑧2 + 30𝑧4 + 𝑧6
.

In general, the polynomials dfined in (8) are Padé approximant for the trigonometric functions. Indeed, from (8) and (9) it follows

𝐵𝑚,𝑛(𝑧)
𝐴𝑚,𝑛(𝑧)

= cos(𝑧) +𝑂(𝑧𝑚+𝑛+2),
𝐶𝑚,𝑛(𝑧)
𝐴𝑚,𝑛(𝑧)

= sin(𝑧) +𝑂(𝑧𝑚+𝑛+3).

4. Explicit formulae and some numerics

The rational functions 𝐵0,2𝑛(𝑧)
𝐴0,2𝑛(𝑧)

, 𝐶0,2𝑛(𝑧)
𝐴0,2𝑛(𝑧)

, 𝐵1,2𝑛+1(𝑧)
𝐴1,2𝑛+1(𝑧)

and 𝐶1,2𝑛+1(𝑧)
𝐴1,2𝑛+1(𝑧)

are Padé approximants for the trigonometric functions cos(𝑧) and 
sin(𝑧). It is natural to ask about the distribution of the zeros of the numerators and denominators of these polynomials. We expect 
that the zeros of 𝐵𝑚,𝑛 and 𝐶𝑚,𝑛 are close to the zeros of cos(𝑧) and sin(𝑧), whereas 𝐴𝑚,𝑛 is expected to have no real zeros. Indeed, we 
can give a closed formula for the coefficients of these polynomials. Let us start with 𝐴0,2𝑛. Since the Legendre polynomials of degree 
2𝑛 are explicitly given by

𝑃2𝑛(𝑡) =
1
22𝑛

𝑛∑
𝑘=0

(−1)𝑘(4𝑛− 2𝑘)!
𝑘!(2𝑛− 𝑘)!(2𝑛− 2𝑘)!

𝑡2𝑛−2𝑘,

by using formula (11), making the corresponding derivatives, evaluating them to 0, after some manipulations we get:

𝐴0,2𝑛(𝑧) =
(𝑛!)2

(2𝑛)!

𝑛∑
𝑘=0

(2𝑛+ 2𝑘)!
(𝑛+ 𝑘)!(𝑛− 𝑘)!

𝑧2𝑛−2𝑘. (15)
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Table 1

Values of the relative difference 𝑧
𝑛
𝑘
−𝑛𝜋
𝑛𝜋

between the 𝑛𝑡ℎ positive zero 𝑧𝑛
𝑘

of the polynomial 𝐶0,2𝑘(𝑧)
and the 𝑛𝑡ℎ positive zero of the sin function 𝑛𝜋.

𝑘

𝑛
1 2 3 4 5 6

1 3.14 ⋅ 10−2 -- -- -- -- --
2 2.93 ⋅ 10−4 1.27 ⋅ 10−1 -- -- -- --
3 7.07 ⋅ 10−7 6.56 ⋅ 10−3 2.67 ⋅ 10−1 -- -- --
4 6.03 ⋅ 10−10 1.37 ⋅ 10−4 2.94 ⋅ 10−2 4.33 ⋅ 10−1 -- --
5 2.29 ⋅ 10−13 1.10 ⋅ 10−6 1.90 ⋅ 10−3 7.26 ⋅ 10−2 6.13 ⋅ 10−1 --
6 4.46 ⋅ 10−17 4.15 ⋅ 10−9 5.29 ⋅ 10−5 9.27 ⋅ 10−3 1.33 ⋅ 10−1 8.01 ⋅ 10−1

Table 2

Values of the relative difference 𝑧𝑛
𝑘
−
(

𝜋

2 +(𝑛−1)𝜋
)

𝜋

2 +(𝑛−1)𝜋
between the 𝑛𝑡ℎ positive zero 𝑧𝑛

𝑘
of the polynomial 

𝐵1,2𝑘+1(𝑧) and the 𝑛𝑡ℎ positive zero of the cos function 𝜋
2
+ (𝑛− 1)𝜋.

𝑘

𝑛
1 2 3 4 5 6

1 6.58 ⋅ 10−3 -- -- -- -- --
2 7.36 ⋅ 10−6 7.23 ⋅ 10−2 -- -- -- --
3 1.72 ⋅ 10−9 1.95 ⋅ 10−4 1.93 ⋅ 10−1 -- -- --
4 1.32 ⋅ 10−13 1.70 ⋅ 10−5 1.54 ⋅ 10−2 3.48 ⋅ 10−1 -- --
5 4.26 ⋅ 10−18 5.50 ⋅ 10−8 6.13 ⋅ 10−4 4.85 ⋅ 10−2 5.22 ⋅ 10−1 --
6 6.79 ⋅ 10−23 8.16 ⋅ 10−11 9.89 ⋅ 10−6 4.59 ⋅ 10−3 0.11 ⋅ 10−1 0.71 ⋅ 10−1

From the above formula we see that all the coefficients are positive. Also, the polynomials 𝐴0,2𝑛 are even in 𝑧: they have no real 
roots. For the functions 𝐵0,2𝑛 and 𝐶0,2𝑛 we can use the expansion of 𝑃2𝑛(𝑡) around 𝑡 = 1, i.e.

𝑃2𝑛(𝑡) =
2𝑛∑
𝑘=0

(−1)𝑘(2𝑛+ 𝑘)!
(𝑘!)2(2𝑛− 𝑘)!

(1 − 𝑡

2

)𝑘

. (16)

By looking at (11) and making the corresponding derivatives of (16) we get:

𝐵0,2𝑛(𝑧) =
(𝑛!)2(−1)𝑛

(2𝑛)!

𝑛∑
𝑘=0

(−1)𝑘 (2𝑛+ 2𝑘)!
(2𝑘)!(2𝑛− 2𝑘)!

(2𝑧)2𝑛−2𝑘. (17)

Analogously, for 𝐶0,2𝑛, we get

𝐶0,2𝑛(𝑧) =
(𝑛!)2(−1)𝑛

(2𝑛)!

𝑛−1∑
𝑘=0

(−1)𝑘+1 (2𝑛+ 2𝑘+ 1)!
(2𝑘+ 1)!(2𝑛− 2𝑘− 1)!

(2𝑧)2𝑛−2𝑘−1. (18)

For the polynomials 𝐴1,2𝑛+1, 𝐵1,2𝑛+1 and 𝐶1,2𝑛+1 we could use equations (13) and (14) or, more easily, the recurrences (2), from 
which it follows that

𝐴1,2𝑛+1 =
(2𝑛+ 1)𝐴0,2𝑛 + 2𝑧2(𝑛+ 1)𝐴0,2𝑛+2

4𝑛+ 3
,

and equal identities for 𝐶1,2𝑛+1 and 𝐵1,2𝑛+1. By using (15), (17) and (18) we get:

𝐴1,2𝑛+1 =
4(2𝑛+ 1)((𝑛+ 1)!)2

(2𝑛+ 2)!

𝑛+1∑
𝑘=0

(2𝑛+ 2𝑘− 1)!
(𝑛+ 𝑘− 1)!(𝑛− 𝑘− 1)!

𝑧2𝑛−2𝑘+2,

𝐵1,2𝑛+1(𝑧) =
2(2𝑛+ 1)((𝑛+ 1)!)2(−1)𝑛

(2𝑛+ 2)!

𝑛∑
𝑘=0

(−1)𝑘 (2𝑛+ 2𝑘+ 2)!
(2𝑘+ 1)!(2𝑛− 2𝑘)!

(2𝑧)2𝑛−2𝑘,

𝐶1,2𝑛+1(𝑧) =
2(2𝑛+ 1)((𝑛+ 1)!)2(−1)𝑛

(2𝑛+ 2)!

𝑛∑
𝑘=0

(−1)𝑘 (2𝑛+ 2𝑘+ 1)!
(2𝑘)!(2𝑛− 2𝑘+ 1)!

(2𝑧)2𝑛−2𝑘+1.

Numerically, we have seen that, for 𝑛 ∈ (0,10), indeed 𝐵0,2𝑛, 𝐶0,2𝑛, 𝐵1,2𝑛+1 and 𝐶1,2𝑛+1 possess only real zeros and, for 𝑧 relatively 

small, the zeros approximate very well the values of the zeros of cos(𝑧) and sin(𝑧). In Table 1 we report the relative difference 
𝑧𝑛
𝑘
−𝑛𝜋
𝑛𝜋

between the 𝑛𝑡ℎ positive zero 𝑧𝑛
𝑘

of the polynomial 𝐶0,2𝑘(𝑧) and the 𝑛𝑡ℎ positive zero of the sin function 𝑛𝜋 for 𝑘 = 1,… ,6. In Table 2
the same for the zeros of 𝐵1,2𝑘+1(𝑧) compared to the zeros of cos(𝑧). Also, in Figs. 1 and 2 we report respectively the zeros of 𝐴0,2𝑛
and 𝐴1,2𝑛+1 for 𝑛 = 1,… ,10 and 𝑛 = 0,… ,10 respectively: these appear to form a pattern in the complex plane.
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Fig. 1. The zeros of the polynomials 𝐴1,2𝑛+1 for 𝑛= 0,… ,10.

Fig. 2. The zeros of the polynomials 𝐴0,2𝑛 for 𝑛= 1,… ,10.

5. Trigonometric representation for 𝝁 an integer

When 𝜇 is a positive integer it is possible to give explicit formulae for the hypergeometric kernel in terms of trigonometric 
functions. We start from the formula (3) that can be rewritten also in terms of an integral involving the function sin(𝑧 cos(𝜃)) in the 
following way:

𝑠0,𝜈(𝑧) =
1

cos
(
𝜈𝜋

2

)
𝜋

2

∫
0

sin(𝑧 cos(𝜃)) cos(𝜈𝜃)𝑑𝜃.
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Since the functions 𝑠𝑛+1,𝜈(𝑧) solve the recurrence (2)

2𝜈
𝑧
𝑠𝑛+1,𝜈(𝑧) = (𝑛+ 𝜈)𝑠𝑛,𝜈−1(𝑧) − (𝑛− 𝜈)𝑠𝑛,𝜈+1(𝑧), (19)

immediately one has the corresponding integral representation for 𝑠1,𝜈 (𝑧):

𝑠1,𝜈(𝑧) =
𝑧

sin
(
𝜈𝜋

2

)
𝜋

2

∫
0

sin(𝑧 cos(𝜃)) sin(𝜈𝜃) sin(𝜃)𝑑𝜃.

It is clear from (19) that, in general, we can represent the entire function 𝑠𝑛,𝜈 (𝑧) as an integral of the type:

𝑠𝑛,𝜈(𝑧) = 𝑧𝑛

𝜋

2

∫
0

sin(𝑧 cos(𝜃))𝑓𝑛(𝜈, 𝜃) sin(𝜃)𝑑𝜃, (20)

where 𝑓𝑛(𝜈, 𝜃) is a linear combination of sin functions. More explicitly, from (19) we get:

𝑓𝑛(𝜈, 𝜃) =
𝑛−1∑
𝑘=0

𝑎𝑛
𝑘
(𝜈) sin ((𝜈 − 𝑛+ 2𝑘+ 1)𝜃)

sin
(
(𝜈 − 𝑛+ 2𝑘+ 1) 𝜋2

) , 𝑛 ≥ 1. (21)

The coefficients 𝑎𝑛
𝑘
(𝜈) are rational functions of 𝜈 and solve a recurrence in 𝑛 and 𝜈 that follows from (19). However, to get an explicit 

expression for these coefficients, we can directly insert the ansatze (20) and (21) in (1) to obtain a different recursion for 𝑎𝑛
𝑘
(𝜈). 

Indeed, the functions (20) are solutions of (1) provided that the functions 𝑓𝑛(𝜈, 𝜃) solve the following differential equation:

sin(𝜃)
𝑑2𝑓𝑛(𝜈, 𝜃)

𝑑𝜃2
− 2(𝑛− 1) cos(𝜃)

𝑑𝑓𝑛(𝜈, 𝜃)
𝑑𝜃

− sin(𝜃)
(
(𝑛− 1)2 − 𝜈2

)
𝑓𝑛(𝜈, 𝜃) = 0, (22)

with the boundary condition 𝑓𝑛(𝜈,
𝜋

2 ) = 1 (the other necessary boundary condition 𝑓𝑛(𝜈,0) = 0 is automatically satified by the ansatz 
(21)). By inserting (20) and (21) in (22), after few manipulations we get that equation (22) is satified if the following recursion for 
𝑎𝑛
𝑘
(𝜈) holds:

𝑘(𝑘+ 𝜈)𝑎𝑛
𝑘
(𝜈) + (𝑘− 𝑛)(𝑘− 𝑛+ 𝜈)𝑎𝑛

𝑘−1(𝜈) = 0, 𝑘 = 1,… , 𝑛− 1.

This recurrence gives the value of 𝑎𝑛
𝑘
(𝜈), 𝑘 = 1,… , 𝑛−1, in terms of 𝑎𝑛0(𝜈). The value of 𝑎𝑛0(𝜈) then must be fixed to satisfy the boundary 

condition 𝑓𝑛(𝜈,
𝜋

2 ) = 1. We get

𝑎𝑛0(𝜈) =
1

2𝑛−1

𝑛−1∏
𝑝=1

𝜈 − 𝑛+ 2𝑝+ 1
𝜈 − 𝑝+ 1

,

and the following explicit formula for 𝑎𝑛
𝑘
(𝜈):

𝑎𝑛
𝑘
(𝜈) = 1

2𝑛−1

𝑛−1∏
𝑝=1

𝜈 − 𝑛+ 2𝑝+ 1
𝜈 − 𝑝+ 1

𝑘∏
𝑞=1

(𝑛− 𝑞)(𝑞 + 𝜈 − 𝑛)
𝑞(𝑞 + 𝜈)

. (23)

We notice that from formulae (20), (21) and (23), by comparing with formula (4) and with some manipulations we get the 
following expression relating the hypergeometric functions 2𝐹1 with trigonometric functions for 𝑛 ≥ 1 and |𝜃| < 𝜋:

2𝐹1

(1
2
+ 𝜈,

1
2
− 𝜈;𝑛+ 1

2
; sin(𝜃

2
)2
)
=

=

∏𝑛−1
𝑝=0

2𝑝+1
𝜈−𝑝

23𝑛−2 sin( 𝜃2 )
2𝑛−1

𝑛−1∑
𝑘=0

𝑘∏
𝑞=1

(𝑞 − 𝑛)(𝑞 + 𝜈 − 𝑛)
𝑞(𝑞 + 𝜈)

sin ((1 − 𝑛+ 𝜈 + 2𝑘)𝜃) .
(24)

The equivalence (24) generalizes the equivalent expression for 𝑛 = 1 given in [3] (see equation 9.121-16), see also [2]. The first few 
examples are the following:

2𝐹1

(1
2
+ 𝜈,

1
2
− 𝜈; 3

2
; sin(𝜃

2
)2
)
= sin(𝜈𝜃)

2𝜈 sin( 𝜃2 )
,

2𝐹1

(1
2
+ 𝜈,

1
2
− 𝜈; 5

2
; sin(𝜃

2
)2
)
= 3

16𝜈 sin( 𝜃2 )
3

(
sin((𝜈 − 1)𝜃)

(𝜈 − 1)
− sin((𝜈 + 1)𝜃)

(𝜈 + 1)

)
,

2𝐹1

(1
2
+ 𝜈,

1
2
− 𝜈; 7

2
; sin(𝜃

2
)2
)
= 15

128𝜈 sin( 𝜃2 )
5

(
sin((𝜈 − 2)𝜃)
(𝜈 − 2)(𝜈 − 1)

− 2 sin(𝜈𝜃)
(𝜈 − 1)(𝜈 + 1)

+ sin((𝜈 + 2)𝜃)
(𝜈 + 1)(𝜈 + 2)

)
,

⋯
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As a final Remark, we would like to consider the case 𝜈 = 𝜇 + 2𝑛 in (4). By starting with 𝜈 = 𝜇 in (4), one gets the well known 
representation for 𝑠𝜇,𝜇(𝑧):

𝑠𝜇,𝜇(𝑧) = 𝑧𝜇

1

∫
0

(1 − 𝑡2)𝜇−
1
2 sin(𝑧𝑡)𝑑𝑡. (25)

Notice that 𝑠𝜇,𝜇(𝑧) is proportional to the so-called Struve function 𝐇𝜇(𝑧) [5]:

𝐇𝜇(𝑧) =
𝑠𝜇,𝜇(𝑧)√

𝜋Γ(𝜇 + 1
2 )2

𝜇−1
.

We also notice that when 𝜈 = 𝜇 + 2𝑛, with 𝑛 ∈ℕ, it is possible to explicitly write the integral (4) in terms of an algebraic kernel, like 
in (5) and (25). The first two terms are

𝑠𝜇,𝜇+2(𝑧) = 𝑧𝜇

1

∫
0

(1 − 𝑡2)𝜇−
1
2
(
1 − 2(𝜇 + 1)𝑡2

)
sin(𝑧𝑡)𝑑𝑡,

and

𝑠𝜇,𝜇+4(𝑧) = 𝑧𝜇

1

∫
0

(1 − 𝑡2)𝜇−
1
2
(
1 − 4(𝜇 + 2)𝑡2 + 4

3
(𝜇 + 2)(𝜇 + 3)𝑡4

)
sin(𝑧𝑡)𝑑𝑡.

The possibility to get explicit formulae for 𝑠𝜇,𝜈+2𝑛(𝑧) for 𝑛 ∈ ℕ in terms of a combination of 𝐇𝜇(𝑧) and 𝐇𝜇+1(𝑧) will be investigated 
in another paper.
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