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A B S T R A C T   

This paper presents a new core compact model of double-gate (DGFET) and surrounding-gate (SGFET) MOSFETs 
for circuit simulations. The current and the terminal charges are continuous with high computation efficiency 
and accuracy. Despite its accuracy, it retains the same simplicity of the industry standard transistors models. The 
drain current is worked out without invoking the charge-sheet approximation exploiting a quadratic symmetric 
polynomial interpolation of the charge in the channel. Apart this clear approximation, no other simplification is 
used to work out the drain current, the terminal charges, the potential, and electric field in the channel. The 
accuracy of the model is shown by comparison with the exact numerical solution and experimental data of the 
literature.   

1. Introduction 

Double gate, surrounding-gate and, more generally, multiple gate 
MOSFETs (MGFET) as FINFET and Nano Sheets, are widely used in the 
electronic industry to replace conventional planar transistors [1] thanks 
to the improved gate control, near ideal subthreshold slope, and reduced 
short channel effects (SCE). In principle, these devices have the potential 
of maintaining the scalability of MOSFETs as the technology approaches 
the end of the roadmap. Hence, there is a significant interest in devel
oping compact CAD models for circuit simulation [2–15]. A compact 
CAD model for circuit simulations consists of a core model of an ideal 
long-channel transistor in which SCE and quantum effects are intro
duced later as suitable approximations. In the literature, several excel
lent closed-form equations of the drain current symmetric DGFET and 
SGFET were worked out [2–15], nevertheless, exact closed-form ex
pressions of the terminal charges are somewhat more complex with 
respect to planar transistors compact models and requires simplifica
tions. Furthermore, the complexity of the existing MGFET core models is 
not conducive to the inclusion of SCE. The aim of this work is to present 
a new core model for DGFET and SGFET based on the exact solution of 
the Poisson’s equation without the charge-sheet approximation. Then, a 
quadratic symmetric polynomial interpolation is used to work out the 

transistor current. We show that this approach is particularly suited to 
accurately model DGFET and SGFET and easily manage terminal 
charges, capacitances, and small channel effects. It retains all the 
appealing features of customary compact models of planar MOSFETs as 
PSP: computational efficiency, symmetry, simple polynomial expression 
of current, terminal charges, potentials, and electric field in the channel. 
The advantage of this approach is threefold. First, it is a compact model 
for circuit simulations and retains the same simplicity of the industry 
standard transistors models. Second, although compact and easily 
implementable in circuit simulators, it is very accurate: the largest error 
compared to the exact solution is so small that the model can be 
considered equivalent to the exact solution. Third, the terminal charges, 
capacitances, potential and electric field in the channel are computed 
exactly: no simplification is required. The model is fully scalable and is 
suitable full range of device geometries, from the long-channel limit 
down to the shortest channels, with a single set of parameters. Never
theless, as stated above, it is only the kernel of the MGFETs compact 
model; SCE, quantum effects, low and high field transport, noise, etc. 
should be included when it is used in a circuit simulator (Table 1). 
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2. DGFET 

In the DGFET, the channel is conventionally undoped (or lightly 
doped) to avoid fluctuations of the threshold voltage. Here, the device 
geometry and all the symbols are exactly the same of the well-known 
paper of Taur [2] (Fig. 1). Assuming the current flowing in the y-di
rection, in order to compute the surface potential, the Poisson’s equation 
must be solved. The Poisson’s equation is solved following the same 
approach of Taur [2]. The solution of the Poisson’s equation without 
introducing any approximation reads 

q(VGS− Δψ − V)

2kT
− ln

[
2
tsi

̅̅̅̅̅̅̅̅̅̅̅̅̅
2εsikT
q2ni

√ ]

= lnβ − ln[cosβ] +
2εsitox

εoxtsi
βtanβ (1)  

where β is an intermediate parameter to be determined by solving the 
transcendental equation (1), q is the electron charge, k the Boltzmann 
constant, T the lattice temperature, Δψ is the work-function difference 
between the gate electrode and the intrinsic silicon, V is the channel 
potential, ni is the intrinsic concentration, εox is the insulator dielectric 
constant, εs is the silicon dielectric constant, tox is the insulator thick
ness, tsi is the semiconductor thickness, VGS is the voltage applied to the 
gate. Once β is computed, the electrostatic potential normal to the 
channel (x-direction) in the semiconductor reads [2] 

ψ(x) = V −
2kT

q
ln

⎡

⎣ tsi

2β

̅̅̅̅̅̅̅̅̅̅̅̅̅

q2ni

2εsikT

√

cos
(

2βx
tsi

)
⎤

⎦ (2)  

and, in turn, the mobile charge in the channel [2]: 

Qi = Cox(VGS − Δψ − ψs) = 2εsi
2kT

q
2β
tsi

tan β (3)  

where ψs = ψ( ± tsi/2) and Cox = εox/tox. To work out a surface potential 
formulation of the drain current, we recall that the charge sheet 
approximation (CSM), widely used for planar MOSFET modeling, is not 
suitable for DGFETs [2]. Dealing with DGFETs, in fact, the exact solution 
Pao-Sah equation is mandatory to accurately model the volume inver
sion in the subthreshold region [2,5,6]. Nevertheless, the Pao-Sah 
double integral, can be worked out to be a function of the surface po
tential ψ s, without introducing any simplification [5]-[6] 

ID = − WμQi
dV
dy

= − Wμ
(

Q̃i
dψs

dy
− vT

dQi

dy

)

(4)  

where vT = kT/q is the thermal voltage, and 

Q̃i = Qi

[
1+

γ
4

g(β)
]

(5)  

can be seen as a perturbed inversion charge and 

g(β) =
sin(2β) − 2βcos(2β)
βtan(β)[2β + sin(2β)]

, γ =
εoxtsi

εsitox
(6)  

Thanks to eq. (4), the drain current is computed by means of the surface 
potential ψ s [5,6], without invoking the charge sheet approximation, 
typically used in compact models. From the physical standpoint, the 
difference between Qi and Q̃i accounts for the fact that, in the DGFET, 
the current is not confined to a narrow surface channel. Conventionally, 
to work out the drain current, Qi, Q̃i, are regionally simplified [2,3] or 
linearized as in the SLM and PSP [5,6]. In this work it is interpolated by 
means of a second order symmetric polynomial centered at the surface 
potential midpoint ψM = (ψ sS + ψ sD)/2, [17]. This approach gives a 
more accurate and significantly simplified version of drain current and 
terminal charges with respect to the existing core models of DGFET, 
while keeping a clear physical nature. As shown in eq. (5), Q̃i can be 
viewed as a slightly perturbed formulation of Qi, [5,6]. Unfortunately, 
despite Qi, Q̃i is a nonlinear function of ψS. To integrate eq. (4) we 
observe that Q̃i is slightly nonlinear (Fig. 2) and can be very well 
approximated with a second order polynomial PQ as follows 

Q̃i ≅ PQ(s) = Q̃iM + Ãs+ B̃s2 (7) 

Table 1 
Model Parameters. All the parameters of DGFET and SGFET are the same of [2] 
and [4] respectively.   

DGFET SGFET 

L [µm] 1 1 
tSi [nm] 5 — 
R [nm] — 2.5 
tOX [nm] 1.5 1.5 
µ [cm2/Vs] 300 300 
Δψ [V] 0 0 
εSi 11.7 11.7 
εOX 3.9 3.9  

Fig. 1. Schematic structure of DGFET (left) and SGFET (right).  

Fig. 2. Inversion charge in the channel Qi (solid line) and Q̃i (dashed line) vs. 
surface potential at VGS = 3 V (blue), 2 V (orange), 1 V (green). Simulation 
parameters are shown in tab.1. 
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where Q̃iM = Q̃i(ψM), s = ψs − ψM, ψ sS and ψ sD are the surface potential 
at the source and drain contacts, respectively. Ã, B̃ are calculated 
equating Q̃iS = PQ( − ϕ/2), Q̃iD = PQ(ϕ/2): Ã = (Q̃iD − Q̃iS)/ϕ, B̃ =

2(Q̃iS + Q̃iD − 2Q̃iM)/ϕ2, ϕ = ψ sD − ψ sS and Q̃iS, Q̃iD are the perturbed 
inversion charges at source and drain respectively [5,17]. Finally, since 
Qi is linear (3), it can be straightforwardly worked out as a function of s 
without additional simplifications 

Qi = Cox(VGS − Δψ − ψs ± ψM) = QiM − Coxs (8)  

where QiM = Cox(VGS − Δψ − ψM). It is worth stressing that, apart the 
approximation PQ(s), no other simplification is used in this work to 
compute currents, terminal charges, and capacitances. 

Substituting eqs. (7) and (8) in the R.H.S of eq. (4) and observing that 
ds = dψ s, dQi = − Coxds, and that the device is symmetric, the drain 
current turns out to be a polynomial function of s only 

ID dy = 2Wμ
[
Q̃iM + Ã s + B̃ s2 + Cox vT

]
ds (9)  

Integrating eq. (9) and replacing the corresponding value of s at the 
source (s = − ϕ/2) and drain (s = ϕ/2), the current eventually turns out 
to be [17] 

ID = 2
W
L

μ

⎡

⎢
⎣

4Q̃iM + Q̃iD + Q̃iS

6
+CoxvT

⎤

⎥
⎦ϕ (10)  

where Q̃iM = QiM
[
1+γ

4 g(βM)
]
, QiM = Cox(VGS − Δψ − ψM) and ϕ, Q̃iS, 

Q̃iD, are explicit functions of β that, in turn, is an implicit function of VS, 
VD, VGS. βS, βD, and βM must be computed by numerical iteration with eq. 
(2) and (3) respectively. Nevertheless, several excellent explicit ap
proximations of β are reported in the literature [18]. The neat mathe
matical formulation of eq. (10) and its high accuracy, combined with the 
accurate explicit approximation of β, make this model very suitable for 
circuit simulation programs. Besides, eq. (10) does not require 
computing the derivative of the charge at the surface potential midpoint 
[5,6]. 

The derivative, actually, is cumbersome, requires simplifications and 
careful coding when implemented into a circuit simulator to avoid sin
gularities or imaginary solutions through the numerical iterations. To 
assess the overall accuracy of this compact model, in Fig. 3 eq. (10) is 
compared with the exact numerical solution of the Pao-Sah integral [2], 
and with the simplified compact model in [3 eq. (9)]. In Fig. 3 the 
corresponding percentage errors, defined as 100× |(ΔIDS)/IDS|, is 
shown. It is worth remembering that all the device parameters and 
terminal voltages are exactly the same of ref. [2]. In [2], in turn, the 
analytic solution is compared with numerical simulations and experi
ments. This model gives a smooth, continuous, and very accurate 
expression of currents, charges, and their first order derivatives as well 
as of the higher order derivatives [17]. Furthermore, eq. (10) passes all 
the higher order Gummel symmetry tests [17]. These features are 
important to achieve a rapid and smooth convergence of circuit simu
lations and to implement SCE. Eq. (10), despite its simple linear 
formulation, reproduces the exact numerical solution with a maximum 
percentage error of about of 0.1 % (Fig. 3, 4, 5):  it is more than one order 
of magnitude smaller with respect to the well-known compact models in 
[3,5]. The transfer characteristic is shown in Fig. 4. Finally, in Fig. 5 the 
model is compared with the numerical solution at different device 
parameters. 

3. SGFET 

An analogous formulation, following the same approach, can be 
worked out for the SGFET. Let us consider the undoped (lightly doped) 
cylindrical n-type SGFET of radius R of Fig. 1. The device geometry and 

symbols are the same of [4]. Assuming the transport in the y-direction, 
(0 < r < R is the direction normal to the current) the solution of the 
Poisson’s equation reads [4]: 

q(VGS− Δψ − V)

kT
− ln

(
8

δR2

)

= ln(1 − β) − lnβ2 + η
(

1 − β
β

)

(11) 

where η = 4εsi/(CoxR), and δ = q2ni/(kTεsi). All the other parameters 
have the same meaning of the DGFET. Again, knowing β after solving the 
transcendental eq. (11), the potential in the semiconductor as a function 
of r can be straightforwardly calculated [4]: 

ψ(r) = V +
kT
q

ln

(
− 8B

δ(1 + Br2)
2

)

(12) 

And, in turn, the inversion charge 

Qi = Cox(VGS − Δψ − ψs) = 2εsi
2kT

q
1

βR
(1 − β) (13) 

Fig. 3. Output currents of the DGFET and corresponding percentage error at 
VGS = 2 V (blue), 1.5 V (orange), 1 V (green). Solid lines exact numerical so
lution, dots eq. (10), dashed line the approx. [3]. Simulation parameters are 
shown in tab.1. 

Fig. 4. Transfer characteristics at VGS = 0.1 V (blue), 1 V (orange). Solid lines 
exact numerical solution, dots eq. (10), dashed line the approx. As shown in 
Fig. 3, below threshold the percentage error is smaller than 10-2 %. Simulation 
parameters are shown in tab.1. 
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where Cox = εox/[Rln(1 + tox/R))], ψ s = ψ(R), and β = 1 + BR2. The 
expression of Pao-Sah’s integral, as a function of the surface potential, 
for a cylindrical undoped SGFET reads [5] 

ID = 2πRμQi
dV
dy

= 2πRμ
(

Q̃i
dψs

dy
− vT

dQi

dy

)

(14) 

where 

Q̃i = Qi g(β) (15)  

g(β) = 1+

1
βS
− 1

βD
+ ln

(
βS
βD

)

γ

(

1
β2

S
− 1

β2
D
+ 2

βD
− 2

βS

) (16) 

and 

γ =
2εsi

εox
ln
(

1+
tox

R

)
(17)  

Using the same polynomial approximations of Q̃i (eq. 7), substituting the 
simplified expression of the inversion charge PQ(s) in the R.H.S of eq. 
(14) and integrating, the drain the current eventually reads 

ID =
2πR

L

⎡

⎢
⎣

4Q̃iM + Q̃iD + Q̃iS

6
+CoxvT

⎤

⎥
⎦ϕ (18)  

where Q̃iM, Q̃iS, Q̃iD, QiS, QiD are computed by means of eqs. (11)-(13). As 
for the DGFET, the drain current of the SGFET (18) depends on the 
terminal voltages through ψsS, ψ sD, ψM, and β. Again, eq. (18) accurately 
reproduces the exact numerical solution of the drain current ID with a 
maximum percentage error smaller than 0.1 %. In [18], it is reported an 
excellent approximate solution of β for the SGFET as well. It makes this 
model very suitable for circuit simulation programs. In Figs. 6, 7, eq. 
(18) is compared with the exact numerical solution, and with the 
approximation [3, eq. (13)]. 

4. Unified charge model 

The most important feature of this model is the simple polynomial 
formulation of the charges and of the drain currents of eqs. (7), (8), (10) 
and (18). Despite in [2] and [4] the drain current of DGFET and SGFET is 
worked out exactly, they are cumbersome functions of β that cannot be 
used to work out the terminal charges without simplifications. In this 
work, instead, thanks to the polynomial expression of the inversion 
charge PQ(s), the quasi-static (QS) terminal charges are easily calculated 
without any simplification. Below, the terminal charges will be worked 
out for the DGFET, same expressions hold for the SGFET. The QS ter
minal charges are calculated using the well-known Ward–Dutton charge 
partitioning [16] conventionally defined as [3] 

Fig. 5. Output and transfer characteristics at different layers thickness. Solid lines exact numerical solution, dots eq. (10). The largest percentage error is smaller 
than 0.1%. 

Fig. 6. Output currents of the SGFET and corresponding percentage error at 
VGS = 2 V (blue), 1.5 V (orange), 1 V (green). Solid lines exact numerical so
lution, dots eq. (18) dashed line [4]. Simulation parameters are shown in tab.1. 
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QG

2W
=

∫L

0

Qi(s)dy =

∫ϕ/2

− ϕ/2

Qi(s)
dy
ds

ds (19)  

QD

2W
=

∫L

0

y
L

Qi(s)dy =

∫ϕ/2

− ϕ/2

y(s)
L

Qi(s)
dy
ds

ds (20)  

QS = QG − QD (21)  

where QS, QD, QG are the source, drain, and gate charge density per unit 
area. The above integrals are carried out analytically. First, the expres
sion of y(s) is required. Since the current in the channel is position- 
independent, eq. (9) can be regarded as a differential equation in the 
variable s. From eq. (9) one finds [17]: 

dy
ds

= R
[

Q̃iM +CoxvT + Ãs+ B̃s2
]

(22)  

where R = 2Wμ/ID. Hence, integrating eq. (22) 

y(s) = R

[(

Q̃iM + CoxvT

)

s+
Ã
2

s2 +
B̃
3

s3

]

+ yM (23)  

where yM is the coordinate of the “surface potential midpoint”, i.e., the y 
coordinate of s = 0, (Fig. 8). Furthermore, since s=− ϕ/2 at y = 0, yM 
reads 

yM = R

⎡

⎢
⎣

8Q̃iM + 12CoxvT + 5Q̃iS − Q̃iD

24

⎤

⎥
⎦ϕ (24)  

Combining eqs. (9), (10), (22) 

Qi(s)
dy
ds

= R(K0 +K1s+K2s2 +K3s3) (25)  

where 

K0 = QiM

(
Q̃iM + vT Cox

)
, K1 = ÃQiM − vT C2

ox − Q̃iMCox (26)  

K2 = B̃QiM − ÃCox, K3 = − B̃Cox  

Substituting eq. (25) into eq. (19) and integrating from y = 0→s = − ψ/2, 
to y = L→s = ψ/2 the total inversion charge QG in the channel reads 

QG = 2WR
(
KG1ϕ+KG3ϕ3) (27) 

where KG1 = K0, KG3 = K2/12. 
Substituting eqs. (23), (25), into (20) and integrating the drain 

charge QD reads 

QD = 2WR
(
KD1ϕ+KD3ϕ3 +KD5ϕ5 +KD7ϕ7) (28) 

where 

KD1 =
yMK0

L
, KD3 =

RÃK0 + 2yMK2 + 2RK1

(
CoxvT + Q̃iM

)

24L
(29)  

KD5 = R
2B̃K1 + 3ÃK2 + 6K3

(
CoxvT + Q̃iM

)

480L
, KD7 = R

K3B̃
1344L  

In Fig. 9 the terminal charges are validated by comparisons with the 
exact numerical solution. A very good agreement is shown. In fact, the 
terminal charges are worked, without introducing simplifications. 
Hence, the larger percentage error, with respect to the exact solution is 
about 0.1%, as for the drain current of eq. (10), Fig. 3: it is more than one 
order of magnitude smaller with respect to the well-established compact 
models, in [3,5]. As a double check of eqs. (28), (29), the asymptotic 
behavior is also shown in Fig. 9 (dashed lines). As expected, when 
VDS ≅ 0, the gate charge per unit width is the inversion charge density 
multiplied by the device length. The drain and source charges are equal 
and one half of the gate charge: QD = QS = QG/2. Actually, using the 
explicit expression of the charges in the appendix, when VDS ≅ 0, 
ϕ ≅ 0, Q̃iS ≅ Q̃iD ≅ Q̃iM, the terminal charges read 

QG ≅ 2W
R
12

G1ϕ = 2WL
QiM

(

12Q̃iM + 12CoxvT

)

12
(

Q̃iM + CoxvT

) = QiM (30)  

QD ≅ 2W
R2

L
D1

72
ϕ2 = 2WL

QiM

(

6Q̃iM + 6CoxvT

)2

72
(

Q̃iM + CoxvT

)2 =
QG

2  

QS = QG −
QG

2
=

QG

2  

Fig. 7. Transfer characteristics at VGS = 0.1 V (blue), 1 V (orange). Solid lines 
exact numerical solution, dots eq. (18), dashed line [4]. As shown in Fig. 3, 
below threshold the percentage error is smaller than 10-2 %. Simulation pa
rameters are shown in tab.1. 

Fig. 8. Solid line, normalized position in the channel Y(s) as a function of the 
surface potential at VG = 3V (blue), VG = 2V (orange), VG = 1V (green), and 
VDS = 1V. Dashed line, surface potential midpoint yM. Simulation parameters 
are shown in tab.1. 
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An even more stringent test is the comparison of the transcapacitances, 
Cij =

(
2δij − 1

)
∂Qi/∂Vj, where i, j = G, S, D. Fig. 9 shows that the 

transcapacitances are essentially identical to the exact numeric solution. 
Again, the larger percentage error, is in the order of 0.1%. 

5. Surface potential and electric field 

A simple, yet exact, analytical expression of the surface potential 
ϕs(y), and of the electric field E(y) in the channel are very useful to 
implement SCE and advanced physical effects. Same expressions hold 
for both the DGFET and the SGFET. The explicit dependence ψ s(y) is 
worked out by solving eq. (23) with respect to s. It is a cubic equation 
that has one real and two imaginary solutions. Neglecting the imaginary 
roots, the surface potential reads [17] 

ψs = ψM + s = ψM +
b + θ + θ̄

3a
(25)  

where 

θ =
[
0.5
(

Δ1 +
(
Δ1

2 − 4Δ0
3)1/2

) ]1/3
,

θ̄ =
[
0.5
(

Δ1 −
(
Δ1

2 − 4Δ0
3)1/2

) ]1/3  

and Δ0 = b2 − 3ac, Δ1 = 2b3 − 9abc + 27a2d, a = B̃/3, b = Ã/2, c =

Q̃iM + CoxvT, d = yM − y/R. 
Finally remembering that EY = − dψ s/dy = − ds/dy, thanks to eq. 

(22) the electric field in the channel EY reads [17] 

EY = −
ds
dy

= −
1

R
(

Q̃iM + CoxvT + Ãs + B̃s2

) (26)  

which, in turn, can be expressed as a function of the position in the 

channel replacing in (26) the expression of s(y): s = (b+θ+θ̄)/3a. 

6. Conclusions 

In this work a compact core model of DGFET and SGFET suitable for 
advanced CAD applications is shown. It is developed based on the exact 
solution of the Poisson’s equation without charge-sheet approximation 
exploiting a symmetric quadratic polynomial to interpolate the inver
sion charge in the channel. It gives an extremely accurate and signifi
cantly simplified version of the Pao-Sah’s equation while keeping a clear 
physical nature. The maximum percentage error with respect the Pao- 
Sah’s equation is in the order of 0.1% for current, terminal charges and 
transcapacitances: more than one order of magnitude smaller than the 
well-established models in [3,5]. Apart from the inversion charge 
interpolation, no other simplification is required to work out the ter
minal charges and capacitances. The model is fully scalable and is 
suitable full range of device geometries, from the long-channel limit 
down to the shortest channels, with a single set of parameters. The 
model, thanks to its polynomial formulation, is particularly suited to 
easily manage terminal charges, capacitances, small channel and 
quantum effects. It is a useful kernel for the future generation of SPICE 
models of FINFET and Nano Sheets, maintaining the same ease of 
implementation of today’s most advanced planar MOSFET models. 
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Appendix 

Substituting the expression of Ã, B̃, K0, K1, K2, K3, in eqs. (27), (28), the terminal charges QG, QD and, in turn, QS can be straightforwardly worked 
out as a function of the intrinsic charges only: 

QG = 2W
R
12
(
G1ϕ+G2ϕ2) (A1)  

where 

G1 = QiM

(
12vT Cox + 2Q̃iD + 8Q̃iM + 2Q̃iS

)
, G2 = Cox

(
Q̃iS − Q̃iD

)

and 

QD = 2W
R2

L

(
D1

72
ϕ2 −

D2

5040
ϕ3
)

(A2)  

where 

D1 = QiM

(
6vT Cox + Q̃iD + 4Q̃iM + Q̃iS

)2
,

D2 = Cox

[
420C2

oxv
2
T + 29Q2

iD + 144Q2
iM − 41Q2

iS + 42CoxvT

(
9Q̃iD + 12Q̃iM − Q̃iS

)
− 32Q̃iMQ̃iS + 8Q̃iD

(
31Q̃iM + 9Q̃is

)]
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