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1. Introduction

This paper presents a full characterization of the attainable set for conservation laws and
for Hamilton-Jacobi equations with space dependent flux / Hamiltonian (see Theorem 3.2).
Then, again for both equations, we provide necessary and sufficient conditions for a func-
tion to evolve into a given profile at a given time (see Theorem 3.3). These results are
obtained under exactly the same assumptions on the flux / Hamiltonian. Finally, we con-
struct an explicit example to highlight the consequences of the explicit space dependence
(Theorem 4.1).

As is well known, both Conservation Laws and Hamilton-Jacobi equations generate
Lipschitz continuous semigroups whose orbits are solutions, either in the entropy sense or
in the viscosity sense. However, the insurgence of singularities implies that these evolutions
may not be time reversible, in general. As a result, inverse designs, when non empty, may well
display interesting—infinite dimensional—geometric or topological properties.

From a control theoretic point of view, the characterization of inverse designs solves the
most elementary controllability problem, thus playing a key role in subsequent developments.
Indeed, the first step in the study of inverse designs consists in a full characterization of the
attainable sets, i.e., of the profiles leading to non empty inverse designs. In this connection,
the current literature offers a few results, typically limited to the x-independent case. We refer
the reader to [1] for a characterization of the attainable set for a conservation law (here, with
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boundary); to [2] for a result on the attainable set for Hamilton-Jacobi equations in several
space dimensions and to [3] for the case of an x-dependent source term. A triangular system
of conservation laws is considered in [4].

Below, we proceed beyond reachable sets and fully characterize inverse designs.

More precisely, we consider the conservation law

Oru + 0x (H(x,u)) =0 (t,x) €10, +o00[ x R (CL)
u(0,x) = uy(x) xeR
and the Hamilton-Jacobi equation
0:U + H(x,0,U)=0 (t,x) €]0, 400 x R (HJ)
U0,x) =Uy(x) xeR

both in the scalar, one dimensional, non homogeneous, i.e., x-dependent, case. Denote by

SCL Ry x L®(R;R) — L®(R; R) S :R, x Lip(R; R) — Lip(R; R)
CL and HJ
t o, Up = St u, t U = S uo,

(1.1)

respectively, the semigroups whose orbits are entropy solutions to (CL) and viscosity solutions
to (HJ), see [5, Section 2.5]. For any positive T and for any assigned profiles w € L (R; R)
and W € Lip(R; R), the inverse designs are

I%L(w) = {uo € L°(R;R): S%Luo = w} and
1wy = {U, e Lip®R): S0, = W} (12)

In the homogeneous—x-independent—case, a general characterization of I%L(w) and
IIT{] (W) is given in [6]. Other results in this setting are [7], devoted to Burgers equation
also from a numerical point of view; [1], specific to boundary value problems arising in the
modeling of vehicular traffic. The multi-dimensional setting is considered in [8], specifically
in the case of (HJ). A classical reference for analytic techniques used in these papers is [9].

The present non homogeneous case significantly differs from the homogeneous one and
significantly less results in the literature are available. The explicit example constructed below
shows that when H depends on x (even smoothly), the inverse design I%L (w) may have
properties substantially different to the general ones that hold in the homogeneous case, see
Section 3. In particular, for instance, the results in [6] ensure that in the x-independent case

SF (LPR;R)) = el (SF {uo € C'(R;R): S77up € C'(R;R) forall £ € [0,T1})

where ¢l , stands for the closure in the strong L!(R; R) topology, which can be false when H

depends on x, as in the case of the example in Section 4. It thus appears that non homogeneous
Conservation Laws are, in a sense, more singular than homogeneous ones.

Assume I%L (w) is non empty. Then, in the x-independent case, the presence of a shock
in w (i.e., of a jump discontinuity satisfying Lax entropy conditions, see [10, Section 8.3])
is a necessary and sufficient condition for I%L(w) to be infinite or, equivalently, I%L(w) is
a singleton if and only if w is continuous. More precisely, in the x-independent case, the
presence of a shock in w implies that I%L(w) is a closed convex cone without extremal faces
of finite dimension. On the contrary, in the x-dependent case, we exhibit an example where
I%L(w) is a singleton although w displays a shock. This is explained in Section 4, where the

theory of generalized characteristics, see [11], is deeply exploited. Graphs of the constructed
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Figure 1. Superposition of a solution to (CL) at different times with the orbits of the Hamiltonian system (HS). x (or g) is on the
horizontal axis and u (or p) on the vertical axis. As proved later in Theorem 4.1, the initial datum (5.28) is the unique one that

evolves into the depicted profiles where, at time T = n/(Zﬁ) ,ashock arises.

solution are in Figure 1. The inverse design problem for non convex Hamiltonian is largely
open. Interesting techniques referred to (HJ) in the x independent case are in [12, 13], that
deal also with several space variables.

Further remarks on the consequences of the x dependence in H are deferred to Theo-
rem 4.1 and to the subsequent discussion. Let us also recall the related result [14], limited to
the study of the attainable set, where H in (CL) consists of a smooth function of u for x > 0
and another smooth function of u for x < 0, see also the related preprint [15].

While inverse design refers to going back in time, the dual approach is connected to the
problem of the compactness of the range of the semigroup S, apparently considered only in
the homogeneous case [16], extended in [17] to balance laws, but the case of fluxes depending
on the space variable is, to our knowledge, still open.

The next section provides the basic background. Then, on the basis of [5], Section 3
extends to the x-dependent case several classical results, see [6]. On the contrary, the example
constructed in Section 4 shows how deep can be the differences between the homogeneous
and non homogeneous case. All proofs are deferred to Section 5 and some technical lemmas
are collected in the appendices.

2. Notations and definitions

The analytic techniques developed below take advantage of the deep connection
between (CL) and (HJ). We know, on the basis of [5], that both these Cauchy problems are
(globally) well posed under the same set of assumptions, namely

Smoothness: H € C*(R%;R). (C3)
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3X > 0, V(x,p) € R?,
Compact NonHomogeneity: |x| >> X gp; Iei x,p)=0
u— X ’ - ’

(CNH)
Vx € R, p+> 9pH(x,p) isan

Strong Convexity: increasing C! —diffeomorphism (CVX)
of R onto itself.

Rather than tackling directly the characterization of the inverse design for (CL), we do it
for (HJ) and use the correspondence to get back to (CL).

Assumption (CVX) implies that H is strictly convex with respect to the second variable.
As is well known, the mappings x — —x and H — —H transform the convex case into the
concave one, and vice versa. Recall that (CVX) is a recurrent assumption in the context of (HJ)
where it allows a connection to optimal control, see [18-20]. On the contrary, the use of
Assumption (CNH) in conservation laws, to the authors’ knowledge, was recently introduced
in [5].

It is worth noting that the assumptions (C3)-(CNH)-(CVX) comprise fluxes (Hamilto-
nians) that do not fit in the classical Kruzkov paper [21]. Indeed, following [5, Example 1.1]
consider the Hamiltonian

u

H,u) =V(x)u (1 R(x)) , (2.1)
where V,R € C3(R;R) are both strictly positive and with compactly supported derivative.
The conservation law (CL)—(2.1) describes the time evolution of the density u = u(t,x) of a
flow of vehicles along a one-dimensional road that allows a space dependent maximal density
R = R(x) and maximal speed V = V(x). It is readily checked that H in (2.1) satisfies (C3),
and it is strongly concave—analogously to (CVX). On the other hand, this H may not meet the
assumptions of [21]. In particular, it fails the growth assumption sup,, ) c2 (03, H(x,uw) <
400, see [21, Formula (4.2)].

Recall the classical definition of entropy solution [21, Definition 1], as tweaked in [5].

Definition 2.1. Fix u, € L*°(R;R). A bounded function u € L*°(R4 x R;R) is a solution
to (CL) if for all test functions ¢ € C°(Ry x R;R}) and for all scalar k € R:

+00
/ / |u(t, x) — k| 0;¢ (t, x) dx dt
oo 0 R
—i—/ / sgn (u(t,x) — k) (H (x,u(t,x)) — H(x, k) 0x¢(t,x) dxdt
0 R
+00
—[ / sgn (u(t,x) — k) 0 H(x, k) ¢ (t,x) dxdt
0 R
+/ luo(x) — k| p(0,x)dx > 0.
R

Definition 2.1, taken from by [5, Definition 2.1] is apparently weaker than the classical
Kruzkov definition since it does not require the “trace at t = 0 condition” [21, Formula (2.2)].
Nevertheless, under Assumption (C3), Definition 2.1 ensures uniqueness and uniform Lll0 -
continuity in time of the solution, as proved in [5, Theorem 2.6].

The following Lemma ensures the existence of left and right traces in the space variable
at any point. In the homogeneous—x-independent—case, this is classically obtained through
the well known Oleinik estimates [10, Theorem 11.2.1 and Theorem 11.2.2].
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Lemma 2.2. Let H satisfy (C3), (CNH), and (CVX). Fix T > 0 and w € L (R;R) so that
ISE(w) # 0. Then, for all x € R, w admits finite left and right traces at x.

The proof is deferred to Section 5. Once this Lemma is proved, we are able to use Dafermos’
techniques based on generalized characteristics from [11], where solutions are however
required to have traces at each point. Alternatively, another reference is [10, Chapter 10]
or [10, Section 11.11] for the inhomogeneous case, but here solutions are required to be in
BV, i.e., to have finite total variation, see [22, Section 2.4].

We now recall the framework of viscosity solutions to (HJ), introduced by Crandall-Lions.

Definition 2.3. [23, Definition 5.3] Let U € Lip([0, T] x R;R) satisfy U(0) = U,.

(i) U is a subsolution to (HJ) when for all test functions ¢ € C'(10, T[ x R;R) and for all
(to»x0) € 10, T[ x R, if U — ¢ has a point of local maximum at the point (t,,x,), then
0t (to, Xo) + H (x0, 0xP (20, X0)) < 0;

(ii) U is a supersolution to (HJ) when for all test functions ¢ € C'(]0, T[ x R;R) and for all
(to»x0) € 10, T[ x R, if U — ¢ has a point of local minimum at the point (t,,x,), then
09 (Lo, Xo) + H (x0, 0xP (£, X)) = 0.

(iii) U is a viscosity solution to (HJ) if it is both a supersolution and a subsolution.

The literature offers a standardized framework for the well posedness of (CL), typically
referred to the classical paper [21], see also [10]. On the contrary, a wide variety of assump-
tions are available, where results ensuring the well posedness of (HJ) can be proved, see for
instance [18-20, 23] or the textbooks [24, Chapter 9], [25, Chapter 10]. Here we recall in
particular [26], devoted to the convex case, and [5] where the two equations are considered
under the same set of assumptions, thus allowing a detailed description of the correspondence
between the solutions to the two equations. Indeed, the orbits of the semigroups (1.1) are
solution to (CL) in the sense of Definition 2.1, respectively (HJ) in the sense of Definition 2.3,
see [5, Theorems 2.18 and 2.19]. Thanks to their Lllo . continuity, both these semigroups a
uniquely defined for all t € R,..

For any positive T and for any assigned profiles w € L*(R;R) and W € Lip(R;R),
we first present conditions ensuring that the sets I %L(w) and I ITLU (W) in (1.2) are not empty
and then prove geometrical/topological properties. In light of the correspondence U —
u = 9,U between S and SL, see [5, Theorem 2.20] or also [6, 27-29], each of the two
characterizations can be deduced from the other one.

As usual, in connection with (HJ) and (CL), we use of the system of ordinary differential
equations

q = auH(q’p)
{p —  _0.H(qp) (HS)

which we consider equipped with initial or with final conditions. Basic properties of (HS)
under (C3)-(CNH)-(CVX) are proved in Lemma 5.1 and in the subsequent ones. For a fixed
positive T, with reference to (HS), we also introduce the set

Ry = {q € C'([0, T R): Ip € C'([0, T; R) such that (g, p) solves (HS)} , (2.2)
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whose elements we call Hamiltonian rays. For all w € L*(R;R) such that I%L (w) # 0, so
that Lemma 2.2 applies and we can define

Ty:R —>
x +— q(0),

q(h)=x
p(T) =w(x—).

The map m,, assigns to x € R the intersection of the minimal backward characteristics
emanating from (T, x), see [11, Definition 3.1, Theorems 3.2 and 3.3], with the axis t = 0.
Lemmas 2.2 and 5.1 ensure that i, is well defined. Remark that in the x-independent case, all
Hamiltonian rays are straight lines, as also any extremal characteristics, a key simplification
exploited in [6, Formula (2.3)].

As is well known, thanks to (CVX), Hamilton-Jacobi equation (HJ) is deeply related and
motivated by the search for minima of functionals of the type

where (g, p) solves (HS) with datum { (2.3)

Je:WHI(0, (s R)  — R
! . (2.4)
¥ — / L (y(s),y(s)) ds + U, (y(O))
0
where U, € Lip(R; R) and L is the Legendre transform of H in p, i.e,,
L: R? — R
(xv) > sup(pv—H(xp)). (2.5)
peR

As general references for this minimization problem, we refer to [20, Chapter 5], [30, Part III],
[25, Chapter 3], see also [31] for a weak—KAM point of view. Below, for detailed proofs
about the connection between solutions to (H]) and to minimization problems in our specific
functional setting, we refer to the statements in the Appendix B, taken from [26, § 8.3]. Recall,
in particular, that U solves (HJ) if and only if for all (T, x) € [0, +o0[ x R,

T
U(T,x) = inf </0 L(y(s),y(s)ds+ Up (V(O)))’ (2.6)

y(D)=x
vERT

see Lemma B.9. Note moreover that by Lemma B.7

T
U(T,x) = inf (/ L(y(s),y(s))ds+ U, (1/(0))) -
y(T=x 0
y €Lip([0,TLR)
As a first step, we verify that the present assumptions (C3)-(CNH)-(CVX) allow to apply the
results in [5], where convexity was relaxed to genuine nonlinearity and uniform coercivity.

Proposition 2.4. Let H satisfy (C3)-(CNH)-(CVX). Then. the following properties hold:

VheR 3JU, eR:V(xu) € R?

if [H(x,u)| < hthen |u| <Uj. (UC)

Uniform Coercivity :

for a.e.x € R the set
Weak Genuine NonLinearity : {weR: 32, Hxw) =0} (WGNL)
has empty interior.

The proof is deferred to Section 5.
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3. Extensions from homogeneous to non homogeneous

This section is focused on those properties known to hold in the homogeneous case, see [6],
whose statement admits a natural extension to the non homogeneous case. However, the
proofs typically require a new approach.

An interesting connection between (CL) and (H]J) is the following result, which shows that
minimal and maximal backward characteristics are minima of the functional (2.4).

Theorem 3.1. Let H satisfy (C3)-(CNH)-(CVX). Let U, € Lip(R;R) and U solve (HJ) in
the sense of Definition 2.3. Fix (t,x) € 10,400 x R and let , respectively £, be the minimal,
respectively maximal, backwards characteristics, related to u = 09U which solves (CL),
emanating from (t, x), see [11, Definition 3.1]. Then, with reference to the functional (2.4),

U(t,x) = J(&) = Ti(Z).

The proof is deferred to Section 5.1.
We are now ready to state the conditions ensuring that IIT_U (W), as defined in (1.2), is not
empty. In other words, the next result completely characterizes the reachable set for (HJ).

Theorem 3.2. Let H satisfy (C3)-(CNH)-(CVX). Fix T > 0, W € Lip(R; R) and define

Ur:R — R
T
X >  sup <W(q(T))—/ L(q(s),[g(s)) ds), (3.1
q(O%_{:x 0
qexT

where L is as in (2.5) and R as in (2.2). Then, the following conditions are equivalent:

(1) U e IV (W).
2) LV (W) # 0.
(3) The set

G = :(xo,xT) eR2:3geRy O 4O =X, al) =xt } (3.2)

(i) Up(xo) = Wixr) = [y L(q(9,q()) ds
has the following property:

(X0, X7), (X0, X7) € G = Vx7 € [x, X7, (%0,xT) €G. (3.3)

Moreover, any of the conditions above implies that the map v defined in (2.3) is well defined
and nondecreasing.

The proof is deferred to Section 5.2. The set G is more readily interpreted from the point
of view of (CL). In particular, (3.3) describes the structure of rarefaction-like waves and,
limited to the x-independent case, deriving the condition on G from the property of wy~
is straightforward. In this connection, the x-dependent case is significantly more intricate.
We signal in Lemma 5.8 additional properties of the set G.

We are now ready to provide a full and general characterization of the inverse designs.
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Theorem 3.3. Let H satisfy (C3), (CNH), and (CVX). Fix T > 0 and W € Lip(R; R) such
that IITH(W) # O and define U} as in (3.1). Then, for all U, € Lip(R; R),

(i) U, > U

o
(ii) U, = UJ on wry (R).

v

Up e V(W) — (3.4)

where myy is defined as in (2.3).
The proof is deferred to Section 5.3.

Corollary 3.4. Let H satisfy (C3), (CNH), and (CVX). Fix T > 0 and W € Lip(R;R) such
that I;U(W) # (. Then, IITH(W) is a closed convex cone with vertex U}, defined in (3.1) and
moreover Uy = min I?I(W) — meaning that for any U € I?I(W), it holds that for all x € R,
Ux) = U (x).

The proof is an immediate consequence of the characterization provided by Theorem 3.3.

Corollary 3.4 admits a clear counterpart related to (CL), on the basis of the correspondence
between (CL) and (HJ) proved in [5, Theorem 2.20]. An analogous characterization in the x-
independent case is provided by [6, Proposition 5.2, Item (G2)].

Corollary 3.5. Let H satisfy (C3), (CNH), and (CVX). Fix T > 0 and w € L*°(R;R) such
that I %L(w) # (. Then, I%L(w) is a closed convex cone with vertex u}, defined by u}; = 0,U}
and U} is as in (3.1).

4. Peculiarities of the x-dependent case

The extension to the x-dependent case can not be merely reduced to the rise of technical
difficulties. Indeed, some properties are irremediably lost and new phenomena arise, as shown
below.

The most apparent difference between the two situations is described in Figure 2, with
reference to extremal backward generalized characteristics, whose behaviors in the two cases
are quite different. In the x-independent case, extremal backward characteristics emanating
from a shock define a non uniqueness gap, see Figure 2. On the contrary, in the x-dependent

X=Mm(x=) X=Mu,(X+) X=Mu(X=)=m,(X+)

Figure 2. Left, in the x-independent case, extremal characteristics are straight lines and those emanating from the point of
jump X in w at time T select the non uniqueness gap Jrw (x—), Tw (x+)[ along the x axis at time 0 where the initial data has
no effect on w. Right, in our x-dependent choice (4.1) of the flow, characteristics could bend and uniquely determine the initial
data evolving into w. Note that the solution in the region delimited by the extremal characteristics is unique.
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x-independant case x-dependant case
t=T t=T

A\

x=m,{0-=) x=m,(0+) . x=mu(07)=m(0+)

Figure 3. In both graphs, the thicker curves are the extremal backward characteristics while the Hamiltonian rays are thinner.
Left, in the x-independent case, the Hamiltonian rays fill the non uniqueness gap described in Figure 2. Right, in the x-dependent
case defined by the Hamiltonian (4.1), extremal characteristics still do not intersect, but Hamiltonian rays do and may well exit
the non uniqueness gap or also intersect.

case, extremal backward characteristics may well intersect at the initial time, so that the non
uniqueness gap disappears.

Furthermore, in the x-independent case, an isentropic solution, see [5, Theorem 3.1],
is constructed filling the non uniqueness gap with Hamiltonian rays (2.2) emanating from
q(T) = x, p(T) = Ow(x+) + (1 — 0) w(x—), for & € [0,1]. On the contrary, the same
idea fails in the x-dependent case. The numerical integrations in Figure 3 referred to (HS)
with Hamiltonian (4.1), show that extremal backward characteristics still do not intersect in
10, T[ x R, but the intermediate Hamiltonian rays may well cross each other and even exit the
region bounded by the extremal characteristics.

When H does not depend on x, the u’ defined in Corollary 3.5 is characterized by [6,
(G2) in Proposition 5.2]. Then, [6, (R1) in Lemma 7.2] ensures not only that u; is one sided
Lipschitz continuous, but also that the solution # to (CL) with datum u evolving into w is
Lipschitz continuous on any compact subset of 10, T[ x R. Thus, # satisfies the inequality in
Definition 2.1 with an equality, i.e., it is an isentropic and also reversible in time solution, see
related multi-dimensional results in [9].

This actually is specific to the homogeneous case: there exist an x-dependent Hamiltonian
H, a profile w and a time T > 0 such that I %L (w) # @ but in any solution evolving from an
initial datum in I %L(w) shocks arise at a time ¢ < T, so that no reversible solution is possible,
see Figure 1. In other words, the profile w can be reached exclusively producing a sufficient
amount of entropy and no isentropic solution evolves into w. Each of these facts necessarily
requires H to depend on x and can not take place in an x-independent setting, as shown in [6].
A consequence is that no direct definition of u is available, as it was in the x-independent
case, and we have to resort to (HJ) for its construction.

Theorem 4.1. Define, see Figure 4,

u? : 1—(1—x)* iflx| <1,

H(x,u) = X +g(x) where g(x):= 1 otherwise. (4.1)

Then, (C3), (CNH), and (CVX) hold. Moreover, for all T > m/ (2+/2), there exists w €
L% (R; R) that contains a discontinuity and such that I(TjL (w) is a singleton.

The proof is deferred to Section 5.4.
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=20 -20

Figure 4. Left, graph of g and, right, the graph of —g’, according to (4.1). Clearly, g is cé (R; [0, 1]), even, strictly increasing on
[0, 1], ¢’ attains values in [—2, 2] and H in (4.1) satisfies (CNH) with X = 1.

Remark that if H does not depend on x, as soon as w has a jump, then the contrary to
the conclusion of Theorem 4.1 holds true, see [6]. Indeed, I%L (w) is either empty or infinite,
whenever w has a discontinuity. In particular, [6, (G1) in Proposition 5.2] does not hold.

Recall that [9, Section 5] presents, in the n dimensional case, a backward procedure to
construct what corresponds here, in the x-independent case, to U} in (3.1). In [2, 7, 8],
a systematic use of such backward—forward construction is developed to deal with the
inverse design problem in the x independent case. Formula (3.1) in Theorem 3.2 pushes
this techniques at the optimal control level. Indeed, in the x dependent case the forward and
backward trajectories may well differ, see [9, Example 6.3].

In Theorem 4.1, which is however restricted to the 1 dimensional case, the function H also
satisfies (CNH), showing that the behavior for |x| — 400 is not relevant in this context. More
relevant, Theorem 4.1 shows that there may well be an intrinsic minimal entropy production,
independently of any constructive procedure. As a matter of fact, the U in (3.1) corresponds
to the construction in [9], although it is built by means of optimal control problems rather
than by means of backward Hamilton-Jacobi equations. However, we are here interested
in the broader inverse design characterization discussed in Section 3, rather than in time
reversibility.

The evolution of the numerical solution computed with a standard finite volume scheme,
is represented in Figure 5, see also Figure 1. Remark, and this is intrinsic to the heterogeneous
case, that the initial rarefaction profile evolves into a shock wave. The time asymptotic
behavior shows further differences with the x-independent case, see [32] for more details.

5. Proofs

Several results of use below can be obtained through rather classical techniques but can hardly
be precisely localized in the literature. In these cases, we refer to [26], where all details are
provided.

Proof of Lemma 2.2 Let u, € I%L(w). Call U, a primitive of u,, so that BxSI;U U, = wby [5,
Theorem 2.20]. Then, by Lemma B.2, (¢, x) (SfU U,)(x) is locally semiconcave in the sense
of Definition B.1. Thus, (¢, x) — (StCLuo) (x) is locally one sided Lipschitz continuous in the
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Figure 5. Evolution in time of (a numerical approximation of) the solution u to (CL)—(4.1)-(5.28), constructed in Theorem 4.1,
as a function of the space variable x, computed at different times, see also Figure 1. Note the initial rarefaction profile turning

into a shock at time T = n/(zﬁ).

space variable and hence in BVio(R; R), for all ¢+ > 0. As is well known, this ensures the
existence of left and right traces at any point of the map x — (StCL Uy)(x), forall t > 0. O

Proof of Proposition 2.4 1t is immediate to prove that (CVX) implies (WGNL). Thanks
to (CNH) and (CVX), we can use Lemmas B.3 and B.4 which ensure that there exists a
function ¢ € C°(R,;R) that verifies

V(x,p) e R%, H(x,p) > ¢ (|p]) with AN + 0. (5.1)

r r— 400

Then, (UC) readily follows. O

5.1. Proof of Theorem 3.1

Proof of Theorem 3.1 We only prove the result for the maximal backward characteristic Z,
which we denote for simplicity ¢. The details of the proof for the minimal characteristic ¢ are

similar.
Fix ¢ > 0. Apply Lemma B.8 with { and & = ¢ — e on [0,¢] and s = 0, T = t. After
dividing by ¢, we obtain:

1 r¢® 1 r¢© 1 rt e

—/ U(t,y)dy — —/ Up,(») dy + —/ / H (y, BXU(s,y)) dyds

€ Jr(t)—s € Jr(0)—e €Jo Jro—e (5.2)
1 [t.

=E/O () (U (s,8() —U(s,¢(s) —e))ds.

We want to pass to the limit ¢ — 0in (5.2). To this aim, recall that U(%, -) and U, are continu-
ous in x by Definition 2.3. Moreover, d,U solves (CL) in the sense of Definition 2.1 with initial
data U, see [5, Theorem 2.20]. For a.e. s € [0, t], 3y U(s, -) has left and right limits at x = ¢(s)
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that exist by Lemma 2.2 and coincide, since ¢ is genuine [11, Definition 3.2 and Theorem 3.2].
The map U is Lipschitz continuous, hence U(s,x2) — U(s, x1) = f ; > 0,U(s, y) dy, so that for
a.e.s € [0,t], U(s, -) is differentiable at x = ¢(s) and 9, U (s, £(s)) = limp_, ¢ 0, U(s, £ (s) + h).
We thus obtain:

t
Ut,¢®) — U, (5(0) = /O (£() U (5,2() — H(£(5),0:U (5,£(9))) ds.  (5.3)

Since ¢ is genuine [11, Definition 3.2 and Theorem 3.2], there exists a function w €
C' (10, t[; R) such that (¢, ) is a solution to system (HS) with final conditions ¢ () = x and
w(t) = 0,U(t,x+), since ¢ is a maximal backward characteristics, see [11, Theorem 3.3].
Moreover, for a.e. s € [0,t], w(s) = 09,U(s,¢(s)). Combining these details with (5.3)
and (CVX), classical computations lead to:

t
U(tx) = Us (£(0) = /0 (E® @) — HE (), 0(s)) ds
t
= fo (BpH (), 0(5)) @(5) = H (£(5), 0(s))) ds
t
= /0 L(¢(), pH (5(s), 0(s))) ds

t
= / L(¢(s),2(9)ds,
0
concluding the proof. O

5.2. Proof of Theorem 3.2

In the light of the regularity proved in Lemma 2.2, whenever w € L*°(R;R) is such that
I%L(w) # (J, then by w(x), we mean the left trace w(x—) of w at x, for all x € R.

Lemma 5.1. Let H satisfy (C3), (CNH), and (CVX). Then, for all (45, po) € R?, the Cauchy
problem (HS) with initial datum (qo, p,) at time 0 admits a unique maximal solution (g, p)
defined on all R and satisfying, with the notation (2.5),

|p(t)| < sup |H(x,u)|+ sup L(x,v). (5.4)
lul<|po| lv|<1
xeR xeR

Moreover, calling (q, p) the solution to (HS) with datum (q,, p,) at time 0, the maps

F: R — R2 Fqo R — R F: R — R
(t.40,p0) +—> (q(D),p(1)) (t 40, o) +—> q(t) (t,q0,p0) +—>  p(t)
(5.5)

are of class C.

Proof of Lemma 5.1 By (C3), the standard Cauchy Lipschitz Theorem ensures local existence
and uniqueness of a solution (g, p) to the Cauchy problem for (HS) with datum (g,, po)-
Moreover, since H is conserved along solutions to (HS), for all ¢ where (g, p) is defined,

sup [H(x,w)| = H(qo,po) = H (9(1),p(1)) = |p(t)| — sup L(x,v),
u|= v|=1
o
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where we used (2.5), see also (B.1) with A = 1, proving (5.4). By (HS), (C3), and (5.4), we
also have that the solution (g, p) is bounded and uniformly continuous on bounded intervals.
Hence, it is globally defined.

Standard results on ordinary differential equations, see e.g. [24, Theorem 3.9, Theo-
rem 3.10], ensure that the flow F is as regular as d;H, d,H and, by (C3), the proof is
completed. O

The next three lemmas state simple geometric properties that are consequences of (CVX)
and (CNH) on the graph of H (which looks like a sort of canyon along the x direction).

Lemma 5.2. Let H satisfy (C3), (CNH), and (CVX). Then, there exists a unique function

zzR — R

x — 2 suchthat VxeR 09pH (x,2(x)) =0. (5.6)

Moreover, z € C1H(R; R), if |x| > X then z’(x) = 0 and the following quantities are well defined

z = minz(x), Z = max z(x), K := max H (x, z(x)) . (5.7)
xeR xeR xeR

Proof of Lemma 5.2 Existence and uniqueness of z follow from (CVX). Together, (C3)

and (CVX) allow to apply the Implicit Function Theorem, proving both the C? regularity

of z and, by (CNH), that z’(x) = 0 whenever |x| > X. The completion of the proof is now

immediate. [

Lemma 5.3. Let H satisfy (C3), (CNH), and (CVX). Referring to the function z and to the
constant K defined in Lemma 5.2, there exist functions

m:R x JK, 400 —> R and M:R x ]JK,4o00[ —> R (5.8)
(x,0) > m(x,c) (x,0) > Mi(x,¢) )
uniquely characterized, for c > K and x € R, by
H(x,m(x,c)) =c and m(x,c) < z(x) (5.9)
H(x,M(x,c)) =c and M(x,c) > z(x) )
Moreover,
(i) m,M € C'(R x ]K,+oo[; R).
(ii) m and M have a compact space dependency:
x| > Xandc > K = 9ym(x,c) = 0 and 0,M(x,c) =0. (5.10)

(iii) For all x € R, m(x, -) is decreasing while M(x, -) is increasing.
(iv) For all x € R, lim— 10 m(x, c) = —00 and lim.—, 4 o0 M(x, ¢) = 4o00.

Proof of Lemma 5.3 We only prove the results for M, the details for m are entirely similar.
Assumption (CVX) ensures that condition (5.9) uniquely defines the map M in (5.8). An

application of the Implicit Function Theorem shows the regularity, by (C3), proving (i).
Again, by the Implicit Function Theorem and the chain rule, we have

aXH (x) M(x) C)) + aXM(x) C) apH (x) M(x, C)) = 0 >
which implies (5.10) by (CNH) and by (5.8) and (5.9), proving (ii).
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By the definitions (5.6) of z and (5.8)-(5.9) of M, we have that for all (x, ¢) € R x ]K, o0,
M(x,c) > z(x) and hence d,H (x, M(x,c)) > 0. Again using the Implicit Function Theorem,
d:M(x, ¢) dpH (x, M(x,c)) = 1 proving that d.:M(x, c) > 0, proving (iii).

Since M is increasing, lim. {00 M(x,¢) = sup.. g M(x,c). The boundedness of ¢
M((x, ¢) for some x then contradicts the equality H (x, M(x, ¢)) = ¢, proving (iv). O

Lemma 5.4. Let H satisfy (C3), (CNH), and (CVX). Referring to the constant K in Lemma 5.2
and to the functions m, M in Lemma 5.3, define the functions:

viIK,+oo[ —> R V:IK,+oo[ —> R

c > sup dp,H (x, m(x, c)) and c > inf 8,H (x, M(x, c))
xeR xeR

Then:

(i) v is nonincreasing and V is nondecreasing;
(i) lime—s 400 ¥(¢) = —00 and lim¢—, 1 5 V(c) = +00.

Proof of Lemma 5.4 By (CNH) and (5.3) in Lemma 5.3, v and V are well-defined. We now
prove the statements (ii) and (ii) for V, the case of v being entirely analogous.
From the monotonicity of M and d,H with respect to their second argument:

VxeR, Ve, > K, if¢; < ¢ then dpH (x, M(x, ¢1)) < 9pH (x, M(x,2)) .

Taking the infimum over x € R we prove (i).
By (i), lim.— 100 V(c) = sup,. g V(c). By contradiction, assume that V := sup,_ g V(c) is
finite. By the definition of V and (CNH),

Vne NN]K,+oo[ 3Fx, € [-X,X], suchthat 0,H (x4, M(xp,n)) < V. (5.11)

Up to a subsequence, we can assume that (x,), converges to some x € [—X, X]. Item (5.3) in
Lemma 5.3 and (CVX) imply that lim,, 1 dpH (X, M(X, n)) = +o00. Therefore,

AN e NN]K,+oo[ suchthat Vn>N, 09,H (X, M(x,n)) > V. (5.12)

The monotonicity of M and (CVX), combined with (5.11), result in:
Vn >N, 0pH (x4, M(xs,N)) <V,
which contradicts (5.12), proving (ii). O
Lemma 5.5. Let H satisfy (C3), (CNH), and (CVX). Fix q, € Rand T € R. Then, the map
p = Fy(T,qo, p) defined in (5.5) is surjective, in the sense that
Vagr e R, 3p.e€R  suchthat Fy(T,qops) =41 (5.13)

or, with the notation (2.2),

VY (xo, x7) € R?, dqe Ry suchthat q(0) = x, and q(T) = xT. (5.14)
Proof of Lemma 5.5 Recall the map z and the scalar K defined in Lemma 5.2. Fix ¢, > Kand
let po = M(go> ¢o)- By the conservation of H, we have H (]-"q(t, o> Po)> Fp(t, qa,po)) = ¢, for

all t € IR. Hence, by the definition (5.7) of K, for all t € R, it follows that 7, (%, g0, po) #
z (-Fq(t> 6]0)]70))-
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Using the continuity of F, proved in Lemma 5.1, as well as the fact that p, > z(q,), we
deduce that

VteR, Fp(t:qopo) > z (Fy(tqo.po)) -

Therefore, for all t € R, Fy(t, o, po) = M (]—"q(t, Go>Po)> co), as defined in (5.8)-(5.9). Thus,
by (HS) and the definition of V' in Lemma 5.4, we have:

T
Fq(T>q0>P0)ZQO+/ Q(S)dszqo"i‘V(Co)T —> +00.
0 Co—>+00
A similar argument, with p, = m(qo, c,), yields F4(T, o, po) < go + v(c)) T —> — o0.
Co

——+00
The continuity of F; coupled with the Intermediate Value Theorem concludes the proof of

Lemma 5.5. O

Lemma 5.6. Let H satisfy (C3), (CNH), and (CVX). Fix T > 0 and W € Lip(R; R) such that
IIT{](W) # (. Then, for all U, € IIT{](W), with the notation (3.1),

Vx e R, Up(x) > U)(x). (5.15)

Proof of Lemma 5.6 Fixx € R and y € Ry so that y(0) = x. Since U, € IITH(W), by (2.6) we
have:

T
W (y(T)) — /0 L (y(s),j(s)) ds

T T
= y(Tlflfy(T) (/0 L(y(s),y(s))ds+ U, ()’(0))> —/0 L (y(s),(s)) ds
yERT

T

T
< /0 L (y(s),3(s)) ds + U, (y(0)) — /o L (y(s), (s)) ds

< U, (»(0)
= U,(x).

By taking the supremum over y € R, by (3.1) we complete the proof. 0

By the second condition in (5.1), for any W € Lip(R; R), there exists Cyw >0 such that

), (5.16)

Lemma 5.7. Let H satisfy (C3), (CNH), and (CVX). Fix T > 0 and W € Lip(R;R). Then,
U; defined by (3.1) is Lipschitz continuous and

.
Vr S R+) r 2 CH,W . ld)( ) > ( Sup |H(q’p)| + Sup |L(q,V)
T 1= [1W7[l oo e Ivi<1

qeR

qeR

||(U:)/||LOO(R;R)§T< sup |8xL(x,v)|+||W/HLOO(R;R)>, (5.17)
WI<Chw
xeR

Moreover, in its definition (3.1), the sup is attained and for any Hamiltonian ray q realizing the
maximum in (3.1),

q”LC’O([O,T];R) = Cyw-
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Proof of Lemma 5.7 First, thanks to (3.1), remark that

T
VxeR, -Ui(x)= inf (/ L(q(s),q(s))ds—w(q(T))>.
0

q(0)=x
qeERT

Now reverse time applying the change of variable  := T — s and introducing q" (t) = q(T —
7), L'(x,v) = L(x,—v), H' (x,p) = sup, g (pv — L (x, v)) so that H"(x,p) = H(x, —p).
Moreover, using p"(t) = —p(T — 1), q € Rr ifand only if " € R, where R'; is the set of
Hamiltonian rays (2.2) defined by H”, with reversed time.
T
VxeR, —Ul(x)= inf (f L'(¢(x),q(x)dt — W (qr(O))> )
9" (M=x \Jo
qeR}
Then, in view of Lemma B.9,
T
VxeR, —Ulx) = (iITl)f (/ L' (¢(x),q(x))dt — W (q’(O))> . (5.18)
q (T)=x
q"€Lip([0,TLR) ’
So that, by Lemma B.7, —U}(x) = U'(T,x), with U" being the viscosity solution to the
Hamilton-Jacobi equation
9:U" + H(x,0,U") =0
U0,x) = —W),

proving (5.17).

The result in Lemma B.9 ensures that the supremum in Definition (3.1) is attained as a
maximum. We now combine Lemmas B.6 and B.9 to complete the proof. O

Remarkably, the next Lemma does not require W to be reachable.

Lemma 5.8. Let H satisfy (C3), (CNH), and (CVX). Fix T > 0 and W € Lip(R; R). Then G,
as defined in (3.2) has the following properties.

(i) G is surjective in the following sense:
Vx, € R, 3x7 € Rs.t. (x5,x7) € G. (5.19)
(ii) G is a closed subset ofRz.
(iii) For all (x,,xT) € G, we have
|xo —x7| < TCh - (5.20)
(iv) G is monotone in the following sense:

Xo<Yo == XT=)T;

(5.21)
XT <YT == X0 =)o -

Y (X0, X7)> Wos yT) € G,

Note the connection between (iv) and [6, Lemma 8.1], inspired by [33, Lemma 2.2], see
also [34, Sections 5 and 6]. However, the x dependence makes the present proof significantly
different and more intricate.

Proof of Lemma 5.8 Consider the different items separately.
Property (5.19) comes from the definition of U}, since the sup is actually a max by
Lemma 5.7.
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Proof of (ii): Let (x},x7), be a sequence taking values in G which converges to some
(xo0,xT) € R2. By definition, for all n € N, there exists " € R such that

T
i =q"0), A=q"(T), Ui = W) - /0 L(¢"s) ") ds.  (522)

For all n € N, let us denote by p" € C!([0, TI;R) a curve associated with g", given by
(xp,x7) € G.Lemma 5.7 ensures that for all n € N, | q" ||Loo (0.TLR) < CH’W. Note that

foralln € N, g" € C!([0, T]; R) by (2.2). Thanks to (CVX) and (2.5),
q'(H) = pH (q" (1), p" (1) <= p"() =dL(¢"(1),q"®) .

This proves the boundedness of (p”(O)) and, up to a subsequence, we can assume that
(p" 0),g9" (0))n converges to (py, x,) with p, € R. By Lemma 5.1, the flow of the Hamiltonian
system is continuous and we establish the existence of (g, p) € C°([0, T]; R?) such that @")n
and (p"), converge uniformly on [0, T] to g and p, respectively. Using the integral form
of (HS), we deduce that (g, p) solves (HS). Hence, g € Rt and (x,, xT) € G.

Proof of (iii):  Let (x,,x1) € G and let g € Rt with g(0) = x, and g(T) = x7. Then, in view
of Lemma 5.7 (latter part), we have

|x0 - XT| = |Q(0) - Q(T)| =< T HqHLOO(]O,T[;R) < TCH’W .

Proof of (iv): 'We only prove the first implication in (5.21), the details of the proof for the
second one are similar so we omit them. Let x,y € Rr be two maximizers for U} (x,) and
U} (y0), respectively. By assumption, we have x(0) < y(0) so that we can define
T =sup |t € [0, T]: x(s) < y(s) forall s € [0, ]} (5.23)
and assume, by contradiction, that t < T, so that x(t) = y(t). Define the concatenation
)y if 0<t=<rt,
vielo.Tl, &0 = { x(t) if T<t<T.
Clearly, £ € Lip([0, T]; R) and £(0) = y,.
We now prove that x(t) # y(t). Denote py, p, € C!([0, T]; R) the curves associated with
x and y, respectively, given by (x,,xT), (o, y1) € G. Then,
x(1) = (1) <= 9pH (x(1), px(1)) = 8,H (y(1), py(1))
& 0pH (y(1), px(v)) = 3,H (y(1), py(1)) <> px(7) = py(7),
since p > 9pH (y(1),p) is a bijection by (CVX). However this contradicts the uniqueness of
solutions to (HS), see Lemma 5.1.

Hence, & is not differentiable at point 7. Moreover, since x and y are maximizers, in light
of Lemma B.9 we have:

U, (x0) — W(xr)

T
= — inf / L(q(s),q(s)) ds
q(0)=x, Jo
qe€RT

T

= — inf L(g(s),g(s)) ds

ot /0 (9(),4(5))
q€Lip(]0,TR)
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T T
inf L (g(s),q(s)) ds — inf / L (g(s),q(s)) ds
‘Z(O)Zxaﬂ(f)=€(f)/0 (q( »a( )) q(r)=§(0),q(T)=xT J ¢ (q( »a( ))

q€Lip(]0,7;R) geLip(7,TR)

T T
=— /0 L (y(s),j(s)) ds — / L (x(s), x(s)) ds

T
= _/0 L(6(s),€(s)) ds .

This ensures that £ is a Lipschitz maximizer for U} (x,), therefore, £ € W2 (10, T[; R)
by Lemma B.5. However, this contradicts the fact that £ is not differentiable at t = 7. We
conclude that x and y do not cross in ]0, T[ implying x(T) < y(T) and, hence, x7 < yr. O

Proof of Theorem 3.2 The proof of the implication (1) = (2) is clear.

Proof of (2) = (3). Suppose that II;](W) # (¢ and set w = W/, so that I%L(w) #= 0
by the correspondence between (CL) and (HJ) proved in [5, Theorem 2.20]. We check that
G in (3.2) enjoys the maximal property (3.3). Fix U, € IITH(W), (X0, X7), (X0, X7) € G,
with x. < x7, and x7 € 1x%, x7[. Let y,z € Rr, as defined in (2.2), be solutions to (HS)
connecting (xo, X7) and (x,, x7), respectively, and let £ be the minimal backward generalized
characteristics emanating from (T, x7), associated with (CL) with initial data U}. By [11,
Theorem 3.2], £ is genuine, £ € Rt and by Theorem 3.1,

T

T
W(xr) = /0 L(£(s),£(s)) ds + U, (£(0)) > /0 L(£(s),£(s)) ds + Uz (£(0)).

Above, we used the fact that U, > U}, see Lemma 5.6. We deduce that

T
Us (£(0)) = W(xr) —/0 L(§(s),£(s)) ds.

By definition (3.1) of U, we have equality above, and therefore £ is a point of maximum of
the functional in (3.1). We deduce that (§(0),x1) € G. By (5.21) in Lemma 5.8,
Xp<xr = x, <&0) and x] >xr = x, > £(0).
We deduce that £(0) = x, and, therefore, (x,, x1) € G.
Proofof (3) = (1). We now show that U}, as defined in (3.1), is in I;U(W). We first check
that:
Vxr eR, 3x, € R, (x,x7) €G. (5.24)

Note that (5.24) differs from (i) in Lemma 5.8, since the roles of the elements in the pair
(x0, xT) are reversed.
Fix x7 € R and introduce the subset:

E= {x eR: 3y e ]—oo,xr[s.t (x,) € g} .

Fix x € R such that x < x7 — T Cy - As a consequence of (i) in Lemma 5.8, there exists
y € R such that (x, y) € G. Now, using (iii) in Lemma 5.8, we can write

y=U—x+x< ‘x—y‘-i—(xT—TCH,W)SxT,
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which ensures that |—oo, x7 — T C uwl CE and, therefore, E is non-empty. Moreover, for all
x € E,ify € R (y < xr) is such that (x, y) € G, then we have

x<(x—y+y<|t—y|+xr <TCyy +xr,
proving that E is bounded above. Hence, x = sup E is finite. Likewise, the subset
F= {x eR: 3y e Jx,+oo[ s.t. (x,9) € g}

is nonempty and bounded below. Therefore, x = inf F is finite. The monotonicity of G in (iv)
of Lemma 5.8 ensures that x < x.

Let (x,), be a sequence of E which converges to x. For all n € N, there exists y, < x7 such
that (x, y») € G. Since (x,), is bounded, (y,), is bounded as well, as a consequence of (iii)
in Lemma 5.8. Up to the extraction of a subsequence, we can assume that (y,), converges to
some y < xr. Since G is closed, by (i) in Lemma 5.8, (x,y) € G. The same way, there exists
y > x such that (x, y) € G. Let us conclude the proof by a case by case study.

Case 1: x = x. Call x, this common value. Since y < x7 < y, we have by (3.3)

(xo’y)’ (xo’)_/) € g — (.XO,XT) € g

Case2:x < x. Fixx, € Jx, x[. By (i) in Lemma 5.8, there exists y € R such that (x,,y) € G.
However, by the definition of X, we necessarily have y > x7. Similarly, the definition of x
ensures that y < xt. We proved that y = x7 and therefore, (x,, x7) € G for any x,, € |x, x[.

Equality (5.24) rewrites as:

T
VxeR, 3ge€ Ryrs.t.q(T) =xand W(x) = / L (q(s),q(s)) ds+ U} (q(O)) . (5.25)
0

Moreover, by the definition of U}, we also have

T
YgeRr, /0 L(q(s),4(s)) ds + U} (q(0)) = W (q(T)) . (5.26)

Together (5.25) and (5.26) imply that

T
VieR, W= inf / L(q(s),4(s)) ds + U7 (q(0))
(=2

T
= inf / L (q(s),é](s)) ds+ U (q(O)) ,
q(T)=x 0
q€Lip(10,T[;R)
by Lemma B.9. This last equality means that the viscosity solution U to (HJ) associated
with initial datum U} verifies U(T) = W, using the classical correspondence viscosity

solution/calculus of variations, see Lemma B.7. We proved that U} e I?I (W).

Proof of (2) = myy is well defined and nondecreasing. Suppose that IIT_U (W) # @ and set
w = W/, so that I%L(w) # ¥ by [5, Theorem 2.20]. In the light of both Lemmas 2.2 and 5.1,
7y is well-defined by (2.3).

Fix x,y € R with x < y. Since I%L(w) # @, m, assigns to x, respectively y, the value
at time t = 0 of the minimal backward generalized characteristics emanating from (T, x),
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respectively from (T, y), which we denote by &,, respectively &,. By [11, Theorem 3.2], &, and
&, are genuine, hence they do not intersect in ]0, T, see [11, Corollary 3.2]. This implies in
particular that £,(0) < &,(0), proving that 7,, is nondecreasing. O

5.3. Proof of Theorem 3.3

Proof of Theorem 3.3 We prove the two implications separately.

Claim: If U, € IIT{] (W), then (i) and (ii) hold. Point (i) comes from Lemma 5.6. Let us prove
that (ii) holds. Fix x, € my~ (R). By definition, there exists an x € R such that x, = my (x).
This means that x, is the value at time ¢ = 0 of the minimal backward characteristics &,
see [11, Definition 3.1, Theorems 3.2 and 3.3] emanating from (T, x). Since U, € II;](W),
Theorem 3.1 ensures that

T
mm=AL@@amm+wmy

On the other hand, by (3.1),

T T
Uy (x0)= (Sl)lp <W()/(T))—f0 L(y(S),)'/(S))> ds ZW(x)—/O L (§(5),6(s)) ds = Up(xo).
y(0)=x,
yeERT

So, U, = U} onmy (R). These two functions are continuous, hence they coincide on y» (R).

Claim: If (i) and (ii) hold, then U, € I'(W). Fix x € R. Recall that I’ (W) # @ which,
by Theorem 3.2, ensures that U} € IITLU (W). This, together with the inequality U, > U,
immediately implies:

T
W(x) = inf < /0 L (y(s),5(s)) ds + U (y(O)))

y(T)=x
yeRT

T
< inf < / L (y(s),5(s)) ds + U, (y(0))>. (5.27)
y(T7)z=x 0

YERrT

Denote by & the minimal backward characteristics emanating from (T, x). Using both the
facts that U} € IIT{] (W) and that, by Theorem 3.1, £ is a minimizer, we have:

T
wn=LL@@amm+m@©y

Clearly, £(0) € my~(R) and therefore, by (ii), we can replace U} (£(0)) by U, (£(0)) in the last
equality. This ensures that we have equality in (5.27), which means that U, € IITH (W). ]

5.4. Proof of Theorem 4.1

In all proofs in this section, the reader might want to keep Figure 1 in mind for a helpful
geometrical visualization.

Long but straightforward computations show that H, as defined in (4.1), satisfies (C3),
(CNH) with X = 1, and (CVX), see Figure 4. With this flux, the conservation law (CL) is also
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the inviscid Burger equation with source term —g’, see Figure 4. We fix the initial datum

Uy (X) = { —2 ifx<0, (5.28)

2 ifx>0,

which would evolve into a rarefaction in the homogeneous case. The proof of Theorem 4.1 is
based on the Cauchy problem for (HS) which, in this case, reads

i = r
q(o*’; _ q_g @ with g as in (4.1), (5.29)
P(O) = Do

and to which Lemma 5.1 applies. The first equation in (5.29) will be tacitly used throughout
this section. By the Hamiltonian nature of (5.29), H is conserved along solutions, so that

2
P(zf) ¢ (qn) = Po

Vt e R, +g(qo) (5.30)
Lemma 5.9. Let H be as in (4.1) and u, be as in (5.28). Fix q, > 0. Denote by (q,p) the
solution to (5.29) with initial datum (qo, uo(qo—i—)) = (4o, 2). Then, q is increasing on [0, +o00[
and q(t) t—+> + co.

—>1+00

Proof of Lemma 5.9 Note that p, > 0. By (5.30), forallt € R

p(t)* = p(0)2 +2g(q0) —2g (q(1)) = 2.
=4 >0 <1

Thus, for t € R,p(t)zﬁ. By (HS), q is strictly increasing and q(t)zﬁ t for t€[0, +oo[. O

Refer to the lines on the right in Figure 6 for an illustration of the different behaviors of g
described in Lemmas 5.9 and 5.10.

Lemma 5.10. Let H be as in (4.1) and u, be as in (5.28). Fix 0 < q, < g, and denote by
(g, p), respectively (4, p), the global solution to (HS) with initial datum (go, uo(go+)) = (go» 2),
respectively (o, Uo(40)) = (qo,2). Then, q(t) < q(1), forall t > 0.

Proof of Lemma 5.10 Set p, = uo(q,) and p, = u,(q,). We proceed by contradiction. Let
7 > 0, be the smallest time where g(t) = q(t). Since g, < o, we have that p(t) > p(z). By
Lemma 5.9, p(t) > p(r) > 0. Then,

ZZ;[)‘Z q"[} Ny 2 g0 < B —I—g(qo) [By (4.1) and (5.28)]
= & +g(a(0) = L +£(4(0) [By (5.30)]
= P(T) <p(). [By q(v) =4(1), p(r) = p(z) > 0]
We then deduce that p(tr) = p(r), which contradicts the uniqueness proved by Cauchy
Lipschitz theorem. 0

Lemma 5.11. Let H be as in (4.1) and u, be as in (5.28). Fix p, € [v/2,2[. Denote by (g, p) the
global solution to (5.29) with initial datum (0, p,). (Refer to Figure 6.)
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0

q

Figure 6. On the horizontal axis, the g component of solutions to (5.29), while t is on the vertical axis. Brown curves are those
considered in (5.11) of Lemma 5.11; green curves refer to Lemma 5.12. The 2 red thicker curves depict solutions corresponding
to the initial data (0, +/2) and (0, 2). The black curves are those considered in Lemmas 5.9 and in 5.10.

(i) Ifpo € 1W2,2[, then q is increasing on [0, +oo[ and q(t) t—+> + o0.
—> 1+ 00
(ii) If po = 2, then q is increasing on [0, +oo[, q(t) t—>+ 1 and q is concave.
— 100

Refer to the middle curves in Figure 6 for an illustration of the different behaviors of ¢
described in Lemma 5.11.

Proof of Lemma 5.11 The proof of (i) is identical to that of Lemma 5.9, so we omit it.

Concerning (ii), p is positive on ]0, +-oo[. Indeed, assume by contradiction that there exists
a minimal t > 0 such that p(tr) = 0. By (5.30), we deduce that q(tr) = 1. However,
(gs>ps): t — (1,0) is the unique global solution to (5.29) with datum (1,0). Hence, p is
positive on ]0, 4-o0l[.

Thus, by (5.29), q is increasing on [0, +-o0o[ and positive on ]0, +-oo[. Once again, (5.30)
and the presence of the stationary solution (gs, ps) ensure that for all ¢ € [0, +o0[, q(t) < 1.
Therefore, as t — +00, g admits a finite limit, say g0, which is not greater than 1.

Moreover, the positivity of g ensures, by (5.29), that p is nonincreasing on [0, +-o0], so that
by (5.29), q is concave. Since p is also bounded, by (5.4) in Lemma 5.1, p admits a finite limit
as t — +oo. Hence, g has a finite limit as t — +00 and, since we already showed that g
converges to goo as t — 400, then g — 0 and therefore p — 0 ast — +o0. By (5.30), we
get g(goo) = 1, and hence g > 1, therefore goo = 1, completing the proof of (ii). O
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Lemma 5.12. Let H be as in (4.1) and u, be as in (5.28). Let p, € ]0, V/2[. Denote by (g, p) the
global solution to (5.29) with initial data (0, p,). Then, q is periodic. Introduce the map

T:10,/2[ — 10, +00[
(g, p) solves (5.29) with datum (0, p,) } (5.31)

Po > n {T > 0: q is T-periodic

(i) qis concave on [0, T (po)/2].

(ii) Forallt € [0, T (po)/2], q(t) = q (T (po)/2 — 1).
(iii) For all t € [0, T (po)], 9(t) = —q (T (po) — 1).
(iv) q admits its maximum at T (p,) /4.

Proof of Lemma 5.12 Note first that by (5.30), q is bounded, since for all t € R, g (q(t)) =

2
%%' - @ < %g < 1 and hence |q(t)| < lforallt € R.

Assume now, by contradiction, that g does not vanish on ]0, +-oo|[. Since g(0) = 0 and
q(0) > 0, we have that for all t € ]0,+o00[, q(¢) > 0. Therefore, p is decreasing on [0, +-o0[
by (5.29), bounded by (5.30) and thus admits a finite limit as t — +o0.

Thus, g is bounded and its derivative § = p has a finite limit as ¢t — 400, hence
lim;—, 400 q(t) = 0 and also lim;—, 1, p(t) = 0. Therefore, by monotonicity, p is nonnegative
on all [0, +o00[. Consequently, g is nondecreasing and bounded, therefore it admits a finite
limit goo > 0ast — 4-00. On the one hand, by taking the limit as t — 400 in (5.30), we get:

p?
8(o0) = 5 € 10,10 == 4o €10, 1[ = ¢'(qec) # 0.

On the other hand, p(¢) = —¢’ (q(t)) — —g'(go0). Moreover, p has a finite limit as t — +o0,
p(t) — 0. This provides the needed contradiction.
Thus we proved that there exists T > 0 such that g(t) = 0. As a consequence, the number

Ty = Sup {t € 10,+o00[: Vs € ]0,¢[, q(s) > 0} (5.32)

is well-defined and satisfies g(t.) = 0. Note that for t € ]0, 7,[, q is positive, p is decreasing
and hence g is concave on [0, 7], proving (i) on [0, 7]. Furthermore, p(7,) < po. Apply (5.30)
at time ¢t = T, to obtain p(7,)? = p2, which implies p(z,) = —po.

Now we verify that q is 2t,—periodic. To this aim, introduce & () = —q(t+ 7,) and v(¢) =
—p(t + t4). Thanks to g being even, it is straightforward to check that both (g, p) and (£, v)
solve the same Cauchy problem (5.29). Consequently,

VieR qt +27,) = —q(t + 1) = q(1) . (5.33)

Hence, q is 27,—periodic. By (5.32), 27, is the minimal period, completing the proof of (i).
Finally, define q(t) = q(t« — t) and p(t) = —p(z4 — t). Note that (¢, p) and (g, p) both
solve (5.29) with datum (0, p,), since p(tx) = —p,. Hence, forall t € [0, 74], q(t) = q(zx — 1),
proving (ii). Combined with the concavity of g, this ensures that max;c[o,,] () = q(7+/2),
proving (iv). Finally, (5.33) and (ii) imply (iii). O

Lemma 5.13. Let H be as in (4.1) and u, be as in (5.28). Call T the map defined in (5.31).
Then:

(i) T is continuous.
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(i) T strzctly increasing.
(iii) inf, 1o /31 T (Po) = 7 /V2.
(iv) hm _)N[T(po) = +00.

Proof of Lemma 5.13

Proof of (i). Fix p, € ]0, V2[ and let qo = 0. Let (g, p) be the solution to (5.29). Then, by
Lemma 5.12, we get p(t) = gq(t) > 0 forall t € 10,7 (po)/4[. Hence, using (5.30) we get

Viel0, T(po)/4l  p(t) =/p2 —2g(q(t))

and by (5.29), we have
T(PO)/4 q(t)

0 VP —2¢ q(t)

Note that the integrand in the right hand side above is singular when t = 7 (p,)/4, but it is
positive for all ¢. Use the change of variable x = g() to get

g (p2/2)
T o) = / _ dx (5.35)
0

4 VP2 —28(x)

where g_1 is the inverse of the C! diffeomorphism gl e 10, 1[— 10, 1[.
Define A: 10, 1[— R4 by

(5.34)

(5.36)

A(r) = / 1 4
0 /g(r) —gn
so that the change of variable x = 6 r with r = g1 (p2/2) in (5.35) leads to
T o) =2vV2 A(g™' (02/2) . (5.37)
The continuity of A is proved in Lemma A.2 in Appendix A, completing the proof of (i).

Proof of (ii). By [35, Theorem A], (5.37) and (5.30), the condition
d2
veeioa, (29 )5,
dx g/(x)z
ensures that E > 242 A (g_l(E)) is increasing. Hence, by (5.37), also T is increasing on
10, /2. By (4.1), for x € ]0, 1] we have
d? (g(x)) 3 7x% — 32x° 4+ 59x* — 56x% — 6

g (x)? 32 (x> = D?
We leave to Lemma A.1 in Appendix A the proof that gx—zz (g?((—j:))z> > O forall x € ], 1[ by

means of Sturm theorem, see [36].

Proof of (iii). To prove the lower bound on 7, introduce for any p, € 10, V2], q > 0so that
8@ =p3/2:

inf T (po) = l1m T(Pa) [By the monotonicity of 7]
10€10,4/2]
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= lim 2V2 A(gN(B)) [By (5.37)]
= lim 2v/2 A(r) [By (4.1)]

1
= 2«/5 lim / S S do
—0Jo /g(r) —g(Or)

! de
4 / Y
0 VEO 107
T

7

This completes the proof of (iii).

[By (5.36)]

Proof of (iv). Similar computations, using now Fatou’s lemma, lead to

lim T (po) = 2+/2 lim

1 r
—_—
Po—~/2 r—1 /0 Vg(r) —g@r)

completing the proof of (iv) and of Lemma 5.11. O

1
1

6 > 2+/2 —  _do = ,

= «/_/0 1—62)2 +00

Lemma 5.14. Let H be as in (4.1) and u, be as in (5.28). Fix 0 < p, < p, < 2 and denote
by (g, p), respectively (g, p), the global solution to (5.29) with initial datum (0, p,), respectively
(0, po). Then,

() po€lo,V2[ = Vtelo,T(p)/21  qt)<q(1);
(i) poelv2,2[ = Vtel0,+oof q(t) <4(t).

Refer to the middle and left curves in Figure 6 for an illustration of the different behaviors of
q described in Lemma 5.14.

Proof of Lemma 5.14 We split the proof in several steps.
Claim 1: Let T > 0 be such that p(t) > 0 and'ﬁ(t) > 0 forallt € [0, T]. Then, forall t € [0, T],

q(t) < 4(t). By contradiction, since p, < p,, there exists s € ]0, T] such that q(¢) < g(t) for
t € 10,s[, q(s) = g(s) and thus p(s) > p(s). Then, by (5.30),

0 < po <Ppo = H(0,p,) < H(0,D,) [By (4.1)]
= H(q(s),p(s)) < H(q(s),p(s)) [By (5.30)]
= p(s) < :5(5) [Since q(s) =4(s) and p(s) > 0, ?(s) > 0]

which yields a contradiction, proving Claim 1.

Claim 2: (i) holds for p, € 10,+/2[. By Claim 1, for all t € 0, T (p,)/4[, q(t) < q(¢). Indeed,
by (5.29) together with Lemmas 5.12 and 5.13, both p and p are positive on 0, 7 (p,)/4[ and
Claim 1 applies. Hence, by the symmetry in (ii) of Lemma 5.12, we have

Vte }7(250) _ Ttpo) To) [ q (—T(f“) — t) <q(@).

>

4 2
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q .
_____ n e '
\‘ T \;‘\'
0 T(po) T(Po) T(Po) _ T(po) T(Po)
4 4 2 4 2

Figure 7. Curves used in Claim 2 in the proof of Lemma 5.14. The dashed curve is the graph of n in (5.38). The continuous curves
are the graphs of g restricted to [0, 7 (po) /2] and of its translate. The dashed-dotted curved is the graph of G.

Introduce the concave function

2o IE] .
q(0) te [0, @]
() T TG _ T (538)
t — q ( I ) te |[———— — —
T (@0 T (o T@o) T(Po
RE SR A Y
and note that, see Figure 7,
vielo, 742 aty<n@  [By(5.38)]
Vte [0, T(f”)] n(t) <q) [By concavity of n and ]

Vie [% @] q(t) <n(t) [By symmetry]
completing the proof of Claim 2.

Claim 3: (i) holds for p, € [v/2, 400l. By Claim 1, for all t € 10, 7 (p,) /4], q(t) < q(®).

By (iv) in Lemma 5.12, for all t € 10, T (po)/2[, q(t) < q(T (p,)/4), while by (i) and (ii) in
Lemma 5.11, for p, € [+/2, +oo[ and for all t € [T (po) /4, +00l, G(t) > G(T (po)/4). All this
ensures that

T (o) T (o T (o ~ (T (o -
Vte[%,%}, q(t)§q<%><q(%>§q(t),

completing the proof of Claim 3.
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Claim 4: Proof of (ii). If po,po € [v/2,2], then by (i) and (ii) in Lemma 5.11, g and g are
increasing, so that by (5.29) p and p are positive. So, Claim 1 applies, completing the proof. [

We use below the flow F introduced in (5.5) with reference to (HS), which we now
particularize to (5.29). By Lemma 5.1, F is of class C?. Define

(@, p") () = F(t,0,v2) and  (¢%p")(®) = F(1,0,2), (5.39)

q’, respectively g%, being the leftmost, respectively rightmost, red line in Figure 6.

Lemma 5.15. Let H be as in (4.1) and u, be as in (5.28). Define the set
D == ([0, +oo[ x {2}) U ({0} x 10,2]). (5.40)
Then, there exists a unique map

A:]0,400[ x 10,400 —> D

(%) s (qorpo) (5.41)

such that
Fq(tsqo,po) =x and Vs € ]0,t[, F4(s,qo,po) > 0. (5.42)
Moreover,

(1) A is continuous.

(2) A is monotone, in the sense that setting A(to,x,) = (0,po) and A(ty,x,) = (0,p)), if
0 < x, < %, < q°(to), then p, < pl.

(3) For all x € 10, 4+o00[, limy— o A(t, x) = (x,2).

Proof of Lemma 5.15 We split the proof in several steps.

For all (t,x) € 10,400[?, there exists (p,,qo) € D satisfying (5.42). Fix (t,x) € ]0,+o00[ x
10, 4o0[. If x = qﬁ(t) as in (5.39), then set (go,po) = (0,2). Otherwise, introduce the
functions

h:[0,+o00] —> R nd k:10,2] — R
9o — Fy(tq0,2) — x a po > Fu(t,0,p,) — x.
Note that if x > ¢*(¢) then h(0) < 0 and h(x+1) = Fq(t,x+1,2) —x > 0 by Lemma 5.9. By
the Intermediate Value Theorem, there exists a g, such that h(g,) = 0, hence F4(t, g,,2) = x.
By Lemma 5.9, for all s > 0, F4(s, go, 2) > 0, proving (5.42) in the case x > q ().

Ifx [qb (1), qjj ()], then k(v/2) < 0 < k(2) by (5.39). By the Intermediate Value Theorem,
there exists p, such that k(p,) = 0, i.e., F4(t,0, po) = x. Then, by Lemma 5.14, the right part
of (5.42) follows in the case x € [qb(t), qﬁ(t)].

Similarly, if x € ]0, qb(t)[, then k(v/2) > 0 and lim];,_>0+ k(p) = —x < 0. By the
Intermediate Value Theorem, we can define

Do = max {JTO € [0,v/2]: k(o) = 0} .

Hence, for all p € p,, V2, k(p) > 0. Proceed now by contradiction: assume there exists
s € 10, t[ such that F,(s,0,p,) < 0. By Lemma 5.12, we get t > T (p,). Using Lemma 5.13
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and the Intermediate Value Theorem, it follows that there exists p, € 1p,, V/2[ such that
T (p,) = t. By Lemma 5.12, this implies that F4(t, 0, p,) = 0 and therefore k(p;,) < 0, which
contradicts the choice of p,.

A is uniquely defined. For all (t,x) € ]0,400[ x ]0,+o00[ the uniqueness of a (go, po)
satisfying (5.42) follows from the monotonicity properties proved above. Indeed, recalling ¢*
asdefined in (5.39),if0 < g, < goandp, = p, = 2, then, by Lemma 5.10, forall s € [0, +o0,
g°(s) < F4(s, 40> Po) < Fq(s,qo Po). On the other hand, if g, = go = 0and 0 < p, < po < 2,
then by Lemmas 5.11, 5.12, and 5.14, for all s such that Fq(t,q0,p0) = 0 forall T € [0, s], we
have F4(s, 4o, po) < F4(s,Go>Po) < q"(s). Finally, if g = 0, 3o > 0, po € 10,2[ and p, = 2,
then Lemmas 5.14 and 5.10 ensure that for all s such that F4(t, g0, po) > 0 forall T € [0, 5],
we have F;(s, 4o, po) < qjj () < F4(s, 9o Do)- The uniqueness of (o, p,) follows.

A is continuous.  For any (o, p,) € Dand (t,x) € ]Ri,if(qo,po) = A(t, x) then by (5.30), we
have |]:p(t, qo,po)| < /P2 + 2, so that by (5.29), |.7-"q(t, Qo»Po) — qo’ < t/p? + 2. Therefore,

|40] <x+t/pi+2. (5.43)

Choose now a sequence (t,, x,) in ]0, +-00[ x ]0, +-00[ converging to (¢, x) also in ]0, +-o00[ x
10, +ool[. Define (q0,ps) = A(ty,x,). The sequence p! is in [0,2] by (5.40) and (5.41).
By (5.43), also the sequence g is bounded, since also (t,, x,) is bounded. Call (o, po) the
limit of any convergent subsequence, so that (q,, po) € D. By the continuity of F proved in
Lemma 5.1. up to a subsequence we have

fq(t’ qo>Po) = nlir—tr-loo -Fq(tn:qgrpg) = nlir-ir-loo Xn = X. (5.44)

This also shows that (g, p,) € D. Otherwise, if (g, po) € D\ D, then (90> po) = (0,0) and
forall t € R, Fq(£,0,0) =0 # x.

Since (qp, p) = A(tn, xn), then x, = Fy(ty, gy, py)- Thus, Fy(s, g, py) > 0fors € ]0,2,[.
In the limit n — +o00, we have x = F,(t, g, po) and if s € 10, t[, then F4(s, o, po) > 0.

The possible behaviors of s — F(s, 4o, po) classified in Lemma 5.9, Lemma 5.11 and in
Lemma 5.12 ensure that for all s € 0, t[ we have F,(s, g0, po) > 0 so that also the second
condition in (5.42) is met and A (%, x) = (4o, po) the limit (g,, p,) being independent of the
subsequence. This completes the proof of the continuity of A.

Proof of (2) and (3). Fix a positive x. Let t, be any positive sequence converging to

0. Then, Fy (ty, A(ty,x)) = x. The bound (5.43) ensures that, up to a subsequence,

limy—s 400 A(ty, x) = &, with & € D satisfying F4(0,&) = x. Hence, & = (x, 2), proving (3).
The monotonicity of A follows from Lemma 5.14, completing the proof of (2). O

Proposition 5.16. Let H be as in (4.1) and u, be as in (5.28). Recall the notations (5.5)
and (5.41). The function

u:10,4o00[ x (R\ {0}) —> R
Fp (&, At x)) if x>0, (5.45)
(&%) — { —Fp (b A(t,—x) if x<0.



498 (&) R.M.COLOMBOETAL.

is in L*°(]0, +-o0o[ x R; R), solves (CL) with datum (5.28) in the sense of Definition 2.1, it is a
classical strong solution outside x = 0 and outside |x| = q*(t), it is continuous along |x| = q*(t)
and there is an entropic stationary shock along x = 0 for t > 17/(2+/2).

The lack of differentiability along |x| = g*(t) is visible in Figure 1.

Proof Proposition 5.16 Call I" the graph of the map ¢ — qﬁ(t) as defined in (5.39) and define
Q =10, +oo[% \ T. Note that by Lemma 5.15 and (5.45), u € C°(]0, +o00[ x (R \ {0}); R).

Claim 1: u € CY(R;R) and is a classical solution to (CL)-(4.1)-(5.28) in Q. This follows
from an application of the Implicit Function Theorem. Indeed, let (f5,x,) € €. Then,
either A(ty,%,) = (go,2) or A(ty,x,) = (0,p,) for suitable g, > 0 or p, € ]0,2[. Thus,
Fq(to, o, 2) — xo = 0 or Fy(ts,0,po) — X, = 0. Introduce the functions

F:10, 400> —> R G:10,4+00[® x 10,2 —> R
tx,q9) +—> Fe(t,q,2) —x (t,x,p) > Fy(t,0,p) —x.

By Lemma 5.1, both F and G are of class C2, F(t,, X0, qo) = 0 or G(t,, X0, po) = 0.
Moreover, Lemma 5.10 implies that for all t > 0, g +— Fq(t,g,2) is increasing and
therefore,

V(t,q) €10,+00[*,  3,F4(£4,2) = 0.

If 8,7 4(to, 40> 2) = 0, then t, minimizes the map ¢ — 94354 (t, 4o, 2) so that %aq}"q(t, do>2) =
0and y: t > 95F4(t, 4o, 2) solves the Cauchy problem

y(t) = —g" (F4(t,40,2)) y(1)
}’(to) =0
}"(to) =0.

The uniqueness of solutions is ensured by Cauchy Lipschitz theorem, we thus have that y = 0.
On the other hand, deriving (5.29) with respect to g,, we see that y also solves

y(t) = —g" (F4(t, 90, 2)) y(1)
y(0) =1
y(0) =0,

which is a contradiction. Therefore, d9,F(t,, X0, 40) > 0.
Similarly, Lemma 5.14 implies that for all ¢ > 0, p > F4(t, x, p) is increasing and therefore

V(t,p) € 10,400l x 10,2,  8,F,(t,0,p) = 0.

If 8, F4(t, 0, po) = 0, then t, minimizes the map ¢ — 9,F4(t, 0, p,) so that %ap}"q(t, 0,p0) =
0and t > 9,F4(t, 0, p,) solves the Cauchy problem

y(t) = —g" (F4(£,0,p0)) y(1)

}’(to) =0
j’(to) =0.
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The uniqueness of solutions ensured by Cauchy Lipschitz theorem, we thus have that y = 0.
On the other hand, deriving (5.29) with respect to p,, we see that y also solves

y(t) = —g" (Fq(t,0,po)) y(t)
y(0) =0
Py0) =1,

which is a contradiction. Therefore, 3,G(to, X0, po) > 0.

The Implicit Function Theorem allows us to obtain a locally unique map Q such that g, =
Q(t,, x,) from the relation F(%,, g0, X,) = 0and, in the same way, to obtain p, = P(t,, x,) from
the relation G(t,,x,, po) = 0, with both functions Q and P of class C!. Note that by (5.41),
by (5.42), by (1) in Lemma 5.15 and by the local uniqueness of Q and P, we get

(Q(t,x),2) ifx>qg*(t)

A(t, X) = { (O,P(t, x)) ifx < qﬂ(t)

and, by (5.45), the C! regularity of u in § is proved.

We now prove that u solves (CL) with H as in (4.1) and initial datum (5.28). To this aim,
observe that the map x — u(f,x) is odd, forall t € R,.

Assume x > 0. Then, by the Implicit Function Theorem and by (5.45), for all (¢t,x) € Q
we have

o F, F 1.

_ [ BeQwn ifx=gn  dQ=—gE=—gF  4Q=gx;
ult, x) = Fp (1,0,P(t,x)) ifx <g*(t) w Bth—at—]:q = —i 0xP= 77
IpFq IpFq R

Hence, recalling also (5.29)

atfp-f-aq]:p 3tQ+Fp aqu 8xQ=—g/

m”“”wz{m5+%5mp+a%ﬁﬁﬁ=_g

ensuring that u solves (CL)-(4.1) in the classical sense in €2. The case x < 0 is entirely similar
by (5.45), since H is even in x and p.

Claim 2: Conclusion. 'The monotonicity proved in Lemma 5.15 ensures that A, and hence
u, admits traces along x = 0 for all t > 0 and u(¢,0—) = —u(t,0+), because u(t) is odd.

Since p %2 is an even function, by (4.1) and (5.45) H (0, u(¢,0+)) = H (0, u(t,0-)).
Hence, either u(t,04) = u(t, 0—), or Rankine-Hugoniot conditions hold along the stationary
discontinuity along x = 0.

Assume that u(t,04) # u(t,0—). Then, u(t,0+) # 0. Moreover, by (5.45), for a positive
sequence x, converging to 0, we have that u(¢, x,) # 0 and has a fixed signed for all n. Hence,
A(t,xn) = (0, py) with p, # 0. Lemmas 5.11 and 5.12 then ensure that p, € 10, V2[. Uptoa

subsequence, lim,_, oo pn = px for a suitable p,. > 0 (for, otherwise, u would vanish).
u(t,04) = lim wu(t,x,)
n——+00

= lim F,(t,0,py) [By (5.41)—(5.42)]
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. d
= lim =F(t.0,p) [By (5.29)]
= %]—"q(t, 0,px) . [By Lemma 5.1]

Note that F4(t,0,p) = 0, so that by (5.42) the map t > F,(t,0, p,) passes from positive
to negative at ¢, showing that %}"q(t, 0,ps) < 0, so that u(t,04+) < u(t,0—). By (CVX), we
obtain the Lax Entropy Inequality [10, Section 11.9] at x = 0.

Consider now the initial datum. By (3) in Lemma 5.15, for x € ]0, +oo[, lim;_, o+ u(t, x) =
limis oy Fp (K A(LX) = Fp(0,x,2) = 2 = uy(x). The case x < 0 is entirely
analogous.

Along I, u is continuous so that Rankine-Hugoniot and Lax entropy conditions are met.
Hence, u is an entropy solution to (CL)-(4.1)-(5.28) both where x > 0 and, by symmetry,
also where x < 0. Along x = 0, Rankine-Hugoniot conditions and the usual Lax entropy
inequalities are met, both if u is continuous or not. As t — 0+, u(t) pointwise converges to
the initial datum (5.28). A standard argument then ensures that u solves (CL)-(4.1)-(5.28) in
the sense of Definition 2.1, see [5, Conclusion in the proof of Lemma 3.3] for the details. The
proof is completed. O

Proof Proof of Theorem 4.1 Let T > 0. Set w = u(T,-) with u as in (5.45). By Proposi-
tion 5.16, I%L(w) # Pand u, € I%L(w), where u, is as in (5.28). Moreover, thanks to the
regularity of u outside x = 0 proved in Proposition 2.4 and to [11, Theorem 4.1], since
7w(R) = R, by Theorem 3.3 we deduce that I%L (w) = {u,}.

To complete the proof, use 7 as defined in (5.31), note that a shock in u first arises at time
inf pocl02] To)/2=m/ (2V2) by (iii) in Lemma 5.13. The growth of the shock size follows
from the fact that 7 is strictly increasing. O

A. Appendix to Section 5

Lemma A.1. The polynomial P(x) := x5 — %x‘s + %x“ —8x%— g is negative for all x € [—1, 1].
Proof of Lemma A.1 The Sturm sequence, see [36], of P is:

signat — 1 sign at 1

32 59 6
- x4 a8 — = — —
7 7 7
;192 o 236 4
8x—7x + —x" — 16x + —
8 6 59 4 )
-X — —X 6x —
7 14 + + 7 + +
Do Xeam -
——X —X X —
14 7
5 526 6
14 29 7
3972 5 944
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3639116 , + 6 + +
X —
201579 7
137451770
6368453
6
7

Sturm theorem, see [36], ensures that P has 4 — 4 = 0 roots in [—1, 1]. Therefore, for all
x € [—1,1], P(x) has the sign of P(0) = —6/7 < 0. O

Lemma A.2. Let A be as in (5.36) with g as in (4.1). Then, A is continuous on 10, 1.

Proof of Lemma A.2 For (r,0) € ]0,1[ x [0, 1], define B(r,0) = r/,/g(r) —g@r). B

is positive. For any ¢ € ]0,1/2[, fix r € [e,1 — ¢]. Then, for 8 € [0,1/2], B(r,0) <
maXe 1—¢]x[0,1/2] B, while for 6 € [1/2,1]
B(r,0) < ! .
\/1 - 9\/minpe[e/2,1—a] g/(,O)
Hence, B is continuous and dominated, therefore A is continuous, too. O

B. Appendix: technical results from the literature

We collect below definitions and technical statements, adapted to the present notations, that
were used in the preceding proofs and can be found in the literature. Detailed references are
provided.

Definition B.1. [20, Definition 1.1.1] Let A C R”" be open. A function u: A — R is
semiconcave if u € C%(A; R) and there exists C > 0 such that u(x + h) + u(x — h) — 2u(x) <
C ||h||2for all x,h € R" such that {§ x + (1 — 0)h: 6 € [0,1]} C A.

Lemma B.2. [20, Theorem 5.3.8] Let U € Lip;,.(]0, T[ x R;R) be a viscosity solution of
0:U + H(x,0,U) = 0in 10, T[ x R, where H € Liploc(Rz;]R) is strictly convex in the last
variable. Then U is locally semiconcave in 10, T[ x R.

Lemma B.3. [26, Lemma 8.1.3] Let H satisfy (C3), (CNH), and (CVX). Then L, as defined
in (2.5), also satisfies (C3), (CNH), and (CVX). Moreover,

L(x, 1
Vi >0, Vx € R, Vv € R, (x,v) > A — —<supH(y,u));

V] VI \yer
[ul<x
H(x, 1
VA >0, Vx € R, Vu € R*, (x u) > A — —(supL(y, v)) . (B.1)
|ul lul \)er
[vI=x

Lemma B.4. [26, Corollary 8.1.4] Let H satisfy (C3), (CNH), and (CVX). Then, H and
L, as defined in (2.5), have Nagumo growth, i.e., there exists a ¢ € CO(R™;R) such that
%qb(r) —+> + oo and H(x,v) > ¢ (|v]) for all x,v € R.

r—>+00
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Lemma B.5. [26, Corollary 8.3.7] Let H satisfy (C3), (CNH), and (CVX). Fix t > 0,
x € Rand Uy € Lip(R;R). With the notation (2.4), call y a Lipschitz minimizer of J; in
{yeWI’l(]O, tR): y(t):x}. Then, y is in W>* (10, t[; R) and satisfies the weak form of the
Euler-Lagrange equations, i.e,

Y € C2(10.1: R), f $(5) AL (¥(9),5(5)) d / $(5) 0L ((5), 7()) ds

Lemma B.6. [26, Theorem 8.3.9] Let H satisfy (C3) and (CVX). There exists a constant
Cu > 0 such that for allt > 0, for all x € R and for all Lipschitz minimizers y of J; in

{y e Wh(0,t[; R): y(t) = x}, we have ”).}”LOO([O,T]XR;R) < Cy.

Lemma B.7. [26, Theorem 8.3.12] Let H satisfy (C3) and (CVX). With the notation (2.4),
define U(t, x) '= min {jt(y): y € Wti(o, t[; R) andy(t):x},for (t,x) € 10, T[ x R. Then,
U e Lip(J0, T[ x R;R), U is a viscosity solution to (HJ) with initial data Uy and for all
(t,x), (1,€) € 10, T[ x R, using the constant Cy from Lemma B.6,

UG 1) — UG D)l < T( sup [0, + ||U5||L°°<R;R))|x g
|3|/§CH
+((sup 2009+ 1 Ul it it = 1.

yE
VI=CH

Lemma B.8. [26, Lemma 8.3.13] Let U € Lip(]J0, T[ x R;R) be the viscosity solution to (HJ)
with initial data Uy € Lip(R;R). Fix §,¢ € Lip([0, TI;R), & < ¢. Then, foralls,t € [0, T]
with s < t, we have:

¢(1) &) ¢()
/ U(x,7)dx — / U(x,s)dx + / H (x,0,U(x, t)) dxdt
§(t) £(s) s JE@)

= / (O UE®.H—E® UE®,n)de.
The previous Lemma is analogous to [11, Lemma 3.2].

Lemma B.9. [26, Corollary 8.3.15] Let H satisfy (C3) and (CVX). Fixt > 0, x € R and
Uy € Lip(R; R). Then, with the notations (2.4) and (2.2),

min {jt(y): y e w0, t[; R) andy(t):x} =min {jt(y): y € Lip(]0, t[; R) andy(t):x}
=min {jt(y): y € Rt andy(t)zx} .
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