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Abstract

We consider the two-dimensional plasma-vacuum interface problem in ideal
compressible magnetohydrodynamics (MHD). This is a hyperbolic-elliptic coupled
system with a characteristic free boundary. In the plasma region the 2D planar flow
is governed by the hyperbolic equations of ideal compressible MHD, while in
the vacuum region the magnetic field obeys the elliptic system of pre-Maxwell
dynamics. At the free interface moving with the velocity of plasma particles, the
total pressure is continuous and the magnetic field on both sides is tangent to the
boundary. The plasma-vacuum system is not isolated from the outside world, since
it is driven by a given surface current which forces oscillations onto the system.
We prove the local-in-time existence and uniqueness of solutions to this nonlinear
free boundary problem, provided that at least one of the two magnetic fields, in the
plasma or in the vacuum region, is non-zero at each point of the initial interface.
The proof follows from the analysis of the linearized MHD equations in the plasma
region and the elliptic system for the vacuum magnetic field, suitable tame estimates
in Sobolev spaces for the full linearized problem, and a Nash–Moser iteration.

1. Introduction

Consider the equations of ideal compressible MHD (see [13,14,20])
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂tρ + div(ρu) = 0,

∂t (ρu) + div(ρu ⊗ u − H ⊗ H) + ∇(p + 1
2 |H|2) = 0,

∂tH − ∇ × (u × H) = 0,

∂t (ρe + 1
2 |H|2) + div((ρe + p)u + H × (u × H)) = 0,

(1.1)
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where the density ρ, the velocity u ∈ R
3, the magnetic field H ∈ R

3 and the
pressure p = p(ρ, S) are unknown functions of the spacial variables x ∈ R

3 and
the time t. Here S is the entropy, e = E + 1

2 |u|2 is the total energy and E = E(ρ, S)

stands for the internal energy. By using the state equation of gas, ρ = ρ(p, S), and
the first principle of thermodynamics, we have that (1.1) is a closed system. System
(1.1) is endowed with the divergence constraint

divH = 0 (1.2)

on the Cauchy initial data.

In this paper we restrict ourselves to 2D planar MHD flows. This means that
the flow is x3-invariant and the velocity and the magnetic field are shearless, i.e., the
unknowns do not depend on x3 and u3 = H3 = 0. It follows from the 4th and 7th
scalar equations of system (1.1) for x3-invariant flows that u3|t=0 = H3|t=0 = 0
implies u3 = H3 = 0 for all t > 0. That is, the restriction that the velocity and the
magnetic field are shearless at a first moment guarantees that 2D flows are planar.
In other words, without loss of generality we may assume that the space variables,
the velocity and the magnetic field have only two components: x = (x1, x2) ∈ R

2,
u = (u1, u2) ∈ R

2, H = (H1, H2) ∈ R
2.

By (1.2), we can rewrite (1.1) in the non-conservative form

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ρp
ρ

(∂t + u · ∇)p + divu = 0,

ρ(∂t + u · ∇)u − (H · ∇)H + ∇q = 0,

(∂t + u · ∇)H − (H · ∇)u + Hdivu = 0,

(∂t + u · ∇)S = 0,

(1.3)

where ρp = ∂ρ
∂p and q = p + 1

2 |H|2 denotes the total pressure. Equation (1.3)
form a symmetric system for the unknown vector (p,u,H, S). In the following,
we shall adopt a different symmetrization form of (1.3), namely we choose the
basic unknown q instead of p. Denote d/dt = ∂t + (u · ∇). Then, the equation for
the pressure in (1.3) has the form

ρp

ρ

(dq

dt
− H · dH

dt

)
+ divu = 0, (1.4)

where in this case ρ = ρ(q −|H|2/2, S) and similarly for ρp. We then derive div u
from (1.4) and rewrite the equation for the magnetic field in (1.3) as

dH
dt

− (H · ∇)u − ρp

ρ
H
(dq

dt
− H · dH

dt

)
= 0. (1.5)
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Substituting (1.4), (1.5) into (1.3) yields the symmetric system
⎡

⎢
⎢
⎣

ρp/ρ 0 −(ρp/ρ)H 0
0T ρI2 O2 0T

−(ρp/ρ)HT O2 I2 + (ρp/ρ)H ⊗ H 0T

0 0 0 1

⎤

⎥
⎥
⎦ ∂t

⎡

⎢
⎢
⎣

q
u
H
S

⎤

⎥
⎥
⎦+

+

⎡

⎢
⎢
⎣

(ρp/ρ)u · ∇ ∇· −(ρp/ρ)Hu · ∇ 0
∇ ρu · ∇I2 −H · ∇I2 0T

−(ρp/ρ)HTu · ∇ −H · ∇I2 (I2 + (ρp/ρ)H ⊗ H)u · ∇ 0T

0 0 0 u · ∇

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

q
u
H
S

⎤

⎥
⎥
⎦ = 0,

(1.6)

where I2 denotes the 2 × 2 identity matrix and 0 = (0, 0). System (1.6) can be
written in the matrix form as

A0(U)∂tU + A1(U)∂1U + A2(U)∂2U = 0, (1.7)

where U = U(t, x) = (q,u,H, S), with the initial data U(0, x) = U0(x). The
symmetric matrices Aα (α = 0, 1, 2) can be easily written down if necessary. The
quasilinear symmetric system (1.7) is hyperbolic if the state equation ρ = ρ(p, S)

satisfies the hyperbolicity condition A0 > 0 :
ρ > 0, ρp > 0. (1.8)

Let �+(t) and �−(t) be the regions occupied by the plasma and the vacuum
respectively. That is, in �+(t) the motion of an ideal plasma is governed by the
MHD system (1.1) (or (1.7)) whereas in �−(t) the vacuum magnetic field H obeys
the pre-Maxwell equations [4,14] that in 3D read as

∇ × H = 0, divH = 0. (1.9)

In order to write down the 2D version of (1.9) we are considering, we assume that
no variable depends on x3 and that H3 = 0 in �−(t). That is, the 2D version of
(1.9) reads as

curlH = 0, divH = 0, (1.10)

where we have denoted

curlH = ∂1H2 − ∂2H1

divH = ∂1H1 + ∂2H2

for the vacuum magnetic field H = (H1,H2).
Let us assume that the moving interface �(t) between plasma and vacuum

(which is a curve in 2D) is given by a smooth function F(t, x): �(t) = {F(t, x) =
0}. It is to be determined and moves with the velocity of plasma particles at the
boundary:

dF

dt
= 0 on �(t), ∀t ∈ [0, T ]. (1.11)
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As the interface function F is one of the unknowns of the problem, we deal with
a free-boundary problem. The plasma variable U is connected with the vacuum
magnetic field H through the relations [4,14]

[q] = 0, H · N = 0, H · N = 0, on �(t), (1.12)

where N = ∇F and [q] = q|� − 1
2 |H|2|� denotes the jump of the total pressure

across the interface. These relations together with (1.11) are the boundary conditions
at the interface �(t).

As in [35,36], we assume that for problem (1.7), (1.10)–(1.12) the hyperbolicity
conditions (1.8) are satisfied in �+(t) up to the boundary �(t), i.e., the plasma
density does not go to zero continuously, but has a jump (clearly in the vacuum
region �−(t) the density is identically zero). This assumption is compatible with
the continuity of the total pressure in (1.12). Moreover, as in [35,36], for technical
simplicity we will assume that the moving interface �(t) takes the form of a graph
with periodic boundary conditions in the tangential direction:

�(t) := {x = (x1, x2) ∈ R × T , x1 = ϕ(t, x2)} .

there t ∈ [0, T ] and T denotes the 1-torus. It is assumed that −1 < ϕ(t, ·) < 1.

Then

�±(t) = � ∩ {±(x1 − ϕ(t, x2)) > 0},
where � = (−1, 1) × T is the space domain occupied by plasma and vacuum.

With our parametrization of �(t), the boundary conditions (1.11), (1.12) be-
come

∂tϕ = uN , [q] = 0, HN = 0, HN = 0 on �(t), (1.13)

where uN = u · N , HN = H · N , HN = H · N , N = (1,−∂2ϕ).
On the fixed top and bottom boundaries

�± := {(±1, x2), x2 ∈ T},
of the domain �, we prescribe the boundary conditions

u1 = H1 = 0 on [0, T ] × �+, H2 = J on [0, T ] × �−, (1.14)

where J = J (t, x2) is a given function. The last boundary condition in (1.14) is
the 2D version of the standard physical boundary condition

e1 × H = J

on the fixed bottom boundary x1 = −1 of a 3D space domain �−(t), where
e1 = (1, 0, 0) and J is a given surface current, which forces oscillations onto the
plasma-vacuum system (see [36] for further discussions). In our 2D planar case,
the scalar function J is just the third component of the vector function J.

System (1.7), (1.9), (1.13) is supplemented with initial conditions

U(0, x) = U0(x), x ∈ �+(0), ϕ(0, x) = ϕ0(x), x ∈ �(0),

H(0, x) = H0(x), x ∈ �−(0),
(1.15)
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Note that we must regard (1.2) as well as the boundary conditions HN |� = 0 and
H1|�+ = 0 in (1.13) and(1.14) as the restrictions on the initial data (1.15). More
precisely, we can prove that a solution of problem (1.7), (1.10), (1.13)–(1.15) (if it
exists for all t ∈ [0, T ]) satisfies

divH = 0 in �+(t), HN = 0 on �(t) and H1 = 0 on �+, (1.16)

for all t ∈ [0, T ], if the latter is satisfied at t = 0, i.e., for the initial data (1.15).
In particular, the fulfillment of the divergence constraint (1.2) implies that systems
(1.1) and (1.7) are equivalent on solutions of this problem.

The main goal in this paper is to find conditions on the initial data (1.15)
providing the existence and uniqueness on some time interval [0, T ] of a solution
(U,H, ϕ) to problem (1.7), (1.10), (1.13)–(1.15) in Sobolev spaces. Since (1.1)
is a system of hyperbolic conservation laws that can produce shock waves and
other types of strong discontinuities (e.g., current-vortex sheets [7,8,40]), it is
natural to expect to obtain only local-in-time existence theorems. In this paper, we
successfully find a new “stability” condition on the initial data, namely,

|H2| + |H2| ≥ δ > 0 on �(t) (1.17)

for some fixed δ > 0, which is sufficient for local well-posedness of problem
(1.7), (1.10), (1.13)–(1.15) (together with the hyperbolicity conditions (1.8) and
appropriate compatibility conditions).

In view of the last two boundary condition in (1.13), inequality (1.17) is equiv-
alent to the requirement that at each point of the interface at least one of the two
magnetic fields is non-zero:

|H| + |H| ≥ δ > 0 on �(t). (1.18)

Mathematically, condition (1.17) (or equivalently (1.18)) appears as the re-
quirement that the interface symbol is elliptic, i.e., the boundary conditions are
resolvable for the space-time gradient (∂tϕ, ∂2ϕ) of the interface function ϕ.

Remark 1.1. In the case of ideal polytropic gases where p = Aργ eS (A > 0, γ >

1), the hyperbolicity condition ρ > 0 implies p > 0 and then 1
2 |H|2 = q =

p + 1
2 |H|2 > 0 on �(t). Thus the stability condition (1.18) is always satisfied.

We can repeat word by word the same argument for general gases that satisfy the
conventional assumption that p > 0 if ρ > 0 and show again that the hyperbolicity
condition implies (1.18). This argument excludes the case of Chaplygin gases where
p can be negative for small densities; in such a case the stability condition (1.18)
does not seem a consequence of the hyperbolicity. Notice that (1.18) can hold in the
form |H| > 0, |H| = 0 on �(t), only for a Chaplygin-type gas with p = − 1

2 |H|2 <

0 on �(t).

Plasma-vacuum interface problems for system (1.7) appear in the mathematical
modeling of plasma confinement by magnetic fields (see, e.g., [4–6,14]). In this
model the plasma is confined inside a perfectly conducting rigid wall and isolated
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from it by a vacuum region, due to the effect of strong magnetic fields. In astro-
physics, the plasma-vacuum interface problem can be used for modeling the motion
of a star or the solar corona when magnetic fields are taken into account.

For the linearization of the 3D version of the plasma-vacuum interface problem
formulated above, the third author [41] proposed two different well-posedness
conditions for the basic state around which the problem was linearized. The first
one is the non-collinearity condition, stating that the magnetic fields on either side
of the interface are not collinear:

|H × H| ≥ δ > 0 on �(t). (1.19)

The second one is the MHD counterpart of the Rayleigh–Taylor sign condition,
which reads as

N · ∇(q − 1
2 |H|2) ≤ −δ < 0 on �(t). (1.20)

In [41], basic a priori estimates were derived respectively for the variable coef-
ficient linearized problem under the non-collinearity condition (1.19) and for the
frozen coefficient linearized problem under the Rayleigh–Taylor-type sign condi-
tion (1.20).

In [36], the second and third authors proved the first local well-posedness theo-
rem for the full plasma-vacuum interface problem under condition (1.19). However,
the non-collinearity condition (1.19) excludes physically or mathematically impor-
tant cases, such as the case with zero vacuum magnetic field. Motivated by this fact,
the third author and Wang [44] studied the 3D version of the free boundary problem
(1.7), (1.10), (1.13)–(1.15) for H ≡ 0 and showed the first local well-posedness re-
sult under the Rayleigh–Taylor sign condition (1.20). Recently Lindblad and Zhang
[22] improved the result in [44] by establishing the a priori estimate without loss
of anisotropic regularity for the nonlinear problem.

The local well-posedness for the 3D plasma-vacuum interface problem is still
unknown for nontrivial vacuum magnetic field without the non-collinearity con-
dition (1.19). However, as was proved in [43], the simultaneous failure of the
non-collinearity condition and the Rayleigh–Taylor sign condition leads to the ill-
posedness of the frozen coefficient linearized problem. The most general open
problem is, of course, the proof of local well-posedness provided that at each
point of the initial interface �(0) either the non-collinearity condition (1.19) or the
Rayleigh-Taylor sign condition (1.20) holds.

At the same time, our goal in this paper is to show that for 2D planar flows
neither the non-collinearity condition nor the Rayleigh-Taylor sign condition are
necessary for local well-posedness. Indeed, for the 2D planar case, in view of the
last two boundary conditions in (1.13), the magnetic fields on either side of the
interface are always collinear by definition. The only stability condition which we
require in our well-posedness theorem for problem (1.7), (1.10), (1.13)–(1.15) is
assumption (1.18), in agreement with the analysis of [6]. The assumption (1.18)
shows that, as in the 3D case, the magnetic field plays a stabilizing role because,
in contrast with the free boundary problem for the compressible Euler equations
(for ρ|� > 0, see [21,39]), the Rayleigh–Taylor sign condition is not necessary for
well-posedness.
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At last, we note that neither the non-collinearity condition nor the Rayleigh-
Taylor sign condition are necessary for well-posedness if the effect of surface
tension is taken into account. For the 3D version of problem (1.7), (1.10), (1.13)–
(1.15), this was recently proved by the third author and Wang in [45] for H ≡ 0
and in [46] for nontrivial vacuum magnetic field. Clearly, the same is true for
the 2D problem (1.7), (1.10), (1.13)–(1.15). Regarding the incompressible plasma-
vacuum interfaces, we refer to [33,37] for the qualitative behavior of surface waves,
[15–17,19,24,38] and [18], respectively for the well-posedness and ill-posedness
without surface tension. For more references see the bibliography of the cited
papers.

The rest of the paper is organized as follows: in Sect. 2 we reformulate the
nonlinear problem and state the main result of the paper. In Sect. 3 we introduce our
function spaces. In Sect. 4 we linearize the problem around a basic state and reduce
the linearized problem to that with the homogeneous version (with zero right-hand
sides) of the linearized constraints (1.16) and the linearized elliptic system (1.10). In
Sect. 5 we write down a hyperbolic approximation of the hyperbolic-elliptic linear
plasma-vacuum system. In Sect. 6 we obtain a basic a priori estimate and in Sect. 7
we prove the well-posedness of the hyperbolic approximation problem. In Sect. 8
we give the proof of Theorem 4.1 containing the basic a priori estimate for the
coupled linear problem with the homogeneous constraints and elliptic system. In
Sect. 9 we study the elliptic part of the linear problem. For the linearized problem
(4.15), in Sect. 10 we provide an H1 a priori estimate and in Sect. 11 the tame
estimate in anisotropic Sobolev estimate. In the final Sect. 13 we explain how the
remaining part of the proof of the main Theorem 2.1 can be proved following the
same arguments of [36].

2. Reformulation in the Fixed Domain and Main Result

Let us denote that

�± := � ∩ {±x1 > 0} , � := � ∩ {x1 = 0} .

We want to reduce the free boundary problem (1.7), (1.9), (1.13), (1.15) to the fixed
domains �±. In all what follows, Hs(ω) denotes the Sobolev space of order s on
a domain ω. Hs(T) can be defined by using the Fourier coefficients and coincides
with the set of distributions u such that

∑

k∈Z
(1 + |k|2)s |ck(u)|2 < +∞,

ck(u) denotes the kth Fourier coefficients of u. The following lemma shows how
to lift functions from � to �:

Lemma 2.1. Let m ≥ 1 be an integer and let T > 0. Then there exists a continuous
linear map ϕ ∈ ∩m−1

j=0 C j ([0, T ]; Hm− j−0.5(�)) �→ � ∈ ∩m−1
j=0 C j ([0, T ]; Hm− j

(�)) such that �(t, 0, x2) = ϕ(t, x2), �(t,±1, x2) = 0 on �, and moreover
∂1�(t, 0, x2) = 0, if m ≥ 2.
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Furthermore, there exists a constant C > 0 that is independent of T and only
depends on m, such that

∀ϕ ∈ ∩m−1
j=0 C j ([0, T ]; Hm− j−0.5(�)) , ∀ j = 0, . . . , m − 1 , ∀ t ∈ [0, T ] ,

‖∂ j
t �(t, ·)‖Hm− j (�) ≤ C ‖∂ j

t ϕ(t, ·)‖Hm− j−0.5(�) .

The proof of Lemma 2.1 can be found in [10]. The diffeomorphism that reduces
the free boundary problem (1.7), (1.13), (1.15) to the fixed domains �± is given in
the following lemma, (see [10, Lemma 3] and [36, Lemma 3]):

Lemma 2.2. Let m ≥ 3 be an integer. Then, there exists a constant ε0 > 0 such
that for all T > 0, and for all ϕ ∈ ∩m−1

j=0 C j ([0, T ]; Hm− j−0.5(�)), satisfying

‖ϕ‖C([0,T ];H2.5(�)) ≤ ε0, there exists a function � ∈ ∩m−1
j=0 C j ([0, T ]; Hm− j (�))

constructed in Lemma 2.1, such that the function


(t, x) := (x1 + �(t, x), x2
)
, (t, x) ∈ [0, T ] × �, (2.1)

defines an Hm-diffeomorphism of �, for all t ∈ [0, T ]. Moreover, it holds that
∂

j
t (
−I d) ∈ C([0, T ]; Hm− j (�)) for j = 0, . . . , m−1,
(t, 0, x2) = (ϕ(t, x2), x2),


(t,±1, x2) = (±1, x2), ∂1
(t, 0, x2) = (1, 0).

We introduce the change of independent variables defined by (2.1) by setting

Ũ(t, x) := U(t,
(t, x)), H̃(t, x) := H(t,
(t, x)).

Dropping for convenience tildes in Ũ and H̃, problem (1.7), (1.9) (1.13), (1.15) can
be reformulated on the fixed reference domains �± as

P(U, �) = 0 in [0, T ] × �+, V(H, �) = 0 in [0, T ] × �−, (2.2)

B(U,H, ϕ) = J̄ on [0, T ] × (�3 × �+ × �−), (2.3)

(U,H)|t=0 = (U0,H0) in �+ × �−, ϕ|t=0 = ϕ0 on �, (2.4)

where P(U, �) = P(U, �)U,

P(U, �) = A0(U)∂t + Ã1(U, �)∂1 + A2(U)∂2,

Ã1(U, �) = 1

∂1
1

(
A1(U) − A0(U)∂t� − A2(U)∂2�

)
,

V(H, �) =
(

curlH
div h

)

,

h = (HN ,H2∂1
1), H = (H1∂1
1,Hτ ),

HN = H1 − H2∂2�, Hτ = H1∂2� + H2,

B(U,H, ϕ) =

⎡

⎢
⎢
⎢
⎢
⎣

∂tϕ − uN |x1=0
[q]

HN |x1=0
u1
H2

⎤

⎥
⎥
⎥
⎥
⎦

, [q] = q|x1=0 − 1

2
|H|x1=0|2 ,

uN = u1 − u2∂2�, J̄ = (0, 0, 0, 0,J )T .
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In (2.3) the notation [0, T ]×(�3 ×�+ ×�−) means that the first three components
of this vector equation are taken on [0, T ] × �, the fourth one on [0, T ] × �+ and
the fifth one on [0, T ] × �−.

To avoid an overload of notation we have denoted by the same symbols uN ,HN

here above and uN ,HN as in (1.13). Notice that uN |x1=0 = u1−u2∂2ϕ,HN |x1=0 =
H1 − H2∂2ϕ, as in the previous definition in (1.13).

We did not include in problem (2.2)–(2.4) the equation

div h = 0 in [0, T ] × �+ (2.5)

and the boundary conditions

HN = 0 on [0, T ] × �, H1 = 0 on [0, T ] × �+, (2.6)

where h = (HN , H2∂1
1), HN = H1 − H2∂2�, because they are just restrictions
on the initial data (2.4). More precisely, referring to [40] for the proof, we have the
following proposition:

Proposition 2.1. Let the initial data (2.4) satisfy (2.5) and (2.6) for t = 0. If
(U,H, ϕ) is a solution of problem (2.2)–(2.4), then this solution satisfies (2.5) and
(2.6) for all t ∈ [0, T ].

Note that Proposition 2.1 remains valid if in (2.2) we replace systemP(U, �) =
0 by system (1.1) in the straightened variables. This means that these systems
are equivalent on solutions of our plasma-vacuum interface problem and we may
justifiably replace the conservation laws (1.1) by their nonconservative form (1.3).

Remark 2.1. For each time t the vacuum magnetic field H solves the elliptic prob-
lem

⎧
⎪⎨

⎪⎩

curlH = 0, div h = 0 in �−,

HN = 0 on �,

H2 = J on �−.

(2.7)

We remark that, by the uniqueness of the solution to (2.7), see Proposition 9.1,
H �≡ 0 in �− if and only if J �≡ 0 in �−.

Now, we are in the position to state the main theorem of this paper.

Theorem 2.1. Let m ∈ N, m ≥ 15, and J ∈ Hm+9([0, T0] × �−) for some
T0 > 0. Consider the initial data U0 ∈ Hm+9.5(�+), H0 ∈ Hm+9.5(�−), and
ϕ0 ∈ Hm+10(�). Moreover, the initial data satisfy (1.8), (1.18), (12.2), (12.3) and
are compatible up to order m + 9 in the sense of Definition 12.1. Then, there exists
0 < T ≤ T0, ε1 > 0 and γ0 ≥ 1 such that if ||ϕ0||H2.5(�) ≤ ε1 and γ ≥ γ0, there
exists a unique solution (U,H, ϕ) of problem (2.2)–(2.4) in [0, T ], with

U ∈ Hm∗,γ ((0, T ) × �+), H ∈ Hm
γ ((0, T ) × �−), ϕ ∈ Hm+0.5

γ ((0, T ) × �).

The function spaces involved in the statement above are introduced in the next
section.
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Remark 2.2. The initial vacuum magnetic field H0 is assumed to satisfy (12.3),
which is a uniquely solvable elliptic system, and therefore it is uniquely determined
by Proposition 9.1 from ϕ0 (i.e. the initial space domain) and J (0) (the external
density current at the initial time). In this sense, for a given J , the actual initial
data of the problem may be only considered U0, ϕ0.

Remark 2.3. For polytropic gases, the hyperbolicity condition (1.8) at any given
time t gives |H| > 0 on �, see Remark 1.1, which in turn from (2.7) and the
uniqueness of its solution implies that J �≡ 0 on �−, which is equivalent to H �≡ 0
in �−. The same remark is true for general gases that satisfy the conventional
assumption that p > 0 if ρ > 0.

Remark 2.4. The statement of the main Theorem 2.1 appears essentially equal to
the statement of [36, Theorem 5], except for the lower bound on the required
regularity m ≥ 15, instead of m ≥ 13 as the second and the third authors wrote in
[36, Theorem 5]. From the similar construction of the modified state for the Nash–
Moser iteration made in [27, Section 10.2.3] on 2D current-vortex sheets, it appears
that some more regularity is needed, and after the iteration this fact is reflected into
the increased regularity needed for the solution; see also Remark 13.1.

3. Function Spaces

Now we introduce the main function spaces to be used in what follows.
Let us denote that

Q± := Rt × �±, ω := Rt × �, ω± := Rt × �±. (3.1)

3.1. Weighted Sobolev Spaces

For γ ≥ 1 and s ∈ N, Hs
γ (�) denotes the Sobolev space of order s, equipped

with the norm || · ||Hs
γ (�) defined by

||u||2Hs
γ (�) :=

∑

|α|≤s

γ 2(s−|α|)||∂αu||2L2(�)
.

For functions defined over QT we will consider the weighted Sobolev spaces
Hm

γ (QT ) equipped with the γ−dependent norm

||u||2Hm
γ (QT ) :=

∑

|α|≤m

γ 2(m−|α|)||∂αu||2L2(QT )
.

Similar weighted Sobolev spaces will be considered for functions defined on �±,

Q±
T , Q±, ω±, ω.
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3.2. Conormal Sobolev Spaces

Let us introduce some classes of function spaces of Sobolev type, defined over
the half-space Q+

T . We set

Z0 = ∂t , Z1 := σ(x1)∂1, Z2 := ∂2,

where σ(x1) = x1(1 − x1) ∈ C∞(0, 1) is a smooth and nonnegative function.
Then, for every multi-index α = (α0, α1, α2) ∈ N

3, the conormal derivative Zα is
defined by

Zα := Zα0
0 Zα1

1 Zα2
2 ;

we also write ∂α = ∂
α0
0 ∂

α1
1 ∂

α2
2 for the usual partial derivative corresponding to α.

Given an integer m ≥ 1, the conormal Sobolev space Hm
tan(Q+

T ) is defined as
the set of functions u ∈ L2(Q+

T ) such that Zαu ∈ L2(Q+
T ), for all multi-indices

α with |α| ≤ m. Agreeing with the notations set for the usual Sobolev spaces, for
γ ≥ 1, Hm

tan,γ (Q+
T ) will denote the conormal space of order m equipped with the

γ -dependent norm

||u||2
Hm

tan,γ (Q+
T )

:=
∑

|α|≤m

γ 2(m−|α|)||Zαu||2
L2(Q+

T )
(3.2)

and we have Hm
tan(Q+

T ) := Hm
tan,1(Q+

T ). Similarly, the function space can be defined

on Q−
T . If the Z0 derivatives are ignored, similar conormal Sobolev spaces with

γ -dependent norms can be defined on �±,.
Now, we introduce the definition of anisotropic Sobolev spaces, which was

firstly introduced by Chen [9] in the study of hyperbolic characteristic problem.
Also see Secchi [31,32] for general theory.

3.3. Anisotropic Sobolev Spaces

For every positive integer m, the anisotropic Sobolev space Hm∗ (�+) is defined
as follows:

Hm∗ (�+) := {w ∈ L2(�+) : Zα∂k
1 w ∈ L2(�+), |α| + 2k ≤ m}.

Define H0∗ (�+) = H0
tan(�

+) = L2(�+). The anisotropic space Hm∗,γ (�+) is the
same space equipped with the γ -dependent norm

||u||2Hm∗,γ (�+)
:=

∑

|α|+2k≤m

γ 2(m−|α|−2k)||Zα∂k
1 u||2L2(�+)

. (3.3)

We have Hm∗ (�+) = Hm∗,1(�
+). In a similar way, we define the anisotropic space

Hm∗,γ (Q+
T ) equipped with its natural norm.
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3.4. Moser-Type Calculus Inequalities

Let us define the space

W 1,∞∗ (Q+
T ) := {u ∈ L∞(Q+

T ) : Zi u ∈ L∞(Q+
T ), i = 0, 1, 2},

equipped with the natural norm.

Lemma 3.1. ([26,40]) Let m ∈ N+. Assume that F is a C∞−function and u, v ∈
Hm∗,γ (Q+

T ) ∩ W 1,∞∗ (Q+
T ). Then, there holds

||uv||Hm∗,γ (Q+
T ) � ||u||Hm∗,γ (Q+

T )||v||W 1,∞∗ (Q+
T )

+ ||v||Hm∗,γ (Q+
T )||u||W 1,∞∗ (Q+

T )
.

Let M∗ be a positive constant such that

||u||W 1,∞∗ (Q+
T )

≤ M∗.

If we assume that F(0) = 0, then there holds

||F(u)||Hm∗,γ (Q+
T ) ≤ C(M∗)||u||Hm∗,γ (Q+

T ).

3.5. Embedding Theorem

We introduce the Sobolev embedding theorem for Hm∗,γ (Q+
T ).

Theorem 3.1. ([25]) Let n ≥ 2 and γ ≥ 1. Let � be either Rn+ or a bounded open
subset of Rn with C∞ boundary. For every integer m ≥ [ n+1

2

]+ 1 the continuous
imbedding Hm∗,γ (�) ↪→ C0

B(�) (the space of bounded continuous functions) holds.
Moreover, there exists a constant C such that for every u ∈ Hm∗,γ (�)

γ m−(n+1)/2||u||L∞(�) ≤ C ||u||Hm∗,γ (�) ∀γ ≥ 1.

Remark 3.1. Applying the above theorem for � = Q+
T (here the dimension is

n = 3) we obtain the following inequalities:

||u||L∞(Q+
T ) � ||u||H3∗,γ (Q+

T ), ||u||W 1,∞∗ (Q+
T )

� ||u||H4∗,γ (Q+
T ).

Observe that the same inequalities hold if the space dimension is 3, so that in space-
time n = 4. This is the main reason why the loss of regularity of the solution from
the initial data obtained in the present paper, see Theorem 2.1, is the same of the
3D case considered in [36].
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4. The Linearized Problem

4.1. Basic State

Let us denote that

Q±
T := (−∞, T ] × �±, QT := (−∞, T ) × �,

ω±
T := (−∞, T ] × �±, ωT := (−∞, T ] × �. (4.1)

Let

(Û(t, x), Ĥ(t, x), ϕ̂(t, x2)) (4.2)

be a given sufficiently smooth vector-function with Û = (q̂, û, Ĥ, Ŝ), respectively
defined on Q+

T , Q−
T , ωT , with

‖Û‖H9∗,γ (Q+
T ) + ‖Ĥ‖H9

γ (Q−
T ) + ‖ϕ̂‖H9.5

γ (ωT ) ≤ K ,

‖ϕ̂‖C([0,T ];H2.5(�)) ≤ ε0,

(4.3)

where K > 0 is a constant, ε0 is the arbitrary constant introduced in Lemma 2.2.
Corresponding to the given ϕ̂ we construct �̂ and the diffeomorphism 
̂ as in
Lemmata 2.1 and 2.2 such that

∂1
̂1 ≥ 1/2.

It is noted that the Sobolev inequality (recall that in 2D the following imbeddings

H2∗ (�+) ↪→ C0(�+), H3∗ (Q+
T ) ↪→ C0(Q+

T ) hold true) implies that

‖Û‖W 3,∞(Q+
T ) + ‖Ĥ‖W 3,∞(Q−

T ) + ‖∇t,x �̂‖W 3,∞(QT ) ≤ C(K ),

where ∇t,x = (∂t ,∇) and C = C(K ) > 0 is a constant depending on K .

We assume that the basic state (4.2) satisfies (for some positive ρ0, ρ1 ∈ R)

ρ( p̂, Ŝ) ≥ ρ0 > 0, ρp( p̂, Ŝ) ≥ ρ1 > 0 in Q
+
T , (4.4)

∂t Ĥ + 1

∂1
̂1

(
(ŵ · ∇)Ĥ − (ĥ · ∇)û + Ĥdiv v̂

)
= 0 in Q+

T , (4.5)

div ĥ = 0 in Q−
T , (4.6)

∂t ϕ̂ − ûN = 0, ĤN = 0 on ωT , (4.7)

û1 = 0 on ω+
T , (4.8)

Ĥ2 = J on ω−
T , (4.9)

where all the “hat” values are determined like corresponding values for (U,H, ϕ),
i.e.

ĥ = (ĤN , Ĥ2∂1
̂1), ĥ = (ĤN , Ĥ2∂1
̂1),

p̂ = q̂ − |Ĥ|2/2, ûN = û1 − û2∂2�̂, ĤN = Ĥ1 − Ĥ2∂2�̂,
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and where

v̂ = (ûN , û2∂1
̂1), ŵ = û − (∂t �̂, 0).

It follows from (4.5) that the constraints

div ĥ = 0 in Q+
T , ĤN = 0 on ωT (4.10)

are satisfied for the basic state (4.2) if they hold at t = 0 (see [40] for the proof).
Thus, for the basic state we also require the fulfillment of conditions (4.10) at t = 0.

4.2. Linearized Problem

The linearized equations for (2.2), (2.3) read as

P
′(Û, �̂)(δU, δ�) := d

dε
P(Uε, �ε)|ε=0 = f in Q+

T ,

V
′(Ĥ, �̂)(δH, δ�) := d

dε
V(Hε, �ε)|ε=0 = G′ in Q−

T ,

B
′(Û, Ĥ, ϕ̂)(δU, δH, δϕ) := d

dε
B(Uε,Hε, ϕε)|ε=0 = g on ω3

T × ω±
T ,

where Uε = Û + ε δU, Hε = Ĥ + ε δH, ϕε = ϕ̂ + ε δϕ; δ� is constructed from
δϕ as in Lemma 2.1 and �ε = �̂ + ε δ�.

Here we introduce the source terms f = ( f1, . . . , f6), G′ = (χ,�) and
g = (g1, . . . , g5) to make the interior equations and the boundary conditions inho-
mogeneous.

We compute the exact form of the linearized equations (below we drop δ):

P
′(Û, �̂)(U, �) = P(Û, �̂)U + C(Û, �̂)U − {L(Û, �̂)�

} ∂1Û

∂1
̂1
= f,

V
′(Ĥ, �̂)(H, �) = V(H, �̂) +

[
∂1Ĥ1∂2� − ∂2Ĥ1∂1�

∂2Ĥ2∂1� − ∂1Ĥ2∂2�

]

= G′,

B
′(Û, Ĥ, ϕ̂)(U,H, ϕ) =

⎡

⎢
⎢
⎢
⎢
⎣

∂tϕ + û2∂2ϕ − uN

q − Ĥ · H
HN − Ĥ2∂2ϕ

u1
H2

⎤

⎥
⎥
⎥
⎥
⎦

= g.

there uN := u1 − u2∂2�̂, and the matrix C(Û, �̂) is determined as follows:

C(Û, �̂)Y := (Y,∇y A0(Û))∂t Û + (Y,∇y Ã1(Û, �̂))∂1Û + (Y,∇y A2(Û))∂2Û

(Y,∇y A(Û)) :=
6∑

i=1

yi

(
∂ A(Y )

∂yi

∣
∣
∣
∣
Y=Û

)

, Y = (y1, . . . , y6).
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Since the differential operators P′(Û, �̂) and V
′(Ĥ, �̂) are first-order operators in

�, as in [1] the linearized problem is rewritten in terms of the “good unknown”

U̇ := U − �

∂1
̂1
∂1Û, Ḣ := H − �

∂1
̂1
∂1Ĥ. (4.11)

Taking into account assumptions (4.7) and omitting detailed calculations, we rewrite
our linearized equations in terms of the new unknowns (4.11):

P
′(Û, �̂)(U, �) := P(Û, �̂)U̇ + C(Û, �̂)U̇ + �

∂1
̂1
∂1
{
P(Û, �̂)

} = f,

(4.12)

V
′(Ĥ, �̂)(H, �) := V(Ḣ, �̂) + �

∂1
̂1
∂1
{
V(Ĥ, �̂)

} = G′, (4.13)

B
′
e(Û, Ĥ, ϕ̂)(U̇, Ḣ, ϕ) := B

′(Û, Ĥ, ϕ̂)(U,H, ϕ)

=

⎡

⎢
⎢
⎢
⎢
⎣

∂tϕ + û2∂2ϕ − u̇N − ϕ ∂1ûN

q̇ − Ĥ · Ḣ + [∂1q̂]ϕ
ḢN − ∂2

(Ĥ2ϕ
)

u̇1

Ḣ2

⎤

⎥
⎥
⎥
⎥
⎦

= g.
(4.14)

there u̇N = u̇1 − u̇2∂2�̂, ḢN = Ḣ1 − Ḣ2∂2�̂, and

[∂1q̂] = (∂1q̂)|x1=0 − (Ĥ · ∂1Ĥ)|x1=0.

We used (4.6), taken at x1 = 0, while writing down the third boundary condition
in (4.14).

As in [1,12,40], we drop the zeroth-order term in � in (4.12), (4.13) and
consider the effective linear operators

P
′
e(Û, �̂)U̇ := P(Û, �̂)U̇ + C(Û, �̂)U̇ = f,

V
′
e(Ĥ, �̂)Ḣ := V(Ḣ, �̂) = G′.

In the proof of nonlinear analysis, we shall treat the dropped terms in (4.12), (4.13)
as error terms. The new form of our linearized problem for (U̇, Ḣ, ϕ) reads as

Â0∂t U̇ + Â1∂1U̇ + Â2∂2U̇ + ĈU̇ = f in Q+
T , (4.15a)

curl Ḣ = χ, div ḣ = � in Q−
T , (4.15b)

∂tϕ = u̇N − û2∂2ϕ + ϕ ∂1ûN + g1, (4.15c)

q̇ = Ĥ · Ḣ − [∂1q̂]ϕ + g2, (4.15d)

ḢN = ∂2
(Ĥ2ϕ

)+ g3 on ωT , (4.15e)

u̇1 = g4 on ω+
T , (4.15f)

Ḣ2 = g5 on ω−
T , (4.15g)

(U̇, Ḣ, ϕ) = 0 for t < 0, (4.15h)
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where we denote that

Âα := Aα(Û), α = 0, 2, Â1 := Ã1(Û, �̂), Ĉ := C(Û, �̂),

Ḣ = (Ḣ1∂1
̂1, Ḣτ ), ḣ = (ḢN , Ḣ2∂1
̂1)

Ḣτ = Ḣ1∂2�̂ + Ḣ2, ḢN = Ḣ1 − Ḣ2∂2�̂.

We assume that the source terms f, χ,� and the boundary datum g vanish in the
past and consider the case of zero initial data. We postpone the case of nonzero
initial data to the nonlinear analysis (see e.g. [12,40]).

4.3. Reduction to Homogeneous Constraints in the “Vacuum part”

We decompose Ḣ in (4.15) as Ḣ = H′ + H′′ (and accordingly ḣ = h′ + h′′,
Ḣ = H′ + H′′), where H′′ is required to solve for each t the elliptic problem

curlH
′′ = χ, div h′′ = � in �−,

h′′
1 = H′′

N = g3 on ωT ,

H′′
2 = g5 on ω−

T .

(4.16)

Let us observe that, for the resolution of (4.16), the data do not need to satisfy neces-
sary compatibility conditions, see Auchmuty–Alexander [3], because this problem
has boundary conditions of mixed type. The resolution of (4.16) is given in Sect. 9.

Given H′′, we look for H′ such that

curlH′ = 0, div h′ = 0 in Q−
T ,

q̇ = Ĥ · H′ − [∂1q̂]ϕ + g′
2,

H′
N = ∂2

(Ĥ2ϕ
)

on ωT ,

H′
2 = 0 on ω−

T ,

(4.17)

where we write g′
2 = g2 +Ĥ ·H′′. If H′′ solves (4.16) and H′ is a solution of (4.17)

then Ḣ = H′ + H′′ clearly solves (4.15b), (4.15d), (4.15e), (4.15g).
From (4.15), (4.17), the new form of the reduced linearized problem with un-

knowns (U̇,H′) can be written as

Â0∂t U̇ + Â1∂1U̇ + Â2∂2U̇ + ĈU̇ = f in Q+
T , (4.18a)

curlH′ = 0, div h′ = 0 in Q−
T , (4.18b)

∂tϕ = u̇N − û2∂2ϕ + ϕ ∂1ûN + g1, (4.18c)

q̇ = Ĥ · H′ − [∂1q̂]ϕ + g′
2, (4.18d)

H′
N = ∂2

(Ĥ2ϕ
)

on ωT , (4.18e)

u̇1 = g4 on ω+
T , (4.18f)

H′
2 = 0 on ω−

T , (4.18g)

(U̇,H′, ϕ) = 0 for t < 0. (4.18h)
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4.4. Reduction to Homogeneous Constraints in the “Plasma part”

From problem (4.18) we can deduce nonhomogeneous equations associated
with the divergence constraint div ḣ = 0 and the “redundant” boundary conditions
ḢN |x1=0 = 0 and Ḣ1|x1=1 = 0 for the nonlinear problem. More precisely, with
reference to [40, Proposition 2] for the proof, we have

Proposition 4.1. Let the basic state (4.2) satisfies assumptions (4.3)–(4.10). Then
solutions of problem (4.18) satisfy

div ḣ = r in Q+
T , (4.19)

Ĥ2∂2ϕ − ḢN − ϕ ∂1 ĤN = R on ωT , Ḣ1 = R+ on ω+
T . (4.20)

Here, we denote that

ḣ = (ḢN , Ḣ2∂1
̂1), ḢN = Ḣ1 − Ḣ2∂2�̂.

The functions r = r(t, x), R = R(t, x2) and R+ = R+(t, x2) which vanish in
the past, are determined by the source terms and the basic state as solutions to the
linear inhomogeneous equations

∂t a + 1

∂1
̂1

{
ŵ · ∇a + a div û

} = FH in Q+
T , (4.21)

∂t R + û2∂2 R + ∂2û2 R = Q on ωT , (4.22)

∂t R+ + û2∂2 R+ + ∂2û2 R+ = Q+ on ω+
T , (4.23)

where a = r/∂1
̂1, FH = (div fH )/∂1
̂1, fH = ( fN , f5), fN = f4 −
f5∂2�̂,

Q = {∂2
(
Ĥ2g1

)− fN
}∣
∣
x1=0, Q+ = {∂2

(
Ĥ2g4

)+ f4
}|x1=1

Let us reduce (4.18) to a problem with homogeneous boundary conditions
(4.18c), (4.18d), (4.18f) (i.e. g1 = g′

2 = g4 = 0) and homogeneous constraints
(4.19) and (4.20) (i.e. r = R = R+ = 0). More precisely, we describe a “lifting”
function as

Ũ = (q̃, ũ1, 0, H̃, 0),

where q̃ = g′
2, ũ1 = −g1 on ωT , ũ1 = g4 on ω+

T and where H̃ solves the equation
for Ḣ contained in (4.18a) with u̇ = ũ = (ũ1, 0):

∂t H̃ + 1

∂1
̂1

(
(ŵ · ∇)H̃ − (h̃ · ∇)û + H̃div ŵ

)

= fH + (ĥ · ∇)ũ − Ĥ∂1ũ1 − ũ1∂1Ĥ in Q+
T ,

(4.24)

where h̃ = (H̃1 − H̃2∂2�̂, H̃2), fH = ( f4, f5). It is very important that, in view
of (4.7), we have ŵ1|x1=0 = ŵ1|x1=1 = 0; therefore the linear Eq. (4.24) does not
need any boundary condition. Then the new unknown

U� = U̇ − Ũ, H� = H′ (4.25)
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satisfies problem (4.18) with f = F , where

F = (F1, . . . , F6) = f − P
′
e(Û, �̂)Ũ.

In view of (4.24), F4 = F5 = 0, and it follows from Proposition 4.1 thatU� satisfies
(4.19) and (4.20) with r = R = R+ = 0. As in [36, Section 4.4] we obtain the
estimates

‖Ũ‖H1
tan,γ (Q+

T ) ≤ C(‖ f ‖H1
tan,γ (Q+

T ) + ‖g1, g′
2‖H1/2

γ (ωT )
+ ‖g4‖H1/2

γ (ω+
T )

)

≤ C

γ
(‖ f ‖H2

tan,γ (Q+
T ) + ‖g1, g′

2‖H3/2
γ (ωT )

+ ‖g4‖H3/2
γ (ω+

T )
). (4.26)

‖F‖H1
tan,γ (Q+

T ) ≤ C
{‖ f ‖H1

tan,γ (Q+
T ) + ‖H̃‖H2

tan,γ (Q+
T ) + ‖(q̃, ṽ1)‖H2

γ (Q+
T )

}

≤ C
{‖ f ‖H2

tan,γ (Q+
T ) + ‖g1, g′

2‖H3/2
γ (ωT )

+ ‖g4‖H3/2
γ (ω+

T )

}
. (4.27)

Dropping for convenience the indices � in (4.25), the new form of our reduced
linearized problem now reads as

Â0∂tU + Â1∂1U + Â2∂2U + ĈU = F in Q+
T , (4.28a)

curlH = 0, div h = 0 in Q−
T , (4.28b)

∂tϕ = uN − û2∂2ϕ + ϕ ∂1ûN , (4.28c)

q = Ĥ · H − [∂1q̂]ϕ, (4.28d)

HN = ∂2
(Ĥ2ϕ

)
on ωT , (4.28e)

u1 = 0 on ω+
T , (4.28f)

H2 = 0 on ω−
T , (4.28g)

(U,H, ϕ) = 0 for t < 0 , (4.28h)

and solutions should satisfy

div h = 0 in Q+
T , (4.29)

HN = Ĥ2∂2ϕ − ϕ ∂1 ĤN on ωT , (4.30)

H1 = 0 on ω+
T . (4.31)

All the notations here forU andH (e.g., h,h, etc.) are analogous to the corresponding
ones for U̇ and Ḣ introduced above.

4.5. An Equivalent Formulation of (4.28)

In the following analysis it is convenient to make use of different “plasma”
variables and an equivalent form of Eq. (4.28a). We define the matrix

η̂ =
[

1 −∂2�̂

0 ∂1
̂1

]

.
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It follows that

v = (uN , u2∂1
̂1) = η̂ u, h = (HN , H2∂1
̂1) = η̂H. (4.32)

Multiplying (4.28a) on the left side by the matrix

R̂ :=

⎡

⎢
⎢
⎣

1 0 0 0
0T η̂ O2 0T

0T O2 η̂ 0T

0 0 0 1

⎤

⎥
⎥
⎦ , (4.33)

after some calculations, we get the symmetric hyperbolic system for the new vector
of unknowns U = (q, v,h, S) (compare with (1.6), (4.28a)):

∂1
̂1

⎡

⎢
⎢
⎣

ρ̂p/ρ̂ 0 −(ρ̂p/ρ̂)ĥ 0
0T ρ̂â0 O2 0T

−(ρ̂p/ρ̂)ĥT O2 â0 + (ρ̂p/ρ̂)ĥ ⊗ ĥ 0T

0 0 0 1

⎤

⎥
⎥
⎦ ∂t

⎡

⎢
⎢
⎣

q
v
h
S

⎤

⎥
⎥
⎦

+

⎡

⎢
⎢
⎣

0 ∇· 0 0
∇ O2 O2 0T

0T O2 O2 0T

0 0 0 0

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

q
v
h
S

⎤

⎥
⎥
⎦

+∂1
̂1

⎡

⎢
⎢
⎣

(ρ̂p/ρ̂)ŵ · ∇ ∇· −(ρ̂p/ρ̂)ĥŵ · ∇ 0
∇ ρ̂â0ŵ · ∇ −â0ĥ · ∇ 0T

−(ρ̂p/ρ̂)ĥT ŵ · ∇ −â0ĥ · ∇ (â0 + (ρ̂p/ρ̂)ĥ ⊗ ĥ)ŵ · ∇ 0T

0 0 0 ŵ · ∇

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

q
v
h
S

⎤

⎥
⎥
⎦

+Ĉ′U = F .

(4.34)

there â0 is the symmetric and positive definite matrix

â0 = (η̂−1)T η̂−1,

with a new matrix Ĉ′ in the zero-order term (whose precise form has no importance)
and where we have set F = ∂1
̂1 R̂F. We write system (4.34) in compact form as

Â0∂tU +
2∑

j=1

(Â j + E1 j+1)∂ jU + Ĉ′U = F , (4.35)

where

E12 =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 1 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

, E13 =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 1 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

.
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The formulation (4.35) has the advantage of the form of the boundary matrix of the
system Â1 + E12, with

Â1 = 0 on ωT ∪ ω+
T , (4.36)

because ŵ1 = ĥ1 = 0, and E12 a constant matrix. Thus system (4.35) is symmetric
hyperbolic with characteristic boundary of constant multiplicity (see [28–30] for
maximally dissipative boundary conditions). Thus, the final form of our reduced
linearized problem is

Â0∂tU +
2∑

j=1

(Â j + E1 j+1)∂ jU + Ĉ′U = F in Q+
T , (4.37a)

curlH = 0, div h = 0 in Q−
T , (4.37b)

∂tϕ = uN − û2∂2ϕ + ϕ ∂1ûN , (4.37c)

q = Ĥ · H − [∂1q̂]ϕ, (4.37d)

HN = ∂2
(Ĥ2ϕ

)
on ωT , (4.37e)

u1 = 0 on ω+
T , (4.37f)

H2 = 0 on ω−
T , (4.37g)

(U ,H, ϕ) = 0 for t < 0, (4.37h)

under the constraints (4.29), (4.30) and (4.31) (recall that u1 = v1 on ω+
T ).

In order to prove Theorem 2.1, we need to prove the following theorem for the
well-posedness of linearized problem. Recall that U = (q, v,h, S), where v and h
were defined in (4.32).

Theorem 4.1. Let T > 0. Let the basic state (4.2) satisfies assumptions (4.3)–(4.10)
and

|Ĥ| + |Ĥ| ≥ δ > 0 on ωT , (4.38)

where δ is a fixed constant. There exists γ0 ≥ 1 such that for all γ ≥ γ0 and for all
Fγ ∈ H1

tan,γ (Q+
T ), vanishing in the past, namely for t < 0, problem (4.37) has a

unique solution (Uγ ,Hγ , ϕγ ) ∈ H1
tan,γ (Q+

T ) × H1
γ (Q−

T ) × H3/2
γ (ωT ) with trace

(qγ , v1γ , h1γ )|ωT ∪ω+
T

∈ H1/2
γ (ωT ∪ ω+

T ). Moreover, the solution obeys the a priori
estimate

γ

(

‖Uγ ‖2
H1

tan,γ (Q+
T )

+ ‖Hγ ‖2
H1

γ (Q−
T )

+ ‖(qγ , v1γ , h1γ )|ωT ∪ω+
T
‖2

H1/2
γ (ωT ∪ω+

T )
+ ‖ϕγ ‖2

H3/2
γ (ωT )

)

≤ C

γ
‖Fγ ‖2

H1
tan,γ (Q+

T )
, (4.39)

where we have set Uγ = e−γ t U ,Hγ = e−γ t H, ϕγ = e−γ t ϕ and so on. Here
C = C(K , T, δ) > 0 is a constant independent of the data F and γ .
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5. Hyperbolic Approximation of the Reduced Problem

The problem (4.37) is a nonstandard initial-boundary value problem for a cou-
pled hyperbolic-elliptic system. For its resolution we introduce a hyperbolic ap-
proximation of the elliptic system (4.37b). We will prove the existence of solutions
for such approximating problem by referring to the well-posedness theory for lin-
ear symmetric hyperbolic systems with characteristic boundary and maximally
nonnegative boundary conditions [29,30]. After showing suitable a priori estimate
uniform in ε, we will pass to the limit as ε → 0, to get the solution of (4.37).

The approximation of problem (4.37) is inspired by a corresponding prob-
lem in relativistic MHD [42]. In our non-relativistic case the displacement current
(1/c)∂tE is neglected in the vacuum Maxwell equations, where c is the speed of
light and E is the electric field. Now, in some sense, we restore this neglected term.
Namely, we consider a hyperbolic approximation of the elliptic system (4.37b) by
introducing a new auxiliary unknown Eε which plays a role of the vacuum elec-
tric field, and the small parameter ε is associated with the physical parameter 1/c.
We also approximate the second boundary condition in (4.37d) and introduce one
boundary condition for the unknown Eε.

Let us denote V ε = (Hε, Eε). Given a small parameter ε > 0, we consider the
following problem for the unknown (Uε, V ε, ϕε):

Â0∂tUε +
2∑

j=1

(Â j + E1 j+1)∂ jUε + Ĉ′Uε = F in Q+
T , (5.1a)

ε ∂th
ε + Curl Eε = 0, ε ∂te

ε − curlHε = 0 in Q−
T , (5.1b)

∂tϕ
ε = uε

N − û2∂2ϕ
ε + ϕε∂1ûN , (5.1c)

qε = Ĥ · Hε − [∂1q̂]ϕε, (5.1d)

ε ∂t (Ĥ2ϕ
ε) + Eε = 0 on ωT , (5.1e)

uε
1 = 0 on ω+

T , (5.1f)

Hε
2 = 0 on ω−

T , (5.1g)

(Uε, V ε, ϕε) = 0 for t < 0, (5.1h)

where in the following we shall write

eε = Eε∂1
̂1.

All the other notations for Hε are analogous to those for H, i.e.

hε := (Hε
N ,Hε

2∂1
̂1), Hε := (Hε
1∂1
̂1,Hε

τ ).

The Curl of a scalar function E is the vector field defined by

Curl E := (∂2E,−∂1E).

If � = 0,
1 = x1, then hε = Hε , eε = Eε, and when ε = 1 (5.1b) turns out
to be nothing else than the Maxwell equations.
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It is noteworthy that solutions to problem (5.1) satisfy

div hε = 0 in Q+
T , (5.2)

div hε = 0 in Q−
T , (5.3)

hε
1 = Ĥ2∂2ϕ

ε − ϕε∂1 ĤN , (5.4)

Hε
N = ∂2

(Ĥ2ϕ
ε
)

on ωT , (5.5)

because (5.2)–(5.5) are just restrictions on the initial data which are automatically
satisfied in view of (5.1h). Indeed, the derivation of (5.2) and (5.4) is absolutely
the same as that of (4.29) and (4.30). Equation (5.3) trivially follow from (5.1b),
(5.1h). Moreover, condition (5.5) is obtained by considering the first component of
the first equation in (5.1b) at x1 = 0 and taking into account (5.1e)–(5.1h).

5.1. An Equivalent Formulation of (5.1)

In the following analysis it is convenient to make use of a different formulation
of the approximating problem (5.1), as far as the vacuum part is concerned.

First we introduce the matrices which are coefficients of the space derivatives in
(5.1b) (for ε = 1 the matrices below are those for the vacuum Maxwell equations):

Bε
1 = ε−1

⎡

⎣
0 0 0
0 0 −1
0 −1 0

⎤

⎦ , Bε
2 = ε−1

⎡

⎣
0 0 1
0 0 0
1 0 0

⎤

⎦ ,

Then system (5.1b) can be written in terms of the “curved” unknown W ε = (Hε, Eε)

as

B0∂t W
ε + Bε

1∂1W ε + Bε
2∂2W ε + B3W ε = 0, (5.6)

where

B0 = (∂1
̂1)
−1 K KT > 0, B3 = ∂t B0, (5.7)

K =
[

η̂ 0
0 ∂1
̂1

]

.

The matrices B0 and K are found from the relations

hε = η̂Hε = (∂1
̂1)
−1η̂ η̂THε, eε = Eε∂1
̂1

so that
[
hε

eε

]

= (∂1
̂1)
−1
[

η̂, η̂T 0

0 (∂1
̂1)
2

] [
Hε

Eε

]

= B0W ε.

System (5.6) is symmetric hyperbolic. The convenience of the use of variables W ε

rather than V ε stays mainly in that the matrices Bε
j of (5.6), containing the singular

multiplier ε−1, are constant.
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Finally, we write the boundary conditions (5.1c)–(5.1e) in terms of (Uε, W ε),
where we observe that (recalling that ∂1
̂1 = 1 on ωT )

Ĥ · Hε = ĤNHε
1 + Ĥ2Hε

τ = ĥ2H
ε
2. (5.8)

Concerning the first equality above in (5.8) we notice that ĥ1 = ĤN = 0 on ωT ,
so that Hε

1 does not appear in the boundary condition.
From (5.6), (5.8) we get the new formulation of problem (5.1) for the unknowns
(Uε, W ε):

Â0∂tUε +
2∑

j=1

(Â j + E1 j+1)∂ jUε + Ĉ′Uε = F in Q+
T , (5.9a)

B0∂t W
ε + Bε

1∂1W ε + Bε
2∂2W ε + B3W ε = 0 in Q−

T , (5.9b)

∂tϕ
ε + û2∂2ϕ

ε − ϕε∂1ûN − uε
N = 0, (5.9c)

qε + [∂1q̂]ϕε − ĥ2H
ε
2 = 0, (5.9d)

Eε + ε ∂t (Ĥ2ϕ
ε) = 0 on ωT , (5.9e)

uε
1 = 0 on ω+

T , (5.9f)

Hε
2 = 0 on ω−

T , (5.9g)

(Uε, W ε, ϕε) = 0 for t < 0. (5.9h)

From (5.2)–(5.5) we get that solutions (Uε, W ε) to problem (5.9) satisfy

div hε = 0 in Q+
T , (5.10)

div hε = 0 in Q−
T , (5.11)

hε
1 = Ĥ2∂2ϕ

ε − ϕε∂1 ĤN , (5.12)

hε
1 = ∂2

(Ĥ2ϕ
ε
)

on ωT . (5.13)

Remark 5.1. The invertible part of the boundary matrix of a system allows to control
the trace at the boundary of the so-called noncharacteristic component of the vector
solution. Thus, with the system (5.9a) (whose boundary matrix is −E12, because
of (4.36)) we have the control of qε, vε

1 = uε
N at the boundary; therefore the

components of Uε appearing in the boundary conditions (5.9c), (10.2) are well
defined.

The same holds true for (5.9b) where we can get the control ofHε
2, Eε. We recall

that Hε
1 does not appear in the boundary condition (10.2) because ĥ1 = ĤN = 0.

Before studying problem (5.9) (or equivalently (5.1)), we should be sure that
the number of boundary conditions is in agreement with the number of incoming
characteristics for the hyperbolic systems (5.9). Since one of the three boundary
conditions (5.9c)–(5.9e) is needed for determining the function ϕε(t, x2), the total
number of “incoming” characteristics should be two. Let us check that this is true.
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Proposition 5.1. If 0 < ε < 1 system (5.9a) has one incoming characteristic for
the boundary ωT of the domain Q+

T . If ε > 0 is sufficiently small, system (5.9b)
has one incoming characteristic for the boundary ωT of the domain Q−

T .

Proof. Consider first system (5.9a). In view of (4.36), the boundary matrix on ωT

is −E12 which has one negative (incoming in the domain Q+
T ) and one positive

eigenvalue, while all other eigenvalues are zero.
Now consider system (5.9b). The boundary matrix Bε

1 has eigenvalues λ1 =
−ε−1, λ2 = ε−1, λ3 = 0. Thus, system (5.9b) has indeed one incoming charac-
teristic in the domain Q−

T (λ1 < 0). ��

6. Basic a Priori Estimate for a Boundary Value Problem Associated to the
Hyperbolic Approximation Problem (5.1)

Our goal now is to justify rigorously the formal limit ε → 0 in (5.1)–(5.5), or
alternatively in (5.9)–(5.13). To this end we will prove the existence of solutions to
problem (5.9)–(5.13) and a uniform in ε a priori estimate. This work will be done
in several steps.

6.1. The Boundary Value Problem

Assuming that all coefficients and data appearing in (5.9) are extended for all
times to the whole real line, let us consider the boundary value problem (recall the
definition of Q±, ω, ω± in (3.1))

Â0∂tUε +
2∑

j=1

(Â j + E1 j+1)∂ jUε + Ĉ′Uε = F in Q+, (6.1a)

B0∂t W
ε + Bε

1∂1W ε + Bε
2∂2W ε + B3W ε = 0 in Q−, (6.1b)

∂tϕ
ε + û2∂2ϕ

ε − ϕε∂1ûN − vε
1 = 0, (6.1c)

qε + [∂1q̂]ϕε − ĥ2H
ε
2 = 0, (6.1d)

Eε + ε ∂t (Ĥ2ϕ
ε) = 0 on ω, (6.1e)

uε
1 = 0 on ω+, (6.1f)

Hε
2 = 0 on ω−, (6.1g)

(Uε, W ε, ϕε) = 0 for t < 0. (6.1h)

In this section we prove a uniform in ε a priori estimate of smooth solutions of
(6.1).

Theorem 6.1. Let the basic state (4.2) satisfies assumptions (4.3)–(4.10) and (4.38)
for all times. There exist ε0 > 0, γ0 ≥ 1 such that if 0 < ε < ε0 and γ ≥ γ0 then
all sufficiently smooth solutions (Uε, W ε, ϕε) of problem (6.1) obey the estimate

γ

(

‖Uε
γ ‖2

H1
tan,γ (Q+)

+ ‖W ε
γ ‖2

H1
γ (Q−)

+ ‖(qε
γ , vε

1γ , hε
1γ )|ω∪ω+‖2

H1/2
γ (ω∪ω+)

+ ‖W ε
γ |ω‖2

H1/2
γ (ω)

)

+γ 2‖ϕε
γ ‖2

H1
γ (ω)

≤ C

γ
‖Fγ ‖2

H1
tan,γ (Q+)

, (6.2)
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where we have set Uε
γ = e−γ t Uε, W ε

γ = e−γ t W ε, ϕε
γ = e−γ t ϕε and so on,

and where C = C(K , δ) > 0 is a constant independent of the data F and the
parameters ε, γ .

Passing to the limit ε → 0 in this estimate will give the a priori estimate (4.39).
Since problem (6.1) looks similar to a corresponding one in relativistic MHD

[42], for the deduction of estimate (6.2) we use the same ideas as in [42]. It is worth
to point out that we need to be more careful with lower-order terms than in [42],
because we must avoid the appearance of terms with ε−1 (otherwise, our estimate
would not be uniform in ε). Also for this reason we are using the variables (Uε, W ε)

rather than (Uε, V ε).
For the proof of (6.2) we will need a secondary symmetrization of the trans-

formed Maxwell equations in vacuum (5.1b), (5.3).

6.2. A Secondary Symmetrization

In order to show how to get the secondary symmetrization, for the sake of
simplicity we first consider a planar unperturbed interface, i.e. the case ϕ̂ ≡ 0. For
this case (5.1b), (5.3) become

∂t V
ε + Bε

1∂1V ε + Bε
2∂2V ε = 0, (6.3)

divHε = 0. (6.4)

We write for system (6.3) the following secondary symmetrization (for a similar
secondary symmetrization of the 3D Maxwell equations in vacuum see [35,42]):

Bε
0∂t V

ε +
2∑

j=1

Bε
0 Bε

j ∂ j V ε + RdivHε = Bε
0∂t V

ε +
2∑

j=1

Bε
j∂ j V ε = 0. (6.5)

there

Bε
0 =

⎡

⎣
1 0 −εν2
0 1 εν1

−εν2 εν1 1

⎤

⎦ , (6.6)

Bε
1 =

⎡

⎣
ν1 ν2 0
ν2 −ν1 −ε−1

0 −ε−1 −ν1

⎤

⎦ , Bε
2 =

⎡

⎣
−ν2 ν1 ε−1

ν1 ν2 0
ε−1 0 −ν2

⎤

⎦ , R =
⎡

⎣
ν1
ν2
0

⎤

⎦ .

The arbitrary functions νi (t, x) will be chosen in appropriate way later on.
It may be useful to notice that system (6.5) can also be written as

∂tHε + 1

ε
Curl Eε − (ε∂tEε − curlHε

)
ν⊥ + ν divHε = 0,

∂tEε − 1

ε
curlHε + ν ∧ (ε∂tHε + Curl Eε

) = 0,

(6.7)
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where we write ν := (ν1, ν2), ν⊥ := (ν2,−ν1) and for any two vectors v =
(v1, v2), w = (w1, w2) their vector product is the scalar given by

v ∧ w := v1w2 − v2w1. (6.8)

The symmetric system (6.5) (or (6.7)) is hyperbolic if Bε
0 > 0, i.e. for

ε|ν| < 1. (6.9)

The last inequality is satisfied for any given ν and small ε. We compute that

det(Bε
1) = ν2

1

(
|ν|2 − 1/ε2

)2
.

Therefore the boundary is noncharacteristic for system (6.5) provided (6.9) and
ν1 �= 0 hold.

Consider now a nonplanar unperturbed interface, i.e., the general case when ϕ̂ is
not identically zero. Similarly to (6.5), from (5.6) and (5.11), we get the secondary
symmetrization

KBε
0 K −1

⎛

⎝B0∂t W
ε +

2∑

j=1

Bε
j ∂ j W ε + B3W ε

⎞

⎠+ 1

∂1
̂1
K Rdiv hε = 0.

We write the system as

Mε
0∂t W

ε + Mε
1∂1W ε + Mε

2∂2W ε + Mε
3 W ε = 0, (6.10)

where (recall the definition of B0 in (5.7))

Mε
0 = 1

∂1
̂1
KBε

0 KT > 0, Mε
2 = 1

∂1
̂1
KBε

2 KT,

Mε
1 = 1

∂1
̂1
K B̃ε

1 KT, B̃ε
1 = 1

∂1
̂1

(
Bε

1 − Bε
2∂2�̂

)
.

(6.11)

The explicit form of the matrix coefficient Mε
3 is useless in view of the subsequent

analysis. The only important point is its behaviour with respect to ε; namely one
can check that all its entries are bounded as ε → 0+, see (6.14).

System (6.10) is symmetric hyperbolic provided that (6.9) holds. We compute
that

det(Mε
1 ) = (1 + (∂2ϕ̂)2

)2 (
ν1 − ν2∂2ϕ̂

)2 (|ν|2 − 1/ε2
)2

, (6.12)

and so the boundary is noncharacteristic for system (6.10) if and only if (6.9) holds
and ν1 �= ν2∂2ϕ̂.
It is also useful to notice that system (6.10) originates from a linear combination
of Eq. (5.1b) similarly to (6.7), namely from

∂th
ε + 1

ε
Curl Eε − 1

∂1
̂1

(
ε∂te

ε − curlHε
)
η̂ν⊥ + η̂ν

∂1
̂1
div hε = 0,

∂te
ε − 1

ε
curlHε + ∂1
̂1

(
ν ∧ η̂−1 (ε∂th

ε + Curl Eε
)) = 0.

(6.13)
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We need to know which is the behaviour of the above matrices in (6.11) w.r.t. ε as
ε → 0. In view of this, let us denote a generic matrix which is bounded w.r.t. ε by
O(1). It is easy to find that

Mε
0 = O(1), Mε

j = Bε
j + O(1) ( j = 1, 2), Mε

3 = O(1). (6.14)

As the matrices Mε
0 and Mε

3 do not contain the multiplier ε−1, their norms are
bounded as ε → 0. Recalling that the matrices Bε

j are constant, we deduce as well
that all the possible derivatives (with respect to t and x j ) of the matrices Mε

j have
bounded norms as ε → 0.

Remark 6.1. Following the same arguments of [35], it can be proved that systems
(6.1b) and (6.10) are effectively equivalent, in the sense that they have the same
solutions.

6.3. Proof of Theorem 6.1

For the proof of our basic a priori estimate (6.2) we will apply the energy method
to the symmetric hyperbolic systems (6.1a) and (6.10). In the sequel γ0 ≥ 1 denotes
a generic constant sufficiently large which may increase from formula to formula,
and C is a generic constant that may change from line to line.

First of all we provide some preparatory estimates. In particular, to estimate
the weighted conormal derivative Z1 = σ∂1 of Uε (recall the definition (3.2) of
the γ -dependent norm of H1

tan,γ ) we do not need any boundary condition because
the weight σ vanishes on ω. Applying to system (6.1a) the operator Z1 and using
standard arguments of the energy method, multiplying Z1(6.1a) by e−γ t Z1Uε

γ and
integrate by parts over Q+, then we use the Cauchy-Schwarz inequality yields the
inequality

γ ‖Z1Uε
γ ‖2

L2(Q+)

≤ C(K )

γ

{

‖Fγ ‖2
H1

tan,γ (Q+)
+ ‖Uε

γ ‖2
H1

tan,γ (Q+)
+ ‖E12Uε

γ ‖2
L2(Q+)

}

,(6.15)

for γ ≥ γ0. On the other hand, directly from the Eq. (6.1a) we have

‖E12Uε
γ ‖2

L2(Q+)
≤ C(K )

{

‖Fγ ‖2
L2(Q+)

+ ‖Uε
γ ‖2

H1
tan,γ (Q+)

}

, (6.16)

where C(K ) is independent of ε, γ . Thus from (6.15), (6.16) we get

γ ‖Z1Uε
γ ‖2

L2(Q+)
≤ C(K )

γ

{

‖Fγ ‖2
H1

tan,γ (Q+)
+ ‖Uε

γ ‖2
H1

tan,γ (Q+)

}

, γ ≥ γ0,

(6.17)

where C(K ) is independent of ε, γ . Furthermore, using the special structure of the
boundary matrix in (6.1a) (see (4.36)) and the divergence constraint (5.10), we may
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estimate the normal derivative of the noncharacteristic partUε
nγ = e−γ t (qε, vε

1, hε
1)

of the “plasma” unknown Uε
γ :

‖∂1Uε
nγ ‖2

L2(Q+)
≤ C(K )

{

‖Fγ ‖2
L2(Q+)

+ ‖Uε
γ ‖2

H1
tan,γ (Q+)

}

,

(6.18)

where C(K ) is independent of ε, γ . In a similar way we wish to express the normal
derivative of W ε through its tangential derivatives. Here it is convenient to use sys-
tem (6.1b) rather than (6.10). We multiply (6.1b) by ε and find from the obtained
equation an explicit expression for the normal derivatives of Hε

2, Eε. An explicit
expression for the normal derivatives of Hε

1 is found through the divergence con-
straints (5.11). Thus we can estimate the normal derivatives of all the components
of W ε through its tangential derivatives:

‖∂1W ε
γ ‖2

L2(Q−)
≤ C(K )

{
γ 2‖W ε

γ ‖2
L2(Q−)

+ ‖∂t W
ε
γ ‖2

L2(Q−)
+ ‖∂2W ε

γ ‖2
L2(Q−)

}
,

(6.19)

where C(K ) does not depend on ε and γ , for all ε ≤ ε0.
As for the front function ϕε we easily obtain from (6.1c) the L2 estimate

γ ‖ϕε
γ ‖2

L2(ω)
≤ C

γ
‖vε

1γ ‖2
L2(ω)

, γ ≥ γ0, (6.20)

where C is independent of γ . Furthermore, thanks to our basic assumption (4.38),
we can resolve (5.12), (5.13) and (6.1c) for the space-time gradient ∇t,x2ϕ

ε
γ =

(∂tϕ
ε
γ , ∂2ϕ

ε
γ ):

∇t,x2ϕ
ε
γ = â1hε

1γ + â2h
ε
1γ + â3v

ε
1γ + â4ϕ

ε
γ + γ â5ϕ

ε
γ , (6.21)

where the vector-functions âα = aα(Û|ω, Ĥ|ω) of coefficients can be easily written
in explicit form. From (6.21) we get

‖∇t,x2ϕ
ε
γ ‖L2(ω) ≤ C

(
‖Uε

nγ |ω‖L2(ω) + ‖W ε
γ |ω‖L2(ω) + γ ‖ϕε

γ ‖L2(ω)

)
. (6.22)

Now we prove a L2 energy estimate for (Uε, W ε). We multiply (6.1a) by
e−γ t Uε

γ and (6.10) by e−γ t W ε
γ , integrate by parts over Q±, then we use the Cauchy-

Schwarz inequality. We easily obtain

γ

∫

Q+
( Â0Uε

γ ,Uε
γ ) dxdt + γ

∫

Q−
(Mε

0 W ε
γ , W ε

γ )dxdt +
∫

ω

Aε dx2dt

≤ C(K )

{
1

γ
‖Fγ ‖2

L2(Q+)
+ ‖Uε

γ ‖2
L2(Q+)

+ ‖W ε
γ ‖2

L2(Q−)

}

, (6.23)

where we have denoted that

Aε = −1

2
(E12Uε

γ ,Uε
γ )|ω + 1

2
(Mε

1 W ε
γ , W ε

γ )|ω.
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Thanks to the properties of the matrices Mε
α (α = 0, 1, 2, 3) described in (6.14),

the constant C(K ) in (6.23) is uniformly bounded in ε and γ .
Let us calculate the quadratic form Aε for the following choice of the functions

ν j in the secondary symmetrization:

ν1 = χ û2∂2ϕ̂, ν2 = χ û2. (6.24)

there the cut-off function χ(x1) ∈ C∞([−1, 0]) is well-defined, such that χ(0) = 1
and χ(−1) = 0. It has to be noted that the choice (6.24) makes the boundary
characteristic, see (6.12).

After long calculations we get (for simplicity we drop the index γ )

Aε = −qεvε
1 − ε−1Hε

2Eε + û2H
ε
2Hε

N on ω. (6.25)

Now we insert the boundary conditions (5.13) (written in ω), (6.1c)–(6.1e) in the
quadratic form Aε, recalling also ĤN |ω = 0. Again after some calculations we get

Aε = ϕε
{[∂1q̂] (vε

1 + ϕε∂1ûN ) + ∂1ûN qε + (∂tĤ2 + ∂2Ĥ2û2)H
ε
2

}
on ω .

(6.26)

Thanks to the multiplicative factor ε in the boundary condition (6.1e), the critical
term with the multiplier ε−1 in (6.25) has been dropped out.

In the energy identity, there are also the boundary integrals for the outer top and
bottom boundaries:

I+ = 1

2

∫

ω+
T

(E12Uε
γ ,Uε

γ )|ω+
T

dx2dt =
∫

ω+
T

qεvε
1|ω+

T
dx2dt =

∫

ω+
T

qεuε
1|ω+

T
dx2dt

(recall that v1 = u1 on ω+) and

I− = −1

2

∫

ω−
(Mε

1 W ε
γ , W ε

γ )|ω−dx2dt.

By the choice of (6.24), we have νi |x1=−1 = 0, i = 1, 2 and it follows that

Mε
1 |ω− = Bε

1|ν=0 = Bε
1 = ε−1

⎡

⎣
0 0 0
0 0 −1
0 −1 0

⎤

⎦ . (6.27)

Then,

I− = ε−1
∫

ω−
EεHε

2|ω−dx2dt.

By using (6.1f) and (6.1g), I± = 0. From (6.23), (6.26) we obtain that

γ
(
‖Uε

γ ‖2
L2(Q+)

+ ‖W ε
γ ‖2

L2(Q−)

)

≤ C

γ

(
‖Fγ ‖2

L2(Q+)
+ ‖Uε

nγ |ω‖2
L2(ω)

+ ‖W ε
γ |ω‖2

L2(ω)

)

+C
(
‖Uε

γ ‖2
L2(Q+)

+ ‖W ε
γ ‖2

L2(Q−)

)
+ γ ‖ϕε

γ ‖2
L2(ω)

, (6.28)
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where C is independent of ε, γ . Thus if γ0 is large enough we obtain from (6.20),
(6.28) the inequality

γ
(
‖Uε

γ ‖2
L2(Q+)

+ ‖W ε
γ ‖2

L2(Q−)

)

≤ C

γ

(
‖Fγ ‖2

L2(Q+)
+ ‖Uε

nγ |ω‖2
L2(ω)

+ ‖W ε
γ |ω‖2

L2(ω)

)
, 0 < ε < ε0, γ ≥ γ0,

(6.29)

where C is independent of ε, γ .
Now we derive the a priori estimate of tangential derivatives. Differentiating

systems (6.1a) and (6.10) with respect to x0 = t , x2, using standard arguments of
the energy method, and applying (6.18), (6.19), gives the energy inequality

γ

∫

Q+
( Â0 Z�Uε

γ , Z�Uε
γ ) dxdt + γ

∫

Q−
(Mε

0 Z�W ε
γ , Z�W ε

γ )dxdt +
∫

ωT

Aε
� dx2dt

≤ C

γ

(

‖Fγ ‖2
H1

tan,γ (Q+)
+ ‖Uε

γ ‖2
H1

tan,γ (Q+)
+ ‖W ε

γ ‖2
H1

γ (Q−)

)

, (6.30)

where � = 0, 2, and where we have denoted that

Aε
� = −1

2
(E12 Z�Uε

γ , Z�Uε
γ )|ω + 1

2
(Mε

1 Z�W ε
γ , Z�W ε

γ )|ω.

Thanks to the properties of the matrices Mε
α (α = 0, 1, 2, 3) described in (6.14),

the constant C in (6.30) is uniformly bounded in ε and γ . We repeat for Aε
� the

calculations leading to (6.26) for Aε. Clearly, for the same choice (6.24) we obtain
(for simplicity we drop again the index γ )

Aε
� = Z�ϕ

ε
{[∂1q̂] (Z�v

ε
1 + Z�ϕ

ε∂1ûN )

+ ∂1ûN Z�qε + (∂tĤ2 + ∂2Ĥ2û2)Z�H
ε
2

}+ l.o.t. on ω,
(6.31)

where l.o.t. is the sum of lower-order terms. Using (6.21) and the boundary condition
(6.1d), we reduce the above terms to those like

ĉ hε
1 Z�v

ε
1, ĉ hε

1 Z�ϕ
ε, ĉ hε

1 Z�H
ε
j ( j = 1, 2), ĉ hε

1 Z�Eε, . . . on ω,

terms as above with hε
1, v

ε
1 instead of hε

1, or even “better” terms like

γ ĉϕε Z�v
ε
1, γ ĉϕε Z�ϕ

ε.

Here and below ĉ is the common notation for a generic coefficient depending on
the basic state (4.2). By integration by parts such “better” terms can be reduced to
the above ones and terms of lower order.

The terms like ĉ hε
1 Z�v

ε
1|x1=0 are estimated by passing to the volume integral

and integrating by parts,
∫

ω

ĉ hε
1 Z�v

ε
1|x1=0 dx2 dt = −

∫

Q+
∂1
(
c̃hε

1 Z�v
ε
1

)
dx dt

=
∫

Q+

(
(Z�c̃)hε

1(∂1v
ε
1) + c̃(Z�hε

1)∂1v
ε
1

−(∂1c̃)hε
1 Z�v

ε
1 − c̃(∂1hε

1)Z�v
ε
1

)
dx dt,



Arch. Rational Mech. Anal.          (2024) 248:56 Page 31 of 45    56 

where c̃|x1=0 = ĉ. Estimating the right-hand side by Hölder’s inequality and (6.18)
gives

∣
∣
∣
∣

∫

ω

ĉ hε
1 Z�v

ε
1|x1=0 dx2 dt

∣
∣
∣
∣ ≤ C

(

‖Fγ ‖2
L2(Q+)

+ ‖Uε
γ ‖2

H1
tan,γ (Q+)

)

. (6.32)

In the same way we estimate the other similar terms ĉ hε
1 Z�H

ε
j , ĉ hε

1 Z�Eε, etc.
Notice that we only need to estimate normal derivatives either of components of
Uε

nγ or W ε
γ . For terms like ĉ hε

1 Z�v
ε
1, ĉ hε

1 Z�Eε, etc. we use (6.19) instead of (6.18).
We treat the terms like ĉ hε

1|x1=0 Z�ϕ
ε by substituting (6.21) again:

∣
∣
∣
∣

∫

ω

ĉ hε
1 Z�ϕ

ε dx2 dt

∣
∣
∣
∣ =

∣
∣
∣
∣

∫

ω

ĉ hε
1

(
â1hε

1 + â2h
ε
1 + â3v

ε
1 + â4ϕ

ε + γ â5ϕ
ε
)

dx2 dt

∣
∣
∣
∣

≤ C
(
‖Uε

n |ω‖2
L2(ω)

+ ‖W ε|ω‖2
L2(ω)

+ γ 2‖ϕε‖2
L2(ω)

)
.

(6.33)

Combining (6.30), (6.32), (6.33) and similar inequalities for the other terms of
(6.31) yields (we restore the index γ )

γ
(
‖Z�Uε

γ ‖2
L2(Q+)

+ ‖Z�W ε
γ ‖2

L2(Q−)

)

≤ C
{ 1

γ
‖Fγ ‖2

H1
tan,γ (Q+)

+ ‖Uε
γ ‖2

H1
tan,γ (Q+)

+ ‖W ε
γ ‖2

H1
γ (Q−)

+γ
(
‖Uε

nγ |ω‖2
L2(ω)

+ ‖W ε
γ |ω‖2

L2(ω)

) }
, 0 < ε < ε0, γ ≥ γ0,

(6.34)

where C is independent of ε, γ . Then, from (6.17), (6.19), (6.29), (6.34), we obtain

γ

(

‖Uε
γ ‖2

H1
tan,γ (Q+)

+ ‖W ε
γ ‖2

H1
γ (Q−)

)

≤ C
{ 1

γ
‖Fγ ‖2

H1
tan,γ (Q+)

+ ‖Uε
γ ‖2

H1
tan,γ (Q+)

+ ‖W ε
γ ‖2

H1
γ (Q−)

+γ
(
‖Uε

nγ |ω‖2
L2(ω)

+ ‖W ε
γ |ω‖2

L2(ω)

) }
, 0 < ε < ε0, γ ≥ γ0,

(6.35)

where C is independent of ε, γ . We need the following estimate for the traces of
Uε

n , W ε:

Lemma 6.1. The functions Uε
n , W ε satisfy

γ ‖Uε
nγ |ω‖2

L2(ω)
+ ‖Uε

nγ |ω‖2
H1/2

γ (ω)
≤ C

(

‖Fγ ‖2
L2(Q+)

+ ‖Uε
γ ‖2

H1
tan,γ (Q+)

)

,

(6.36)

γ ‖W ε
γ |ω‖2

L2(ω)
+ ‖W ε

γ |ω‖2
H1/2

γ (ω)
≤ C‖W ε

γ ‖2
H1

γ (Q−)
. (6.37)

Proof. See [35, Lemma 6.2]. ��
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Substituting (6.36), (6.37) in (6.35) and taking γ0 large enough yields

γ

(

‖Uε
γ ‖2

H1
tan,γ (Q+)

+ ‖W ε
γ ‖2

H1
γ (Q−)

)

≤ C

γ
‖Fγ ‖2

H1
tan,γ (Q+)

, 0 < ε < ε0, γ ≥ γ0, (6.38)

where C is independent of ε, γ . Finally, from (6.22), (6.36) and (6.38) we get

γ

(

‖Uε
nγ |ω‖2

H1/2
γ (ω)

+ ‖W ε
γ |ω‖2

H1/2
γ (ω)

)

+ γ 2‖ϕε
γ ‖2

H1
γ (ω)

≤ C

γ
‖Fγ ‖2

H1
tan,γ (Q+)

.

(6.39)

Adding (6.38), (6.39) gives (6.2), The proof of Theorem 6.1 is complete.

7. Well-Posedness of the Boundary Value Problem Associated to the
Hyperbolic Approximation Problem (5.1)

In this section we prove the existence of the solution of (6.1). Its restriction to
the time interval (−∞, T ] will provide the solution of problem (5.9). From now
on, in the proof of the existence of the solution, ε is fixed and so we omit it and we
simply write U instead of Uε, W instead of W ε, ϕ instead of ϕε.

In what follows, we can consider system (6.10) instead of (6.1b), because,
following the same arguments of [35], these two systems are shown to be equivalent,
in the sense that they have the same solutions.
First of all, we write the boundary conditions in different form, by eliminating the
derivatives of ϕ. We substitute (6.1c) in the boundary conditions for E and take
account of the constraint (5.13) and the choice (6.24). We get

q − ĥ2H2 + [∂1q̂]ϕ = 0,

E + ε Ĥ2v1 − ε û2HN + εaϕ = 0, on ω,
(7.1)

where the precise form of the coefficients a is not important. For later use we
observe that (5.13), (6.1c)–(6.1e) is equivalent to (5.13), (6.1c), (7.1).

Let us write the system (6.1a), (6.10), (7.1) in compact form as

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

L
(
U
W

)

=
(
F
0

)

on Q+ × Q−,

M

(
U
W

)

+ b ϕ = 0 in ω,

(U , W, ϕ) = 0 for t < 0,

(7.2)

where the matrix M and the vector b are implicitly defined by (7.1).
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Let us multiply (7.2) by e−γ t with γ ≥ 1; according to the rule e−γ t∂t u =
(γ + ∂t )e−γ t u, (7.2) becomes equivalent to

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

Lγ

(
Uγ

Wγ

)

=
(
Fγ

0

)

on Q+ × Q−,

M

(
Uγ

Wγ

)

+ b ϕγ = 0 in ω,

(Uγ , Wγ , ϕγ ) = 0 for t < 0,

(7.3)

where

Lγ := γ

( Â0 0
0 Mε

0

)

+ L,

Uγ = e−γ t U , Wγ = e−γ t W, ϕγ = e−γ tϕ, etc.
First we solve (7.3) under the assumption that ϕγ is given.

Lemma 7.1. There exists γ0 > 0 such that for all γ ≥ γ0 and for all given F ∈
eγ t H1

tan,γ (Q+) and ϕ ∈ eγ t H3/2
γ (ω) vanishing in the past, the problem (7.3) has a

unique solution (U , W ) ∈ eγ t H1
tan,γ (Q+) × eγ t H1

γ (Q−) with (q, v1, h1, W )|ω ∈
eγ t H1/2

γ (ω), such that

‖e−γ t (U , W )‖H1
tan,γ (Q+)×H1

γ (Q−) + ‖e−γ t (q, v1, h1, W)|ω‖
H1/2

γ (ω)

≤ C

γ

(
‖e−γ t F‖H1

tan,γ (Q+) + ‖e−γ t ϕ‖
H3/2

γ (ω)

)
. (7.4)

Proof. Here we follow the same lines of [35]. We insert the new boundary condi-
tions (7.1) in the quadratic form Aε (see (6.25)) and we get

Aε := −1

2
(Â1 + E12)U · U + 1

2
Mε

1 W · W = ([∂1q̂]v1 + aH2)ϕ on ω.

(7.5)

If we consider the boundary conditions (7.1) in homogeneous form, namely if we
set ϕ = 0, then from (7.5)

Aε = 0 on ω.

We deduce that the boundary conditions (7.1) are nonnegative for Lγ . As the num-
ber of boundary conditions in (7.1) is in agreement with the number of incoming
characteristics for the operator Lγ (see Proposition 5.1) we infer that the boundary
conditions (7.1) are maximally nonnegative (but not strictly dissipative). Then we
reduce the problem to one with homogeneous boundary conditions by subtracting
from (Uγ , Wγ ) a function (U ′

γ , W ′
γ ) ∈ H2

γ (Q+) × H2
γ (Q−) such that

M

( U ′
W ′
)

+ b ϕ = 0 on ω.

Finally, as the boundary is characteristic of constant multiplicity [28], we may apply
the result of [29,30] and we get the solution with the prescribed regularity. ��



   56 Page 34 of 45 Arch. Rational Mech. Anal.          (2024) 248:56 

The well-posedness of (6.1) in H1
tan × H1 is given by the following theorem.

Theorem 7.1. There existsγ0 > 0 such that for allγ ≥ γ0 andF ∈ eγ t H1
tan,γ (Q+)

vanishing in the past, the problem (6.1) has a unique solution (U , W ) ∈ eγ t H1
tan,γ

(Q+) × eγ t H1
γ (Q−) with (q, v1, h1, W )|ω ∈ eγ t H1/2

γ (ω), ϕ ∈ eγ t H3/2
γ (ω).

Proof. Again, we follow the same lines of [35]. We prove the existence of the
solution to (6.1) by a fixed point argument. Let ϕ ∈ eγ t H3/2

γ (ω) vanishing in
the past. By Lemma 7.1, for γ sufficiently large there exists a unique solution
(U , W ) ∈ eγ t H1

tan,γ (Q+) × eγ t H1
γ (Q−), with (q, v1, h1, W )|ω ∈ eγ t H1/2

γ (ω) of

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

Lγ

(
Uγ

Wγ

)

=
(
Fγ

0

)

on Q+ × Q−,

M

(
Uγ

Wγ

)

= −b ϕγ on ω,

(Uγ , Wγ ) = 0 for t < 0,

(7.6)

enjoying the a priori estimate (7.4) with ϕ instead of ϕ. Now consider the equation

γ ϕγ + ∂tϕγ + û2∂2ϕγ − ϕγ ∂1ûN = v1γ , on ω, (7.7)

where v1γ ∈ H1/2
γ (ω) is the trace of the component of Uγ that is the solution of

problem (7.6) given in the previous step, vanishing for t < 0. For γ sufficiently
large there exists a unique solution ϕγ ∈ H1/2

γ (ω), vanishing in the past, such that

‖ϕγ ‖
H1/2

γ (ω)
≤ C

γ
‖v1γ ‖

H1/2
γ (ω)

. (7.8)

From the plasma equation in (7.6) and from (7.7) we deduce the boundary constraint

h1γ = Ĥ2∂2ϕγ − ϕγ ∂1 ĤN on ω. (7.9)

Since in the right-hand side of (7.6) we have ϕ instead of ϕ we are not able to
deduce the similar boundary constraint for the vacuum magnetic field. Instead, we
obtain

h1γ − ∂2
(Ĥ2ϕγ

) = Gγ on ω, (7.10)

where Gγ solves

d̃

dt
Gγ + a∂2(ϕγ − ϕγ ) + ∂2a(ϕγ − ϕγ ) = 0 on ω, (7.11)

for d̃/dt = γ + ∂t + ∂2(û2 ·) and where the coefficient a is the same of (7.1).
Condition (7.11) is derived from the first equation of the vacuum part of (7.6), (7.7)
and the boundary condition for E in (7.6).
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Let us consider the linear system for ∇t,x2ϕγ provided by Eqs. (7.7), (7.9) and
(7.10). We can represent ∇t,x2ϕγ through (h1γ , h1γ , v1γ )|ω, ϕγ , Gγ by using the
stability condition (4.38), that is,

∇t,x2ϕγ = a′
1h1γ + a′

2h1γ + a′
3v1γ + a′

4ϕγ + a′
5Gγ , (7.12)

where the precise form of the coefficients a′
i has no interest. Then, substituting into

(7.11) yields

d̃

dt
Gγ + b0Gγ = b1h1γ + b2h1γ + b3ϕγ + a∂2ϕγ + ∂2aϕγ on ω,

(7.13)

with suitable coefficients bi .
From (7.13), for γ sufficiently large, we get the estimate

‖Gγ ‖
H1/2

γ (ω)
≤ C

γ

(
‖(h1γ , h1γ )‖

H1/2
γ (ω)

+ ‖ϕγ ‖
H1/2

γ (ω)
+ ‖ϕγ ‖

H3/2
γ (ω)

)

≤ C

γ

(
‖Fγ ‖H1

tan,γ (Q+) + ‖ϕγ ‖
H3/2

γ (ω)

)
, (7.14)

where we have applied (7.4) (with ϕ in place of ϕ) and (7.8). Thus, from (7.12)
again, we obtain the estimate

‖∇t,x2ϕγ ‖
H1/2

γ (ω)
≤ C

(
‖(v1γ , h1γ , h1γ )‖

H1/2
γ (ω)

+ ‖ϕγ ‖
H1/2

γ (ω)
+ ‖Gγ ‖

H1/2
γ (ω)

)

≤ C

γ

(
‖Fγ ‖H1

tan,γ (Q+) + ‖ϕγ ‖
H3/2

γ (ω)

)
. (7.15)

Combining (7.4) (with ϕ in place of ϕ), (7.8) and (7.15) gives

‖ϕγ ‖
H3/2

γ (ω)
≤ C

γ

(
‖Fγ ‖H1

tan,γ (Q+) + ‖ϕγ ‖
H3/2

γ (ω)

)
. (7.16)

This defines a map ϕ → ϕ in eγ t H3/2
γ (ω). Let ϕ1, ϕ2 ∈ eγ t H3/2

γ (ω), and (U1, W 1),

(U2, W 2),ϕ1, ϕ2 be the corresponding solutions of (7.6), (7.7), respectively. Thanks
to the linearity of the problems (7.6), (7.7) we obtain, as for (7.16),

‖ϕ1
γ − ϕ2

γ ‖
H3/2

γ (ω)
≤ C

γ
‖ϕ1

γ − ϕ2
γ ‖

H3/2
γ (ω)

.

Then there exists γ0 > 0 such that for all γ ≥ γ0 the map ϕ → ϕ has a unique
fixed point, by the contraction mapping principle. The fixed point ϕ = ϕ, together
with the corresponding solution of (7.6), provides the solution of (7.3), (7.7), that
is a solution of (6.1). As for the boundary conditions, we have already observed
that (5.13) written on ω instead of ωT , (6.1c)–(6.1e) is equivalent to (5.13) written
on ω instead of ωT , (6.1c), (7.1). The proof is complete. ��
Remark 7.1. We observe that, from the well-posedness of the boundary value prob-
lem (6.1), stated in Theorem 7.1, we get the well-posedness of the initial boundary
value problem (5.9), indeed, the restriction of the solution of (6.1) to the time
interval (−∞, T ] will provide the solution of problem (5.9).
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8. Proof of Theorem 4.1

For all ε sufficiently small, problem (5.9) admits a unique solution with the reg-
ularity described in Theorem 7.1, see Remark 7.1. Due to the uniform a priori esti-
mate (6.2) we can estract a subsequence weakly convergent to functions (U , W, ϕ)

with (Uγ , Wγ ) ∈ H1
tan,γ (Q+

T ) × H1
γ (Q−

T ) and (qγ , v1γ , h1γ )|ωT ∈ H1/2
γ (ωT ),

Wγ |ωT ∈ H1
γ (ωT ) and ϕγ ∈ H1

γ (ωT ) (we use obvious notations). Let us decom-
pose W = (H, E) and perform a inverse change of unknown with respect to that
of Sect. 5.1 to define H from H. Passing to the limit in (5.1b), (5.9)–(5.13) as
ε → 0 immediately gives that (U,H, ϕ) is a solution to (4.37), (4.29), (4.30) and
lim
ε→0

Eε = E = 0. Passing to the limit in (6.2) gives the a priori estimate (4.39). The

proof of Theorem 4.1 is complete.

9. The Div-Curl Problem

This section is devoted to study the following div-curl system with mixed bound-
ary condition. For fixed time t, we consider the elliptic system (4.16). Because
h = AH problem (4.16) can be equivalently rewritten as

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

curlH = χ, div (AH) = � in �−,

(AH)1 = g3 on �,

H2 = g5 on �−,

x2 → H(t, x1, x2) is 1-periodic,

(9.1)

where A = A(∇�̂) = (∂1
̂1)
−1η̂η̂T , with η̂ defined in (4.32) (recall that H2 =

Hτ = H2 on �−).
The problem above is of the type of the div-curl boundary problems with mixed
boundary conditions studied by Auchmuty–Alexander [3]; in particular, A is a sym-
metric positive-definite matrix in the sense of [3, Condition E1]. Therefore, we can
apply to the problem above the well-posedness Theorem [3, Theorem 31], adapted
to the case of the domain �− which is periodic in the tangential x2−variable.

In view of [3, Sect. 15], the mixed boundary-value problem (9.1) decouples into
two separate elliptic problems for scalar functions, according to the decomposition
of L2(�−) as

L2(�−) = G�−(�−) ⊕ CA�(�−), (9.2)

where ⊕ denotes the direct sum of the spaces

G�−(�−) :=
{
∇ϕ : ϕ ∈ H1

�−0(�
−)
}

, (9.3)

CA�(�−) :=
{

A−1Curl ψ : ψ ∈ H1
�0(�

−)
}

, (9.4)

and H1
�0(�

−) and H1
�−0(�

−) are respectively the spaces of functions from H1(�−)

with zero trace on � or �−.
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Remark 9.1. In [3, Theorem 21], the decomposition of the space L2(�−) as the
direct sum of subspaces involves an additional finite-dimensional space consisting
of suitable A-harmonic vector fields on �−, whose dimension depends on the
topology of the domain �− and its boundary; however in the case of a simply
connected domain, as �− is in our case, this space of A-harmonic vector fields
reduces to the null space.

According to the decomposition (9.2), we seek a solution to problem (9.1) in
the form

H = ∇ϕ + A−1Curlψ, (9.5)

where ϕ and ψ have to belong respectively to G�−(�−) and CA�(�−). Substituting
(9.5) in (9.1), we find that ϕ and ψ must solve the problems (see [3, Sect. 15])

{
div (A∇ϕ) = � on �−,

(A∇ϕ) · e1 = (A∇ϕ)1 = g3 on �,
(9.6)

and
{

curl (A−1Curl ψ) = χ on �−,

(A−1Curl ψ) · e2 = g5 on �−,
(9.7)

where e1 := (1, 0) is the normal vector to � and e2 := (0, 1) is the tangential
vector to �−.
In view of [3, Theorem 31], problem (9.1) is well-posed in L2(�−). It is specially
worth noting that no compatibility conditions are required when mixed boundary
conditions are imposed, see again [3, Section 15].

Proposition 9.1. Assume that for each fixed t, the data (χ,�, g3, g5) in (9.1) satisfy
(χ,�) ∈ L2(�−), g3 ∈ H1/2(�), g5 ∈ H1/2(�−). Then there exists a unique
solution H ∈ H1(�−) of (9.1) and

‖H‖L2(�−) ≤ C

(

‖χ‖H−1
�0

+ ‖�‖H−1
�−0

+ ‖g3‖H−1/2(�) + ‖g5‖H−1/2(�−)

)

,

(9.8)

‖∇H‖L2(�−) ≤ C
(‖(χ,�)‖L2(�−) + ‖g3‖H1/2(�) + ‖g5‖H1/2(�−)

)
, (9.9)

where H−1
�0 (�−) and H−1

�−0(�
−) are respectively the dual spaces of H1

�0(�
−) and

H1
�−0(�

−) endowed with their natural norms.

If (χ,�) ∈ H1(�−), g3 ∈ H3/2(�), g5 ∈ H3/2(�−), then H ∈ H2(�−) and

‖H‖H2(�−) ≤ C
(‖(χ,�)‖H1(�−) + ‖g3‖H3/2(�) + ‖g5‖H3/2(�−)

)
. (9.10)

In (9.8)–(9.10), C = C(K ) is a positive constant depending only on K defined in
(4.3).
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Proof. The existence of ϕ ∈ H1
�−0(�

−) and ψ ∈ H1
�0(�

−), respectively solutions
of (9.6) and (9.7), follows from [3, Theorem 28, Theorem 29]. From (9.5) we obtain
H ∈ L2(�−). The estimate (9.8) follows from the equalities obtained from (9.6),
(9.7) and integrations by parts,

∫

�−
�ϕ dx =

∫

�

g3ϕ dx2 −
∫

�−
A∇ϕ · ∇ϕ dx,

∫

�−
χψ dx = −

∫

�−
g5ψ dx2 +

∫

�−
A−1Curl ψ · Curl ψ dx,

by using that A and A−1 are positive definite and the Poincaré inequality. (9.9) and
(9.10) follow from standard elliptic estimates for (9.6), (9.7). ��

10. Final H1 Estimate for the Nonhomogeneous Linearized Problem (4.15)

It is convenient to work in the plasma part with system analogous to (4.35) and
write the vacuum equations in terms of Ḣ. Denoting U̇ = (q̇, v̇, ḣ, Ṡ), where

v̇ = η̂u̇, ḣ = η̂Ḣ,

the nonhomogeneous linearized problem (4.15) becomes

Â0∂t U̇ +
2∑

j=1

(Â j + E1 j+1)∂ j U̇ + Ĉ′U̇ = f̃ , in Q+
T , (10.1a)

curl Ḣ = χ, div (AḢ) = � in Q−
T , (10.1b)

∂tϕ = v̇1 − û2∂2ϕ + ϕ ∂1ûN + g1, (10.1c)

q̇ = ĥ · Ḣ − [∂1q̂]ϕ + g2, (10.1d)

(AḢ)1 = ∂2
(Ĥ2ϕ

)+ g3 on ωT , (10.1e)

v̇1 = g4 on ω+
T , (10.1f)

Ḣ2 = g5, on ω−
T , (10.1g)

(U̇, Ḣ, ϕ) = 0 for t < 0. (10.1h)

Here, we define f̃ = ∂1
̂1 R̂ f , where R̂ is defined in (4.33). Then we have

Theorem 10.1. Let T > 0. Let the basic state (4.2) satisfy the assumptions (4.3)–
(4.10), (4.38). Then there exists γ1 ≥ 1 such that for all γ ≥ γ1 and for all f̃γ ∈
H2

γ (Q+
T ),χγ ∈ H1

γ (Q−
T )∩H2

γ (−∞, T ; H−1
�0 ),�γ ∈ H1

γ (Q−
T )∩H2

γ (−∞, T ; H−1
�−0),

(g1γ , g2γ ) ∈ H3/2
γ (ωT ), g3γ ∈ H3/2

γ (ωT ) ∩ H2
γ (−∞, T ; H−1/2

γ (�)), g4γ ∈
H3/2

γ (ω+
T ), g5γ ∈ H3/2

γ (ω−
T )∩ H2

γ (−∞, T ; H−1/2
γ (�−)), and all functions vanish-

ing in the past, problem (10.1) has a unique solution (U̇γ , Ḣγ , ϕγ ) ∈ H1
tan,γ (Q+

T )×
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H1
γ (Q−

T )× H3/2
γ (ωT ) with trace (q̇γ , u̇1γ , ḣ1γ )|ωT ∈ H1/2

γ (ωT ). Moreover, the so-
lution obeys the a priori estimates

γ
(
‖U̇γ ‖2

H1
tan,γ (Q+

T )
+ ‖Ḣγ ‖2

H1
γ (Q−

T )
+ ‖(q̇γ , u̇1γ , ḣ1γ )|ωT ‖2

H1/2
γ (ωT )

+ ‖ϕγ ‖2
H3/2

γ (ωT )

)

≤ C

γ

(
‖ f̃γ ‖2

H2
tan,γ (Q+

T )
+ γ ‖χγ ,�γ ‖H1

γ (Q−
T )

+‖χγ ‖H2
γ (−∞,T ;H−1

�0 )
+ ‖�γ ‖H2

γ (−∞,T ;H−1
�−0)

+‖g1γ ‖2
H5/2

γ (ωT )
+ ‖g2γ , g3γ ‖2

H3/2
γ (ωT )

+ ‖g3γ ‖
H2

γ (−∞,T ;H−1/2
γ (�))

+‖g4γ ‖2
H5/2

γ (ω+
T )

+ ‖g5γ ‖
H3/2

γ (ω−
T )

+ ‖g5γ ‖
H2

γ (−∞,T ;H−1/2
γ (�−))

)
, (10.2)

where we have set U̇γ = e−γ t U̇ , Ḣγ = e−γ t Ḣ, ϕγ = e−γ t ϕ and so on. Here
C = C(K , T, δ) > 0 is a constant independent of the data f̃ , χ,�, g and γ .

Proof. Recalling the decomposition Ḣ = H′ +H′′, see Sect. 4.3, the proof follows
from the estimates (4.26), (4.27), Theorem 4.1, (9.9) for the space derivatives of
H′′, (9.8) for the time derivative of H′′, and (9.10) for the trace estimate of g′

2. ��

11. Well-Posedness of the Linearized Problem (4.15) in Anisotropic Sobolev
Spaces

Then, we can prove the following well-posedness of the linearized problem in
anisotropic Sobolev spaces:

Theorem 11.1. Let T > 0, m ∈ N, m ≥ 1 and s = max{m + 2, 9}. Let the basic
state (4.2) satisfy the assumptions (4.3)–(4.10), (4.38) and

(Û, Ĥ, ϕ̂) ∈ Hs∗,γ (Q+
T ) × Hs

γ (Q−
T ) × Hs+0.5

γ (ωT ). (11.1)

There exists γm ≥ 1 such that for all γ ≥ γm and for all fγ ∈ Hm+1∗,γ (Q+
T ),

(χγ ,�γ ) ∈ Hm+1
γ (Q−

T ), (g1γ , g2γ , g3γ ) ∈ Hm+1.5
γ (ωT ), g4γ ∈ Hm+1.5

γ (ω+
T ), g5γ ∈

Hm+1
γ (ω−

T ),all functions vanishing in the past, (10.1) has a solution (U̇γ , Ḣγ , ϕγ ) ∈
Hm∗,γ (Q+

T )×Hm
γ (Q−

T )×Hm+0.5
γ (ωT ),with trace (q̇γ , v̇1γ , ḣ1γ )|ωT ∈ Hm−0.5

γ (ωT ).

The solution obeys the tame estimate

γ
(
||U̇γ ||2

Hm∗,γ (Q+
T )

+ ||Ḣγ ||2
Hm

γ (Q−
T )

+ ||(q̇γ , v̇1γ , ḣ1γ )|ωT ||2
Hm−0.5

γ (ωT )
+ ||ϕγ ||2

Hm+0.5
γ (ωT )

)

≤ C

γ

{(
|| fγ ||2

H8∗,γ (Q+
T )

+ ||χγ ,�γ ||2
H8

γ (Q−
T )

+ ||gγ ||2
H8.5

γ (ω±
T )

)

×
(
||Û||2

Hm+2∗,γ (Q+
T )

+ ||Ĥ||2
Hm+2

γ (Q−
T )

+ ||ϕ̂||2
Hm+2.5

γ (ωT )

)

+ || fγ ||2
Hm+1∗,γ (Q+

T )
+ ||χγ ,�γ ||2

Hm+1
γ (Q−

T )
+ ||gγ ||2

Hm+1.5
γ (ω±

T )

}
,

(11.2)
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where the constant C = C(K , T, δ) is independent of the data f, χ,�, g and γ,

where we set

||gγ ||2
Hm+1.5

γ (ω±
T )

:= ||(g1γ , g2γ , g3γ )||2
Hm+1.5

γ (ωT )

+||g4γ ||2
Hm+1.5

γ (ω+
T )

+ ||g5γ ||2
Hm+1(ω−

T )
.

Proof. The proof of the theorem is entirely similar to that of [36, Theorem 16],
using the H1 estimate (10.2) in Theorem 10.1, the elliptic estimates (9.8), (9.9),
(9.10) and estimates of commutators. ��

12. Compatibility Conditions on the Initial Data

Assume that the initial data U0 = (q0,u0,H0, S0), H0 and ϕ0 that satisfy the
hyperbolicity condition (1.8) and the stability condition (4.38). It is also assumed
that

||ϕ0||H2.5(�) ≤ ε0

2
. (12.1)

Let the functions �0,

0 be defined from ϕ0, as in Lemmas 2.1 and 2.2. It is also

assumed that the initial plasma magnetic field H0 satisfy

⎧
⎪⎨

⎪⎩

div h0 = 0, in �+,

H0
N0

= 0, on �,

H0
1 = 0, on �+,

(12.2)

where h0 = (H0
N0

, H0
2 ∂1


0
1), H0

N0
= H0

1 − H0
2 ∂2�0, and the initial vacuum

magnetic field H0 satisfies

⎧
⎪⎨

⎪⎩

curlH0 = 0, div h0 = 0, on �−,

h0
1 = 0, on �,

H0
2 = J (0), on �−,

(12.3)

where h0,H0 are defined by

h j = (H j
N0

,H j
2∂1


0
1), H j = (H j

1∂1

0
1,H j

τ0
), H j

N0
= H j

1 − H j
2∂2�0,

H j
τ0

= H j
1∂2�0 + H j

2 . (12.4)

for j = 0. Define U j = (q j ,u j ,H j , S j ), with u j = (u j
1, u j

2) and H j = (H j
1 , H j

2 )

and ϕ j by formally taking j −1 time derivatives of (2.2) and the boundary equation

∂tϕ − uN = 0, evaluating at time t = 0 and solving for ∂
j

t U(0), ∂
j

t ϕ(0). This
process inductively determines ∂

j
t U(0), ∂

j
t ϕ(0) in terms of U0, ϕ0. Denote U j =
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∂
j

t U(0), ϕ j = ∂
j

t ϕ(0). Corresponding to ϕ j , we compute the functions � j ,

j .

Finally, we define the time derivatives at initial time H j

⎧
⎪⎨

⎪⎩

curlH j = α j , div hj = βj, on �−,

h
j
1 = ϑ j , on �,

H j
2 = ∂

j
t J (0), on �−,

(12.5)

where h j ,H j are defined in (12.4) and α j , β j , ϑ j are suitable commutators. From
the second boundary equation in (2.3), we have that

∂
j

t (q − 1

2
|H|2)|t=0 = 0 on �.

The compatibility conditions are as follows:
{

q0 = 1
2 |H0|2 on �, j = 0,

q j =∑ j−1
i=0 Ci

j−1Hi · H j−i on �, j ≥ 1.
(12.6)

Note that the other boundary conditions in (2.3) do not give raise to compatibility
conditions as these are implicitly included in the above definitions of ϕ j ,H j .

Lemma 12.1. Let k ∈ N, k ≥ 4, U0 ∈ Hk−0.5(�+), H0 ∈ Hk−0.5(�−), ϕ0 ∈
Hk(�) and J ∈ Hk−0.5([0, T0] × �−). Then, the above procedure determines
U j ∈ Hk− j−0.5(�+), H j ∈ Hk− j−0.5(�−) and ϕ j ∈ Hk− j (�) by induction for
j = 1, · · · , k − 1. Besides we prove

||H0||Hk−0.5(�−) +
k−1∑

j=1

(
||U j ||Hk− j−0.5(�+) + ||H j ||Hk− j−0.5(�−) + ||ϕ j ||Hk− j (�)

)

≤ C(M0), (12.7)

where C = C(M0) > 0 depends on

M0 := ||U0||Hk−0.5(�+) + ||ϕ0||Hk (�) +
k−1∑

j=0

||∂ j
t J (0)||Hk− j−1(�−). (12.8)

Proof. See [36, Lemma 19]. ��
Definition 12.1. Let k ∈ N, k ≥ 4. The initial data U0 ∈ Hk−0.5(�+), H0 ∈
Hk−0.5(�−) and ϕ0 ∈ Hk(�) are assumed to satisfy (1.8), (4.38), (12.1), (12.2),
(12.3). The initial data (U0,H0, ϕ0) are said to be compatible up to order k − 1 if
they satisfy (12.6) on �, u j

1 = 0 on �+, for j = 0, · · · , k − 2 and

∫

�

|qk−1 −
k−2∑

i=0

Ci
k−2Hi · Hk−1−i |2 dx1

x1
dx2 +

∫

�+
|uk−1

1 |2 dx1

x1
dx2 < +∞.

(12.9)

Observe thatU j ∈ Hk− j−0.5(�+),H j ∈ Hk− j−0.5(�−), for j = 0, . . . , k−2,
so it is legitimate to take the traces at {x1 = 0} and {x1 = 1}. The compatibility
condition (12.9) is motivated by the lifting Theorem 2.3 in [23].
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13. Proof of the Main Theorem 2.1

The proof of our main Theorem 2.1 follows by repeating entirely the same ar-
guments used to show the similar result for the 3D problem in [36]. Starting from
compatible initial data, we first construct a suitable approximate solution, which
reduces (by subtraction) the original problem (2.2)–(2.4) on the fixed reference
domain to a new nonlinear problem with zero initial data. Then we construct a
modified Nash–Moser iteration scheme to solve this reduced problem. Our Nash–
Moser scheme is not standard in the sense that we have to incorporate the specific
constraints that need to be satisfied at each iteration step, namely the assumptions
(4.3)–(4.10), (4.38) for the background state needed for the resolution of the lin-
earized problem (4.15).

The details of the proof are similar to those in [36], in particular because the
tame estimate (11.2) of Theorem 11.1 is exactly the same of [36, Theorem 16].
The modified state in the plasma part, satisfying the above mentioned constraints,
is constructed in an alternative way as in [27, Section 10.2.3] on current-vortex
sheets.

Remark 13.1. With respect to the similar construction of the modified state in [36],
it appears that some more regularity is needed, and after the iteration this fact is
reflected into the increased lower bound of the regularity needed for the solution,
that is m ≥ 15 in Theorem 2.1, instead of m ≥ 13, as the second and the third
authors wrote in [36, Theorem 5].
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