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Pointwise stabilization of Bresse systems
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Abstract. Bresse system over the interval (0, L) with pointwise dissipation at £ € (0, L) is analyzed. The exponential stability

n

of the related semigroup is shown provided the dissipative points are of the form & € QL and £ # mL, where n,m € N
and n, and 2m + 1 are co-prime.
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1. Introduction

In this paper we study the mechanical behaviour of a Bresse system, also known as the circular arch
problem, of natural length L, with a pointwise dissipative mechanism at ¢ € (0, L).

Let 0 < T < co. We denote by w = w(x,t) : (0,L) x (0,T) = R, ¢ = ¢(x,t) : (0,L) x (0,T) — R, and
Y = Y(x,t) : (0,L) x (0,7) — R, the longitudinal, vertical and shear angle displacements of the cross
section at x € (0, L) and at time ¢ € (0,7T), respectively. The Bresse system (see Fig. 1) we consider here
is the following (see, e.g., [5,11])

prew — k(e + 1) +Lw), = Lho (we — L) +7116(x = e =01in (0,L) x (0,7T),
P2 wtt - blpzx + K (pr + 1/) + KU}) + ’)/2(5($ - f)djt =0 in (OvL) X (07T>7 (11)
prwe — Ko (We —Lp), + Lk (02 + ¥ +Lw) +730(x — Hwy =0in (0,L) x (0, 7).

Let us denote by N = kg (w; — £ ) the axial force, by S = k (¢, + ¥ + fw) the shear force and by

M = bn),, is the bending moment, where p; = pA, ps = pI, kg = EA, k = K'GA, b= EI and { = R~
Coefficients aforementioned, all assumed positive, represent: Moreover, d(z — &) is the Dirac mass +1 at

- p the density, - E the modulus of elasticity,

- G the shear modulus, - k’ the shear factor,

- A the cross-sectional area, - I the second moment of area of the cross-section,
- R the radius of curvature, - £ the curvature.

the point x = . Lastly, 7;, ¢ = 1,2,3, denote positive damping coefficients. We supplement (1.1) with
the initial conditions

(2,0) = g0, 9i(2,0) = @1, V(@,0) = Yo, Ui(,0) = 1, w(w,0) = wp, wi(w,0)=wr.  (1.2)
In addition, we consider the following boundary conditions
©(0,t) =0, S(L,t)=0, ,(0,t)=u(L,t)=0, N(0,t)=0, w(L,t)=0, Vt=>0.
In particular, recalling the definition of S and N we have
©(0,t) = p. (L, t) =0, ,(0,t) =¢(L,t) =0, w,(0,t)=w(L,t)=0, Vt>D0. (1.3)
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Fi1G. 1. The circular arch

The asymptotic behavior of Bresse systems, with different dissipative mechanism, has been studied
in recent years for several authors, see e.g. [1,7,9,10,12-14,18-23] and the references therein. Alabau
Boussouira et al. [1] investigated the Bresse system with frictional dissipation present only in the equation
of angular displacement. The equalities

pL K

P and K = Kg. (1.4)
have been observed as necessary and sufficient conditions for exponential decay of the system and, in the
general case, the system is polynomially stable. Liu and Rao [12] analyzed the decay of thermoelastic
Bresse system, and they showed that the system is exponentially stable if and only if the propagation
speeds (1.4) holds. Otherwise, the authors proved the lack of exponential stability and that the system
decays polynomially to zero. The above result has been improved by Fatori and Munoz Rivera [10] con-
sidering the thermoelastic Bresse problem with the temperature affective only over the bending moment.
They found the exponential stability of the system if and only if relation (1.4) holds. If not, then the
system decays polynomially. Condition (1.4) is only mathematically sound. Physically it is not acceptable.

Ammari et al. [2] studied point stabilization for the Rayleigh and Euler Bernoulli beam equation using
two dissipative mechanisms at the point ¢ of the interval |0, 7], one acting at the shear force and another
applied at the bending moment. There, the authors proved that the Rayleigh beam equation is exponen-
tially stable when the point, where these dissipative mechanisms are applied, is strategically chosen so
that % =57 € Q and that, in general, the system decays polynomially when these mechanisms are
applied at an arbitrary point of the interval |0, 7[. Instead for the Euler Bernoulli beam the system is
always exponentially stable for any point £ of the interval ]0, .

On the other hand, Ammari and Tucsnak [3] considered a pointwise stabilization for the Euler Bernoulli
beam equation using only one dissipative mechanisms at the point £. For this case, the stabilization
depend on the choose of the point £ €]0, [, that is if £ verifies % = g7 € Q then the system decays
exponentially, but unlike the previous result in [2], in general the solution does not decay to zero for an
infinity of points in the interval.

In this paper we show the exponential decay of system (1.1)—(1.3) when £ € QL satisfies the following

property

3 #%nﬁL, vn, k€N,  with n, and 2k+1 are co-prime. (1.5)

To our knowledge, this result is new in the context of Bresse systems.
We recently showed the exponential stability for the Timoshenko model [14]. However, we would like
to emphasize that the Bresse curved beam model presents difficulties that go beyond being a system of
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partial differential equations 3 by 3. For example, the energy associated with the Bresse system does not
always define a norm for the corresponding phase space see Lemma 2.1 below. Remember that the norm
chooses in the phase space is important to verify if the model is dissipative or not, so it is an important
piece in the study of stabilization. Other point is the complexity of the axial force and the shear force
which involve the sum of two and three functions.
Plan of the paper

Instead of directly analyzing the Bresse problem with point dissipation at z = &, in Sect. 2 we study
the corresponding transmission problem by eliminating the singularity at x = £ and in its instead we
consider the transmission conditions at = £ given by (2.2)-(2.4) below. In Sect. 3 we demonstrate a
characterization of exponential stability in Banach spaces. Finally, in Sect. 4 we demonstrate the main
result of this article about the exponential stability of system (1.1) by using the Riemann invariants and
the result due to Neves et al. [15, Theorem A].

2. Preliminaries and semigroup setting

To apply the semigroup approach, we rewrite the system (1.1)—(1.3) as a transmission problem. Let us
denote by I the open set

It is easy to show that system (1.1)—(1.3) is equivalent to
p1w — k(e +0+Llw), — kg (wy — L) =0in Ix(0,7T),
P2 Wt — by + K (pr + 0 +Lw) =0 in Ix(0,7), (2.1)
prw = ko (We — L)y + L (e + ¢ +Llw) =0in Ix(0,T),

verifying initial conditions (1.2), boundary conditions (1.3), and supplemented with the transmission
conditions on £ € (0, L), given by

P t) = o7 1), wE,t)=w(E 1), Y(E 1) =y(E 1) (2:2)
k(pa:(g_>t) — kpz (£+7t) = _’Vl(pt(fvt)a KOwa:(f_vt) - KOww(g—i_ t) _’73wt(€ t) (23)
bi/fz(ﬁ_vt) - b¢z(f+»t) = _721/]15(5715)' (24)

Relation (2.2) represents the continuity of the vertical, longitudinal and shear angle displacements
and relations (2.3)-(2.4) the discontinuity of the shear and axial force and the bending moment at z = §.
Note that when +; = 0, ¢ = 1,2, 3, the model is conservative. Instead, if ; > 0, ¢ = 1,2, 3, then system
(2.1) is dissipative.

Let us fix now some general notation that will be used throughout the paper. Let X be a complex
Banach space with norm || - || x. In particular, we denote by (-,-) and || -|| the inner product and the norm
defined on L?(0, L), respectively. Let us denote by ® = ¢;, ¥ = 1), and W = w; and let us put

U= (p,®,9,0,w,W)"

where ()T denotes transpose. The phase space we consider here is given by
H :=Vy x L*(0,L) x Vi, x L*(0,L) x Vi, x L*(0, L).
where
Vo={feH'(0,L): f(0)=0}, Vp={feH'0,L): [f(L)=0}.
The phase space H together with the “norm”
U3 = pull @11 + p2llCI* + o1 [W? + bl |* + &l 0w + % + Cwl]* + rollws — Lo (2.5)
is a Hilbert space. Let us denote the jump of f in £ as
[f]e := f(€7) = f(€F).
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Under this notations we rewrite the transmission conditions (2.2)—(2.4) as

[ele = [¥le = [wle = 0 (2.6)
[[k%:ﬂs = _71(1)(5)’ wamﬂé = _’72\11(5)7 and H’iowx]k = _’YBW(g)' (27)
Let us denote by A the linear operator given by
i 0 I 0 0 0 0]
Kk 92 Kol? K (k+ro)L
0~ Sl 8 ol }) Tl; Or 8
A= K b 92 K ¢ 24 5 (28)
=502 0 p—25‘x — p—QId 0 —p—zld 0
0 0 0 0 0 Iy
Ko+rK)L K K Kl
| lminly 0 st 0 92— EET, 0

where I, is the identity operator, d, = 2 and 92 := with domain D(A) given by

x2’
DA)={UeH: ®eVy, U, W eV, ¢ ¢,we H*I), verifying (1.3), (2.6), (2.7)}.
Then system (2.1)-(2.4) can be written as

d
ZU =AU, U(0)=U (2.9)

where Uy := (o, ¢1, %0, %1, wo, w1) " . Indeed, the operator A is dissipative in H and verifies
Re(AU, U)p = —m|®(&)[> = 1| (E)[* —13|W(E)[> <0, VU € D(A). (2.10)

Next, we will show that the functional given in (2.5) defines a norm in the phase space only if we
correctly choose the coefficients of the system. The condition we use here is

2 +1\°
(j;Lr ) 72 £ 0% VjeN. (2.11)

Lemma 2.1. The functional defined in (2.5) is a norm provided condition (2.11) holds.

Proof. We prove the positivity of the functional given in (2.5). Suppose that ||U||sy = 0. So we have that
=¥ =W =0 and

Ve =0, e+ +lw=0, w;—Llp=0.
Because of the boundary condition, we have 1) = 0. So, we get
Co+lw=0, wy—Lp=0, = @+ Llp0=0.

This means that ¢? is an eigenvalue. Since D(A) must be dense in H, we can assume that ¢ verifies
¢z(L) = 0. Therefore, we find that ¢ is an eigenvector of the form ¢(z) = Apsin (2tLrz) with the

corresponding eigenvalue (%)QW2 . But this is not possible, because our assumption (2.11). Hence
@ = 0. By similar procedure, we obtain w = 0. So, our conclusion follows.

Lemma 2.2. Let us suppose that ©(0) = 0 with @, + lw, w, —Llp € L*(0,L). Then there exists ¢ > 0 such
that

x

L
[ 0P+ 1) do < [ (os + tul + s = £0P) do
0 0
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Proof. Let us denote by ¢, +fw =F, w, —{lp =G, so we get
(p+w)e+lw—p)=F+G, (p—w),+Llp+w)=F-QG.
multiplying the first equation by ¢ + w and the second by ¢ — w we arrive to
1d
2
Integrating over ]0, z[ and using that ¢(0) = 0 we get

lo+w® + o —wf’) = (F+G)(p+w)+ (F-G)(¢—w):=R

x

o+ wf + o — wf — 2uw(0)? = /Rd:c

0
T T

<c [+ uP+lo—wP) dote [ (B +1GP) do .12
0 0
Applying the Gagliardo-Nirenberg’s inequality over the interval [0, z] we get

1/2 1/2 1/2 1/2
[w(0)] < ellg + wllthtg ol + Wil 0 < clle+ w20 + e + Wl o l0x +wall a4y (213)
Using ¢, + wy, = (p —w) + F' + G into (2.13) and inserting into inequality (2.12) we get

xT x
lo +w|? + | —w|? < c/ (Jo +wl” + ¢ — w|?) dz + c/ (IF]* +|GI?) da.
0 0
Using Gronwall’s inequality we get that

x
o uf +lo - P <c [ (FP+1GP) o
0
from where our conclusion follows.

Lemma 2.3. The functional defined in (2.5) is a norm equivalent to the usual Sobolev’s norm of H provided
condition (2.11) holds.

Proof. In fact, let U, be a Cauchy sequence with the norm ||-||7. Hence ®,, ¥,,, W,, are Cauchy sequences
in L?(0, L) and v, is a Cauchy sequence in H*(0, L). This implies that ¢, , +w, and w, , — lp, are also
Cauchy sequences in L?(0, L). Using Lemma 2.2 we get that ¢, and w, are Cauchy sequences in L?(0, L)

7l Ml

and therefore also in H'(0, L). Hence the norm || - ||y generate the space H that is H = H and since

L
U113, < C/ (12 + [ + W + lpu|* + [ + [ ]* + [w]? + [ws|?) d
0
the open mapping Theorem guarantees the equivalence of the above norms, see [6, Corollary 2.8].

Let us take F' := (f1, fo, f3, fa, f5, f6) € H, the resolvent system is given by
AU —AU = F, (2.14)

namely
iAp — @ = fi, (2.15)
iIAp1® — S, —IN = py fo, (2.16)
iNp— U = f3, (2.17)
iAp2U — M, + S = pafa, (2.18)
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iNw— W = f, (2.19)
i1 W — Ny + €S = p1 fe, (2.20)

satisfying boundary conditions

©(0) = (L) = 12(0) = (L) = w(0) = w(L) = 0,
together with the transmission conditions (2.6) and (2.7).
To show that A is the infinitesimal generator we use the following result

Theorem 2.4. Let A be dissipative with 0 € o(A). If H is reflexive then A is the infinitesimal generator
of a semigroup of contractions.

Proof. Since p(.A) is an open set we have that there exists € > 0 such that € € p(A). This implies that
any A > 0 belongs to o(A), in particular we have that R(I —.A) = H. Using Theorem 4.6 of Pazy [16], we
conclude that D(A) = H. Using Lummer-Phillips Theorem [16, Theorem 1.4.3], our conclusion follows.

Theorem 2.5. Let us suppose that £ wverifies condition (2.11).Then the operator A is the infinitesimal
generator of a Cy-semigroup of contractions T (t) over H.

Proof. Since A is dissipative and because of Theorem 2.4 it is enough to show that 0 € g(A). In fact, we
will show that for any F' € H, there exist only one & € D(A) such that —AU = F'. Let us denote by

F= (flaf27f37f4af57f6)Ta U= (qu)awa\ll?(“')?w) € D(A)
For A\ = 0 the resolvent system (2.15)—(2.20) can be written as

db=—f U=—f3 W=-—fs (2.21)
_H(Wﬂc + Y+ lw)e — lko(ws — l‘P) = p1fa,

_qu[}acar + H(Qox + 1/1 + l(“-)) = p2f4a (2'22)
—ko(we — 1p)s + Kl(ps + 1 +1w) = p1 .

Let us introduce the space V = Vy x Vi, x V; denoting U’ = (o', ¥t wh) € V we conclude that the
bilinear forma:V xV — R
‘

(U, 0) = [ w(h+ 0t 1)+ 07 L) D022 + o — L) (2 — 19?) da
0
is continuous over V. The coercivity is guaranteed by Lemma 2.3. The function given by
¢
F(U) = / (01f2¢ + pafah + pl.wa) dz + 1 f1(€)p(&) + 72f3(&) (Y (&) + 13 f5(§)w(E), (2.23)
0
belongs to V*. So, Lax-Milgran’s Lemma guarantees the existence of only one solution U € V to problem

a(U,U)=F(U), vUeV, (2.24)
Taking U € [C3°(T)]? in (2.24) we conclude that U = (¢, ¥, w) verifies (2.22) in the distribucional sense
in [D'(1)]3, hence (p,1,w) € H?(I). Finally, taking U € [Hg(0,L)]® in (2.24) using system (2.22) we
conclude the solution verifies
[pa]e =1 f1(€) = =nP(&),  [WYale =2/5(8) = =72%(E),  [wale =13/5(8) = —1W(E).
Then we have U € D(A), hence 0 € p(A).

Remark 2.6. If condition (2.11) fails then || - || is a seminorm. So, we have to consider other norm to
use for the phase space, but with such a norm the system will not necessarily be dissipative.
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3. A useful tool

We now denote by £(X) the Banach algebra of all bounded linear operators on a complex Banach space
X endowed with the operator norm, which again is denoted by || - ||. For an operator T € £(X), o(T)
stands for its spectrum, while o(T) := C\ o(T) is the resolvent set of T.

The main tool we use in this paper is the following result.

Theorem 3.1. Let S(t) = e’ be a Cy-semigroup of contractions over a Banach space and let wess(S(t))
be the essential growth bound of S(t). Then, S(t) is exponentially stable if and only if

iR C o(A) and wess(S(t)) <0, (3.1)

Proof. Here we use [8, Corollary 2.11, p. 258] establishing that the type w of the semigroup e*! verifies

W = max{wWess, Wo (A) }, (3.2)

where w, (A) is the upper bound of the spectrum of A. Moreover, for any ¢ > wess, the set Z, := o (A)N{\ €
C: ReA > ¢} is finite.

From (3.1) and (3.2), to show exponential stability, it is enough to prove that w,(A) < 0. If w,(A) <
wess then we have nothing to prove. Let us suppose that wy(A) > wess, so the set Z,, . 1 is finite for
6 > 0 small such that wess + 3 < 0 and wess +0 < wy(A), moreover wy(A) € Z,._ 45 . From (3.1) and
Hille-Yosida’s Theorem we have C4 C p(A) hence w,(A) < 0, therefore the sufficient condition follows.

Reciprocally, let us suppose that the semigroup S(t) is exponentially stable, in particular it goes to

zero. Then, by [4, Theorem 1.1] we have that iR C o(A). Moreover, since the type w verifies (3.2), we
have that

Wess < max{wess, wy(A)} =w < 0.

Then, our conclusion follows.

4. Decay of the energy

In what follows, we will apply the characterization due to Priiss [17], reported here below.

Theorem 4.1. Let S(t) = e* be a Cy-semigroup of contractions on Hilbert space. Then S(t) is exponen-
tially stable if and only if

(i) iR C o(A),

(ii) lim sup [ (GAL — A) ™| 220y < +o0.

Taking inner product over the resolvent Eq. (2.14) with U, using (2.10) and then taking the real part
we get
N|SE)° + 72 ¥(E)* + 73| W (€)|* = Re(U, F)n. (4.1)
Our starting point is to prove the strong stability of 7 ().

Lemma 4.2. Let A be the infinitesimal generator given by (2.8), then iR C o(A), provided condition (1.5)
holds.

Proof. Since D(A) has compact embedding over the phase space H and since 0 € g(A), then A~! is a
compact operator. Therefore the spectrum of A is given only for eigenvalues. Then, we will show that
there are not imaginary eigenvalues. By contradiction, let us suppose that there exists an eigenvector
U # 0 verifying

AU =AU for some A € R.
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From (4.1) we get

NI ) + 72 W (E, 1)|* + 33 W(E,1)]* = 0.
This implies that ¢(§) = 1 (§) = w(§) = 0. Hence the eigenvectors must be of the form

gok(x):Aksin<2k+l7rm) , P (x) = By cos (2k+17r:c> , wk(x):C’kcos<2k+17mc> .
2L 2L
Using (2.15), (2.17) and (2.19), we get @i (&) = ¥ (€) = wi(€) = 0. Hence, we have

2k +1 2k +1 25 L
n( 22 W€)=O<:> i € = jm S &= J

2L 2k +1°
2k +1 B 2k+1 . . T 25+ 1)L
cos( 5T Wf)—O(:) 5T Wf—]ﬂ+§<:>f—72k+1 .

Analogously for wy. But condition (1.5) implies that Ay = By = Cx = 0. So our conclusion follows.

For the sake of simplicity, here and in what follows we shall employ the same symbol C for different
constants, even in the same formula.

To show the exponential stability of 7 (¢) associated to system (2.1)—(2.4), we apply Theorem 3.1.
Indeed, we will prove that the essential type wess(7) of 7 (t) is negative

To show that, we introduce the semigroup 7;(t) defined by the system

p1 e — k(g ++Llw), —row, =0in I x (0,7),
P2 Ui — byy + Ky =0 in Ix(0,7), (4.2)
p1 Wi — ko (We — L), +Lkp, =0 in Ix(0,T),

with boundary conditions (1.3) and verifying the initial and transmission conditions (1.2) and (2.2)—(2.4),
respectively.
Let us denote by B the operator

02 l l 0?
B:H—MH, BU= (0,'%¢,0, B+ B0, % “w> .
1 P2 P2 P1 P1
It is easy to verify that B is a compact operator over H. Hence the operator
Ayo=A-B

is the infinitesimal generator of a Cy-semigroup denoted by 7;(t) = eot.

Under the above conditions we have the following Lemma.

Lemma 4.3. The difference T (t) — T1(t) is a compact operator. Hence the corresponding essential types
are equal.

Proof. Equation U; — AU = 0 can be written as U; — AgU = BU. Then the solution can be written as
t
U(t) = ety + / e BU(s) ds. (4.3)
0
Recalling the definition of U(t) and 7;(t), equation (4.3) implies

t
T(t)Uo = T, (t)Uo + / eot=3) Behsy ds.
0

Ao(

Since B is a compact operator then the composition e (*=) Be®* is also a compact operator. Therefore,

T (t) — T1(t) is a compact operator over H.

Hence, to prove the exponential decay of 7 (¢t) we only need to prove that the essential type of 7; is
negative.
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The one-dimensional system associated to (4.2)

In this section we assume that

p1b—pok 20 and ko #k (4.4)
The above condition is quite natural to Bresse model. Using the Riemann invariants associated to system
(4.2) we get

P1 = /PPt — VEPz, Q= /P19t + VK@,

p2:\/p72wt_\/&/)xv q2:\/p72wt+\/&/)m

P3 = \/P1Wr — \/KoWz, g3 = \/p1wr + /KoWy,
we have that
1+, 1= N G2+ p2 " _e-pr g3+ Dps3 w. = B
<pt_2\/p—17¢w—2\/ga t—me _2\/67 t—2\/p>17 m—2\/%

Therefore, the evolution problem can be written as

it + kipie — c1(qe — p2) — c3(qz — p3) =0, (4.5)
Gt — kg1 —ci(ga —p2) —c3(gs —p3) =0, (4.6)
P2t + kopa o — ca(qr —p1) =0, (4.7)
G2t — k2q2.0 — c2(q1 —p1) =0, (4.8)
P3¢ + kspse — ca(qn —p1) =0, (4.9)
g3t — k3qz o —ca(qn —p1) =0, (4.10)
where
k= )=, k= i, ks =, |2,
P1 P2 1

K 1 [k UKo + K) Uk + K)
01:77 02:77 77 03:7, 642777
2v/bp1 2\ p2 2\/p1ko 2\/p1ko
verifying the following boundary conditions
7@1(0) +p1(0) =0, q1(L) =pa(L) =0, ¢;(0) —p;(0) =0, ¢;(L)+p;(L) =0, j=2,3, (411)

and the following transmission conditions

lgi(-,t) + pi(-,t)]e =0, i=1,2,3, (4.12)
Let us denote by
kl 0 0 0 0 0 0 0 C1 —C1 C3 —C3 P1
0 *kl 0 0 0 0 0 0 C1 —C1 C3 —C3 q1
o 0 0 kz 0 0 0 . Co —Co 0 0 0 O | P2
K= 0 0 0 —kQ 0 0 ’ = Co —Co 0 0 0 O ’ = q2 ’
0 0 0 0 k‘g 0 Cq4 —Cy 0 0 0 O P3
0 0 0 0 0 —k3 Cq4 —C4 0 0 0 O qs
hence system (4.5)—(4.8) can be written as
U+ K8l + CU =0, $(0) =l (4.14)

Note that system (4.2) is equivalent to (4.14). Let us denote by 75(¢) the semigroup defined by (4.14)
over Hg := [L?(0, L)]. By definition we have Cy := diag(C) = 0.
Let us denote by 73(t) : H¢ — Hg the semigroup defined by the diagonal system

U+ Kil, =0, £(0) = o, (4.15)
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verifying the boundary conditions (4.11) and the transmission conditions (4.12)—(4.13). At this point, we
use the result due to Neves et al. [15] that in our case implies the following result

Theorem 4.4. Under the above notations the difference T3(t) — Ta(t) is a compact operator over Hsg,
provided condition (4.4) holds.

Proof. Note that condition (4.4) implies that k; # k; for ¢ # j. Using [15, Theorem A] for p = 2, our
conclusion follows.

System (4.15) is completely decoupled and can be written as

Dit +kipia =0, i —kigix =0,

q1(0) +p1(0) =0, (L) —pi(L) =0, (4.16)
¢(0) = pi(0) =0, ¢(L)+pi(L) =0, i=23. (4.17)
together with
Gi(€7) +pi(€7) = au(€F) +pi(€h), (4.18)
G(§7) = ai(€F) +pi€7) = pi(€7) = —viki(Li(€7) + @i(€7)), (4.19)
for i = 1,2,3. The semigroup 73(¢) : Hg — Hg is generated by the operator
A; 0 0
A=10 Az 0 |, (4.20)
0 0 Aj

where A; is given by
P _(p (10
AUy = kKU 4, Us = (q) , K= <O _1> ,

Denoting by I = (0,£) U (§, L) the corresponding domains are given by

D(A,) = {(5) €Hy: pge H'(I), verifying (4.16), (4.18), (4.19), }

and

i

D(A;) = {(q) €Hy: pgec HY(I), verifying (4.17), (4.18), (4.19), }

for i = 2,3 and with Hy := [L?(0, L)]?. The resolvent system AUs + A;Uy = F is given by
AUs + ki KU, = F, (4.21)

(1) 7-(3)- o)

Hence the above system can be rewritten as
iA

where

1

Us o + k;AKUQ = k:‘KF’ i1=1,2,3. (4.22)
In terms of the components the above system can be written as
i\ 1

e+ —p=—f1, 4.23
et P = f1 (4.23)

iA 1
= —q = —— fo, 4.24
G = -0 = "1 f2 (4.24)

verifying the boundary conditions (4.16)—(4.17) and the transmission conditions (4.18)—(4.19).



ZAMP Pointwise stabilization of Bresse systems Page 11 of 16 218

Lemma 4.5. The operator A, infinitesimal generator of T3 given in (4.20), is dissipative over the phase
space Hg.

Proof. Because of (4.20) it is enough to show that A; is a dissipative operator over Hy for ¢ = 1,2, 3.
Here we prove only for i = 1, the proof to ¢ = 2,3 is similar. For sake of simplicity, the index 1 is not
written in p and g. Note that

() ~0), - <§z) ().

L
/(—k1pmp+k1qzq) dx+/(—k1pxp+k1qmq) dx
0 3

= B plen) 2+ (O + la(6) = [a(O))
)P + ()P + (D)~ a(e)P)

Using the boundary conditions (4.16)—(4.17) and the transmission conditions (4.18)—(4.19), we get

( @ A, @)H = B (e + lal€)P) + 2 (eI ~ lateh)PP)
ki

5 [(=p(€7) +a(€7)) + (p(€7) = a(€M))] (p(€) +a(€))

Where we used the continuity of the sum p + ¢. Finally from (4.19) we get

((2) (g))H = K p(©) + (O, (4:25)

Lemma 4.6. The infinitesimal generator A of T3 given in (4.20), verifies
iR C o(A)

and our conclusion follows.

n
2m +1

provided & # L,Vn,m e N andn and 2m + 1 co-prime.

Proof. Since system (4.15) is fully decoupled it is enough to show that iR C o(A;) for i = 1,2, 3. Because
of the compacity of the resolvent family associated to A; it is enough to show that there is no imaginary
eigenvalues. On the contrary suppose that there exists 0 # W € D(A;) such that AyW = iAW, A € R.
Since A (the cases ¢ = 2,3 are similar) is dissipative we get

Ip(€) +a(&)* =0 (4.26)
which implies that
p(EY) —q(€") =p(&7) —q(&).
For W = (p, q) we have that Ay W = iAW implies

A A
7 —p =0, x—t-—q=0.
b “"'Lklp q Zqu

Using the boundary condition at = 0, p(0) + ¢(0) = 0 we solve the above system as

p(a) = p(0)e” " Fr?, g(z) = —p(0)e'Fr®
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From the boundary condition at = L, p(L) — q(L) = 0 we get
L

1
p(L) — q(L) = p(0) (ef R4 erTA ) =0, and this implies A= (m + 2) Ky (4.27)

T
A
At the transmission point = = £ we get
i i
p(&) = p(0)e 75, q(&) = —p(0)e' ™ ¢,

and consequently using (4.26) we arrive to
i i
p(€) +a(€) = p(0) (¢ — ) = 0.

This implies that ¢'5¢ =1 hence %5 = 2n7. Substitution of A given in (4.27) yields

2 1 2
7( m;z )ﬂﬁ =nm implying & = ij_ T

but this is not possible for hypothesis, so p(0) = 0, hence W = 0, but this is a contradiction.

Y

Let us introduce the function F;(\):

2
3’%()\) = cos? (QL) + Z—%sin2 <Ij\1€> cos (k)\l (L - §)>

and let us denote by
A'={¢€(0,L): infF(R)>0}, i=12
Lemma 4.7. For { € QL such that § # 557 L, Yn,m € N, with n and 2m + 1 co-prime we have
I' =inf§;(R) >0, i=12.
Proof. Note that % € A" # (. In fact

A 72 . A
() = cos? <I<:1L) + ﬁst <I<:1L>

> min{1, 4k2} (cos (k)\lL) + sin? <Ij\1L>> > min{1, 4k2}

By contradiction, let us suppose that I = 0. Since { € QL we can assume that { = "> L with m and n
co-prime. Therefore the function Sg is periodic with period equal to T = 2w k+ n. Hence

1nf§§( )= mfgg([O,T]).

So, there exists a sequence of elements \,, € [0, 7] such that

A > An An
2 [ An 1.2 I =
cos <k1 L) + = sin (kl f) cos (]ﬁ (L — f)) I=0.

Since A, is bounded, there exists a convergent subsequence (we still denote in the same way) such that

An — A® and that
2 (A Moo (A 2 (AN _
cos <k1 L) + 2 sin (lﬁ 5) cos (lﬁ (L §)>

241 A
iy Ze—vr, jveN, (4.28)
1

5

ol

Hence we have that
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or
PO VI w1
—L = —(L—-¢& =—— N. 4.29
" > (L—¢) 5T K E (4.29)
Let us suppose that (4.28) holds (the other is similar), taking £ = rL with r € Q, we get
A¥ ¥ 27 +1 2
—¢=—rL=vr = J T Tr=vr = r= v

ki° k 2 25+ 1
But this is contradictory to § # 747 L with n, m € N.

Theorem 4.8. The semigroup T3 is exponentially stable, provided that & verifies hypotheses of Lemma 4.7.

Proof. Because of (4.20) it is enough to show that e®* is exponentially stable over Hy for i = 1,2, 3.
First we prove only for ¢ = 1. For convenience we denote p; = p and ¢q; = ¢. We use Theorem 4.1 to
show the exponential stability. Because of Lemma 4.6 it is enough to show that the resolvent operator is
uniformly bounded over the imaginary axes. So the solution of (4.22) is given by

x

o) =pO)e 7 [EI (s s, e g (4.30)
! 0

dla) = =plO) T = = [CECI sy ds, w e 0.g) (131)
! 0

Similarly over [, L] we have that

i A (p— 1
p(e) =p()e T4 = e

A

e (s) ds, @ e [€, L], (4.32)

; m\a

g(@) = geh)eir o _ L / ¢TIy (s) ds, x e (¢, L. (4.33)
ey
£

The above solution verify Eq. (4.21) and also the boundary condition at = 0. Using (4.30) and (4.31)
we get

pE€) =pO)e S+ 01, q€7) = —p0)e' T + Ty, ze[0,g (4.34)
£
hi= /3/ TR (s) ds Jz:‘kllo =) fy(s) ds. (4.35)

Now we adjust ¢(£7) and p(£T) such that the transmission conditions (4.19) holds for i = 1,
p(E") +a(€") =p(E7) +a€),

pET) —g(¢) = p(¢7) —q(¢™) + 2

e (p(€T) +q(&M)).

Solving the above system, we get

PED) =€) + 5 (pE7) +a(€), al€) = al€) — G- () +a(€T)).

Applying (4.34) we obtain

PEY) = p(0)e € = JEp(O)( S — ¢TI by 4 G (N ),

g(€%) = —p(0)e’ 1€ + L p(0) ('€ — 7T 4 Ty — L (Jy + ).
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Hence, with this choice the transmission conditions (4.18)-(4.19) holds. Finally, we take p(0) such that
the boundary conditions at x = L hold.

p(EN)e —i-(z—8) = p(0)e —igre _ lp(o) (eiﬁﬁ _e—iﬁﬁ) e~ 2 (z—¢€) + (J + —(]1 —|—J2)> e - (e 5)

2k, 2k,
A€ = —p(O)ehi” 4 op(0) (¢ — e ) et 9 <J %(J1+J2)> RO,
1

Using (4.32)—(4.33) we get that ¢(L) —p(L) = 0 implies

N —iX

0= —p(0) (6iﬁL teint ) +— (O)(eiﬁE —e it (e%@_&) +e* (L_5)> +G.

2k1
Where
“= <J1 * %(‘]1 + JQ)) eTE O (Jz%(J1+J2)> iy (@)
1 7 1 7
+— [ e HOTIpi(s) ds - — / e fo(s) ds
k‘l kl
¢ 3

So p(0) has to be choosen such that
A A A
0=—-2p(0)cos | —L ) + 2i % p(0)sin [ —& |cos | —(L—¢&) | +G
]Cl kl kl kl

oo (1) o (2w (-0))

The existence of solution will depend on

A " A A
cos (le> + zk—l sin (klé) cos (kl(L - 5)) #0

The above expresion identically vanishes if and only if

cos (;;L) =0, co (k/z\l(L 5)) or cos (k)\lL) =0, sin <k/z\1£) =0,

simultaneously. But the above identity implies
A A
k—lL*§+]7r k(L €)= 7+m7r j,m €7,

and consequently

27 2(7 —m)
k = 711
2L 17, 5 2 + 1 )
But this is not possible because our hypothesis. Therefore we have

G
2p(0) = cos(; L) + i sin(-€) cos(£ (L =€)

A= Jj,m € Z.

and we find that

Pl 1Pl
\/COSQ(AL) + Zé sm2(k)‘ €) cos? (2 (L —¢)) 5730y

Hence using Lemma 4.7 we get |p(0)| < ¢||F||m,, from where it follows

o[,

pO)] < e

= | (GiAI — Ay) ' Fllg, < || Fllm,
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Ast

Applying Theorem 4.1 we get the exponential stability. To show that e we follows the same above

procedure to get
G || ]|
2p(0) = : : = [p(0)] < e —=
coS(;T)\lL) +igr COS(I%S) Sm(k%(l’_g)) FeN)

and similar to As.
We are now in a position to state the main result of the paper.

Theorem 4.9. Under the hypothesis of Lemma 4.7, system (1.1)—(1.3) is exponentially stable, that is to
say the semigroup T (t) = e associated to system (2.1)—~(2.4) is exponentially stable.

Proof. Theorem 4.3 implies that 7 — 77 is a compact operator over Hg, hence wess(7 (1)) = wess(71(t)).
Since 77 and 75 are different representation of the same system we get wess(771 (1)) = wess(Z2(t)). Moreover
from Theorem 4.4 the operator 75 (t)—75(t) is a compact operator over Hg hence wess(72(t)) = wess(Z3(t)).
Finally, from Theorem 4.8 we get

Wess (T (1)) = wess(T3(t)) < w(73(t)) = max{wess,wo(A)} < 0.
The above inequality together with Lemma 4.2 and Theorem 3.1 implies the exponential stability.
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