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Abstract

We consider the Timoshenko beam model which can be in contact to two rigid obsta-
cles and subject to a pointwise damping. We analyze the existence in time and the
asymptotic behavior of solutions by using the hybrid method.

Keywords Timoshenko beams - Contact problem - Semilinear problem - Asymptotic
behaviour

1 Introduction

In this paper we investigate the mechanical evolution of a Timoshenko homogeneous
beam, of natural length ¢, which may come in one-sided contact with two rigid obsta-
cles. Let 0 < T < oo. We denote by ¢ = ¢(x,1) : (0,£) x (0,T) — R the
transverse displacement (vertical deflection) of the cross section at x € (0, £) and at
time € (0, T'). Supposing that plane cross sections remain plane, the angle of rotation
of a cross section is defined by ¥ = ¥ (x,1) : (0,¢) x (0,T) - R.

Assuming that a pointwise damping acts on the beam at £ € (0, £), we describe the
evolution of the system by the following equations (for details, see e.g. [12, 17, 20]),
where the physical setting is represented by Fig. 1,

P19 — k(@ox +¥)x + y16(x — &)y =0,
o2V — by +k(ox +¥) +128(x — &)Y, =0,

(1.1
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Fig.1 Beam subject to a constraint at the free end x = £

in (0, £) x (0, T'). Here the coefficients represent: p; = p A the mass density, p» = pl
the moment of mass inertia, k = Kk GA the shear modulus of elasticity, b = E[ the
rigidity coefficient of cross-section, where E is the Young’s modulus, G is the modulus
of rigidity and « is the transversal shear factor, and I is the moment of inertia. Functions
S =k (px + ) and M := b, stand for the shear force and the bending moment,
respectively. Moreover, §(x — &) is the Dirac mass +1 at the point x = £. Lastly,
y1 and y» denote positive damping coefficients. Subscripts x and ¢ represent partial
derivatives with respect to x and ¢. The initial conditions are given by

o(x,0) = @o(x), ¢ (x,0) =9¢1(x), Vx € (0, 0),
Y(x,0) = Yo(x), ¥ (x,0) = Y (x), Vx € (0, ),

(1.2)

for some given functions ¢o, ¢1, Yo, ¥1,6p : (0,¢) — R. In addition, we suppose
that,at x =0and x = ¢,

90,1) =0, v¥,(0,t) =0, ¥ t)=0, in(,T7T). (1.3)

The joint at x = £ is modeled with the Signorini non penetration condition (see, e.g.,
[13]). In particular, the joint with gap g is asymmetrical so that g = g1 + g2, where
g1 > 0and g > O are, respectively, the upper and lower clearance, when the system
is at rest. Then, the right end of the left beam is assumed to move vertically only
between two stops, namely

—g1=el,n)=<g, 0=r=T. 1.4)

This condition assures that the displacement at x = £ is constrained between the
stops g1 and g»>. The mathematical boundary conditions for this physical setting are
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as follows
S, 1) =0if ol 1) = —g1,
S, 1) =01if —g1 <@, 1) < g2, (1.5)
S, 1) <0if ¢, t) = g.

Before proceeding, let us recall some related results in the literature. This list is not
intended to be exhaustive but only to contain a hint of the path so far made in this field.

Concerning the one dimensional quasistatic problem of thermoelastic contact, we
recall the paper [4]. Furthermore, in [13] the authors consider the material constitutive
law to be either elastic or viscoelastic of the Kelvin-Voigt type. Numerical aspects
of the problem have been analyzed in [8, 9]. In particular, Copeti and Elliot show
existence, uniqueness and regularity of solution, and they obtain error estimates using
the finite element method.

The exponential energy decay rate for weak solutions of a contact problem of
locally viscoelastic materials, contacting a rigid obstacle, is analyzed in [16]. In [5]
a transversal contact problem has been considered and the exponential decay of the
energy has been proved. Finally, in [7] the existence and exponential decay for contact
problem to a thermoelastic Timoshenko beam model under a dissipative frictional type
mechanism.

In all the above articles, the Signorini contact problem has been analyzed in a weak
sense, and, to prove existence, the Div-Rot Lemma has been used.

In this paper we follow a new and different approach. We consider the linear Tim-
oshenko model coupled to a dynamic boundary condition defined by an ordinary
differential equation (hybrid system), the coupling is defined through a parameter e,
see system (2.1) below. We use semigroup theory to show the well-posedness of the
problem, as well as the exponential stability of the corresponding model. We arrive
at the problem of contact with normal compliance condition through a Lipschitzian
perturbation. Finally, setting ¢ — 0 we get the Signorini problem. This procedure is
possible thanks to the observability inequalities that the Timoshenko model possesses.
We believe that this method is more effective than the usual penalty method (see [5,
13, 16] and the references therein) because we obtain more precise information about
the asymptotic behavior of the solution. In particular we show that the boundary con-
ditions of the model do not play any role in the asymptotic behavior. This means that
the decay result can be proved for any boundary condition, different from the results
obtained in [5, 7, 16] where particular boundary conditions were used to show the
exponential decay.

The rest of this paper is organized as follows: Sect.2 presents the existence of
solution of the linear hybrid model, using the semigroup techniques. In other words,
instead of directly analyzing the Signorini problem with pointwise dissipation (1.1),
we will study a transmission problem, related to the associated penalized system,
by formulating a model in which the singularity at x = £ is removed and replaced
with two transmission conditions, see system (2.1)—(2.5) below. Section 3 is devoted
to the asymptotic behaviour of the linear hybrid model, the main tool we apply is
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Theorem 3.1, Theorem 3.2 and the Riemann invariants. Finally, in Sect. 4, using Lip-
schtizian pertubations method, we show the existence and the exponential decay of
the Signorini problem (1.1)—(1.5).

2 The Hybrid Linear Model

In order to apply the semigroup theory to study the Signorini problem, we consider
the linear hybrid model, approaching the penalized problem, associated to (1.1)—(1.5).
For details to pass from the Signorini problem to the penalized one, see, e.g., [7]. To
use the hybrid approach, let us denote by / the open set

I'=(0,8§UE, 0.
Therefore, in this case it is easy to see that system (1.1)—(1.5) is equivalent to

1P — Kk (px + ), =0 in I x (0, +00),
P2V — by +k(ox +9) =0 in I x (0, +00), 2.1
€@ (0, 1) +ep(L,1) + ep(l, 1) + S, 1) =0 in (0, +00),

satisfying the boundary conditions
90,1) =0, ¥x(0,1) =0, ¥ (£, 1) =0in (0, +00). (2.2)

Note that ¢(¢, ) := v(¢) is determined by equation (2.1)3. This dynamic boundary
condition can be interpreted as a beam rigidly attached at the end x = £ to a tip body
of mass e that models a sealed container with a granular material, for example sand.
This granular material dampens the movement of the system by internal friction (for
details see, e.g., [2, 3, 15]).

Additionally we consider the transmission conditions on &, given by

pE . D =90E D, YvE . H=yE D, (2.3)
koo (7, 1) —kpeET,0) = —y19(E, 1), bY(E, 1) — by (ET, 1) = — o (E, 1),
2.4)

and the initial conditions

0,0 =¢o(x), ¢(x,0)=¢p1(x), ¥(x,0) =o(x), w,<x,0>=w1(x(>25
v(0) = vo, v (0) = vy, '

)

This physically admissible coupling (2.3)—(2.4) represents the continuity of displace-
ment and the discontinuity of force at x = £. We can observe thatif y; =0,i =1, 2,
then there is not energy dissipation at x = £ and the linkage at x = £ is conserva-
tive. Instead, if 3 > 0, i = 1, 2, then the linkage is dissipative, as the case under
consideration.
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Putting ® = ¢;, ¥ = ¢, and V = v;, the phase space of our problem is
H = Vy x L*0, ) x V; x L*(0, ¢) x CZ,

where

Vo = {w e H'(0,0): w(0) =o] and Vy = {w e H'(0,6): w() =0},
with the norm

l
169, @0 W0 VB, = [ (slis 9P 5 il + 10 4 P
dx +e€lv)® + €|V

2.1 The Cp Semigroup of Contractions

Denoted by B the transpose of a matrix B and introducing the state vector
U(t) = (@), @), ¥ (1), W), v(@®), V)T == UV,

whereld = (¢(t), ©(t), ¥ (), ¥ (t))T, Y = (v(t), V(t))T the transmission conditions
are given by

lkpx] = =y1®(§)  and  [bYi] = —pW(E), (2.6)

where brackets mean jump, namely
[f]:=fET) — fET).
Hence, system (2.1)—(2.5) can be written as a linear ODE in ‘H of the form
d
—U(@t) =AU(@1), 2.7
dt
where the domain D(A) of the linear operator A : D(A) C H — H is given by

D(A) = {U eH: o, ¥ e HXI), (0, W) € Vy x Vg,

verifying (2.2) — (2.3) and (2.6)},
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and

)
K
—(ox + V)
L1

v
AU = : (2.8)

b K
_wxx __((px+¢)
P2 P2
\%
-V —v—1s0,1)

Straightforward calculations shows that the operator A is dissipative. Indeed, for every
U € D(A),

Re(AU (1), U)y = —n|®E. D = ¥ (E. D —elVOIF <0. (29)
Considering the resolvent equation
irxU—- AU = F, (2.10)
and taking inner product with U over the phase space H, we get
nl®E. DF +n¥E DP +elVOI =ReU), FO)n. (211
Using standard procedures we can show that 0 € o(A). According to Lumer-
Phillips Theorem [14, Theorem 1.2.4 ] the operator A is the infinitesimal generator of

a contraction semigroup 7 (r) := e’ : H — H. See also [18, Theorem 1.4.3].
So, we have

Theorem 2.1 For any Uy € 'H there exists a unique mild solution

Ut) = (@), 9 (1), Y (@), Y (1), (1), V()T = T (1) Uy, (2.12)

to problem (2.1). Moreover, if the initial data Uy € D(A) there exists a strong solution
satisfying

UeCY0,T; H)NCO,T; D(A)).

3 Exponential Stability
In this section we assume that the wave speed of the model are different, that is

p1b — pok #0 3.1
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The above condition is quite natural to Timoshenko model. We would like to pointed
out that condition (3.1) never happens in applications (see [11] and the references
therein). The exponential decay obtained under that hypothesis is interesting only
from mathematical point of view.

Here we show the exponential stability of transmission problem (2.1)—(2.5). Let us
denote by £(X) the Banach algebra of all bounded linear operators on X a complex
Banach space with norm || - ||.

For an operator B : D(B) C X — X, we denote by o (B) its spectrum, while
o(B) := C\ o (B) is the resolvent set of B.

The main tool we will apply in this paper is the following result.

Theorem 3.1 Let S(1) = ¢ be a Co-semigroup of contractions on Banach space.
Then, S(t) is exponentially stable if and only if

iR Co(A) and wess(S(t)) <0, (3.2)

where wess(S(1)) is the essential growth bound of the semigroup S(t).

Proof Here we use [10, Corollary 2.11, p. 258] establishing that the type w of the
semigroup ¢! verifies

® = max{wess, 05 (A)}, (3.3)

where wy (A) is the upper bound of the spectrum of A. Moreover, for any ¢ > ey,
the set Z, ;= o (A) N{A € C: ReA > c} is finite.

Let us suppose that (3.2) is valid. Since the essential type of the semigroup we;ss is
negative, identity (3.3) states that the type of the semigroup will be negative provided
wy (A) < 0.

If wy (A) < weys then we have nothing to prove. Let us suppose that wy (A) > wes.
From (3.2) and Hille-Yosida Theorem we have E C o(A), hence w, (A) < 0.0On the
other hand Z,,, 4 is finite for § > 0 verifying wess + 8 < 0 and wegs + 8 < wo (A).
Therefore we have

ws(A) =supRe o (A) =supReZ,, 15 <O0.

Hence, the sufficient condition follows.

Reciprocally, let us suppose that the semigroup S(¢) is exponentially stable, in par-
ticular it goes to zero. Then, by [6, Theorem 1.1] we have that iR C o(A). Moreover,
since the type w verifies (3.3), we have that

Wess < MaxX{wess, o (A)} = < 0.

Then, our conclusion follows. O

Note that the above characterization is valid for any Banach space.
Other important tool we use here is the frequency domain approach, valid over
Hilbert spaces (see, e.g., [19]):
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Theorem 3.2 Let S(1) = €™ be a Cy-semigroup of contractions on Hilbert space.
Then S(t) is exponentially stable if and only if

() iR C o(A), where o(A) denotes the resolvent set of A, and
(ii) Jim [1GAL = 8) £y < +o0.

Our starting point to show the exponential stability of the semigroup S(#), associated
to the model (2.1)—(2.5), is to prove the strong stability of S(z).

Lemma 3.1 The operator A defined in (2.8) satisfies iR C o(A), provided & #*
2kL~|—1€’ Vn, k € Nwithn and 2k + 1 co-prime.

Proof Because of the compacity of the resolvent family it is enough to show that there
is no imaginary eigenvalues. In fact, let us suppose that AU = iAU. In terms of the
components we get

irg —® =0, (3.4)
irpr @ —k (px +¥), =0, (3.5)
My — W =0, (3.6)
2 W — b Yoy +k (px + ) =0, (3.7
irw—V =0, (3.8)
ieAV+4+ev+eV+SW =0, (3.9)

with the boundary conditions
9(0) =0, ¥:(0)=0, o) =v, ¥ =0. (3.10)
So we have
—Wp1g — K (g + V), =0,
—3202 % — b Yiax + & (px + %) = 0.

From (2.11) and (3.8) we get v = V = 0 which together with (3.10) yields ¢, (¢) =
S(¢) = 0. Using (2.11) once more we get

D) =W(E) =0 whichimplies that [kgyx] = [byx] = 0.

The eigenvectors of the above system must be of the form

1 2k + 1
x|, Y (x) = By cos 7 Tx ).

. (2
@k (x) = Ay sin <
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Using (3.4) and (3.6) we obtain ¢ (§) = ¥ (§) = 0. Then, we have

2k +1 2k +1 2j¢
sin( +n§)=0 & +n$=j71 & &= J ,

20 20 2k + 1
2% + 1 2%+ 1 R Qj + 1)t
OS( 20 ”§> RO VAR R L S e v

Because of the hypothesis of this Lemma, we get Ay = By = 0. So our conclusion
follows. m|

To show the exponential stability we apply Theorem 3.1. Therefore, it remains to
prove that the essential type w,,s of the semigroup 7 (¢) associated to system (2.1)—
(2.5) is negative. First, let us introduce the semigroup 7y (¢) defined by the system

P1@i — K (px +¥), =0 in I x (0, +00),
P2 Yt — by + K (0 +¥) =0in I x (0, +00),

(3.11)

satisfying the following boundary conditions
0,1) =0, ¢x(¢,1)=0, ¥:(0,1)=0, ¥, 1)=0in(0,+00), (3.12)
the transmission conditions (2.3)—(2.4) and the initial conditions

o(x,0) =@o(x), @ (x,0) =0p1(x), ¥x,0 =vox), VYi(x,0) =v1(x),
(3.13)

Note that the above problem is almost the same as system (2.1)—(2.5) except for the
hybrid coupling. Let us introduce by

Ho = Vo x L*(0, £) x Vy x L*(0, )
the phase space and by
Ho = Vo x L2(0, ) x V, x L0, £) x {0} x {0}
the extended phase space. Let us denote by IT the projection of H onto ﬁo:
(g, @, ¢, ¥, v, V)= (p, D, ¥, ¥, 0,0).
Note that the composition of 7y (#) with IT we denote as 7o (¢) I verifies
To()T1: H — Ho CH
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It is easy to see that 7o(¢)IT € L(H). Let us decompose the infinitesimal generator .A
in the following way

0 I 0 00 0
2
A O
0
A= by =:<T> (3.14)
A B K
0 0 0 o0 1
fy 0 % 0—1—-1

where y¢ = ¢, (£). Hence, recalling that U := (U, V)T, where f = (¢, ®, ¥, W)
and V := (v, V)T, we obtain

a0 = (i) = (5 (&) + ()

Under the above conditions we have the following Lemma

Lemma 3.2 The difference T (t) — To(¢)I1 is a compact operator over H. Hence the
corresponding essential types are equal.

Proof Note that the solution of U; — AU = 0 can be written as

uy _ (Arud 0 0
()= (5") () ()
which implies that

t
U=eUy, V=2eXyy —i—/ e"IKBL(s) ds.
0

Therefore

etATuo _ 0

Note that the right hand side of the above equation is a compact operator. In fact, e/
is a finite dimensional semigroup and

t t \%4
_ (t—s)K _ (t—s)K
&(1) _/0 e BU(s) ds _fo e (_V —v+ gsw,s)> as.

verifies & € H'(0, T). Therefore
[7(2) — To(1)IT]
is compact. o

@ Springer



Applied Mathematics & Optimization (2023) 88:61 Page 110f31 61

Our next step is to prove that the essential type of 7o (7) = eArl s negative, where
Ar is defined in (3.14). To do that let us introduce the semigroup 7; () defined by the
system

P1 ¢t — Kk (@x + )y =0 in I x (0, +00),
prtt _wax“r‘/((px =0in/ x (0, —{—OO),

(3.15)

with boundary conditions (3.12) and verifying the initial and transmission conditions
(2.5) and (2.3)—(2.4), respectively.
Let us denote by ‘B the operator

.
B : Ho — Ho, %U:(O,o,o,pﬁw) .
2

It is easy to verify that B is a compact operator over Ho. Indeed, if U, =
(@n, ®p, ¥, W) T is a bounded sequence in Ho, in particular v, is bounded in
H'(0, ¢). Hence there exists a subsequence which converges strongly in L2(0, £).
So, for any bounded sequence in H there exists a subsequence, we still denote in the
same way such that BU,, converges strongly in Hy. Then, the operator

Ay=Ar — B

is the infinitesimal generator of a Co-semigroup denoted by 7;(¢) = e Aot
Under the above conditions we have the following Lemma.

Lemma 3.3 The difference 1o(t) — 71 (t) is a compact operator. Hence the correspond-
ing essential types are equal.

Proof The equation U; — ArU = 0 can be written as
U, — Ao =BU.

Then the solution can be written as
t
Ut = ™' Uy + / eA0U=)B14(s) ds. (3.16)
0
Recalling the definition of ¢(¢) and 7 (¢), equation (3.16) implies

t
TOU = T (OUy + / =B AL s
0

Since ‘B is a compact operator then the composition eA=9)BeAS s also a compact
operator. Therefore, 7o (1) — 71 (t) is a compact operator over Hy. O

Hence, to prove the exponential decay of 7 (f) we only need to prove that the
essential type of 77 is negative.
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The One-Dimensional System Associated to (3.15)

Using the Riemann invariants

p1 = P — Vkor, q1 = Joro + Vkex,
P2 = Joov — Vb¥x, qr = o2y + Vb,

we have that

¢_Q1+p1 (p_611—p1 w_é]erPz w_élz—pz
Tage YT 2k T T 2ym YT b
Therefore, the evolution problem can be written as
P +kipix —ci(g2 — p2) =0, (3.17)
q1,: — kig1x —c1(g2 — p2) =0, (3.18)
P21 +kapax —c2(q1 — p1) =0, (3.19)
2,1 — kag2.x — c2(q1 — p1) =0, (3.20)

where

' K r b K 1 [k
1= R} 2 = ) cl = ) )= —= )
V o1 02 2/bpi 2V p2

verifying the following boundary conditions

q1(0) + p1(0) =0, q1(&) — p1() =0, q2(0) — p2(0) =0, q2(£) + p2(£) =0,
(3.21)

and transmission conditions

gE . D+piE D =qE" D+piET D, (322

g~ D) —qE 0+ pi T 0 = piE, 0 = —yiki [pi €T, 0 +q:ET, D],

(3.23)
fori =1, 2.
Denoting
ki 0 0 O 0 0 ¢ —c1 D1
10—k 0 O 10 0 ¢ - _la
K= 0 0 k& 0 |’ €= co—c20 0 |’ U= 120
0 0 0 —kp cp—cp 0 0 q2
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the system (3.17)—(3.20) can be written as
U + KU +CU =0, U0)=4p. (3.24)

It is not difficult to see that system (3.15) is equivalent to (3.24).

Let us denote by 7>(¢) the semigroup defined by (3.24) over Hy = [L2(0, £)]*.
Note that C¢ := diag(C) = 0.

Let us denote by 73(¢) : Hs — Hy the semigroup defined by the diagonal system

4, + K&, =0, $0(0) = o, (3.25)

verifying the same boundary conditions (3.21) and the same transmission conditions
(3.22)—(3.23).

At this point, we use the result due to Neves et al [1] that in our case implies the
following result

Theorem 3.3 Under the above notations the difference T3(t) — T(t) is a compact
operator over Ha, provided condition (3.1) holds.

Proof Note that condition (3.1) implies that k; # k; fori # j. Using [1, Theorem A]
for p = 2, our conclusion follows. O

System (3.25) is completely decoupled and can be written as

Dii +kipix =0,

gi.t —kigix =0,
q1(0) + p1(0) =0, g1 (6) — p1(£) =0, (3.26)
q2(0) — p2(0) =0, q2(€) + p2(€) =0, (3.27)
together with
GED)+piET) =qiEN) +piET), (3.28)

GED) —qED + piEN) — pi(E7) = —yiki(pi ED) + qi(€T)),  (3.29)

fori = 1, 2. The semigroup 73(¢) : H4 — Hy is generated by the operator

(A0
A= (0 Az)’ (3.30)

where 0 is the 2 x 2 null matrix and A; is given by

10
AUy =kiKUpy, U= <§>’ K= <0 —1)’
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with

DA = {(5) €Hy: pge H'((0,6)UE 0), p0)+q0) =0, q(&)—p) = 0} ,

and
D(Az) = { (S) eHy: p,ge H'((0,6)UE 0), ¢0) — p0)
=0, P(€)+Q(€)=0}-

The resolvent system AU, + A; U, = F is given by

A+ ki KUy xy =F (3.31)

). - (3)- =)

Hence the above system can be rewritten as

where

n 1
Us, + 2KUy= —KF, i=1,2, (3.32)
’ k; ki

and, in terms of the components, it becomes

iA |

Dix + k—ipi = k_,-fll’ i=1,2. (3.33)
i 1,

qi,x — k_i‘Ii,t = _k_ifz, i=1,2 (3.34)

verifying the boundary conditions (3.26)—(3.27) and the transmission conditions
(3.28)—(3.29).

Lemma 3.4 The operator A infinitesimal generator of T3 given in (3.30) is dissipative
over the phase space Hy.

Proof Because of (3.30) it is enough to show that A; is a dissipative operator over Hy
for i = 1, 2. Here we prove only for i = 1, the proof to i = 2 is similar. For sake of
simplicity the index 1 is not written in p and ¢g. Note that

(@)~ @)= (0 ),
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£ L
/ (—kipxp +kigcq) dx +/ (—kipxp +kigrq) dx
0 3

ky (£ d, , d o, ki (¢ d , d o,
== - — dx + — — — d
2 )y ( dxlp\ +dx|q| x+ 2/5 dx\pl +dx|q| x

ki
2

k
+5‘ (—|p<e>|2 +1pEDP +1g@) - |q<s+)\2) :

(—1PEDP +1pOF +laE P = lgO)F)

Using the boundary conditions we get

p p _lﬂ _ -2 -2 /ﬂ +y12 _ +y12
((q) A <Q>>Hf > (—1PEP +19EP) + 5 (1PEHP =~ laE )
k
= 5 (-PE) +4ED) (PE) +qGD)
k
+71 (p(EH) —qEN) (pPEH) +9E™).

Applying the continuity of the sum p + g we get

k
((g’) Al (f;)) = 5‘ [(—pE) +qED)) + (pET) —qgE)] (pE) + ¢ ).
H;

Using (3.29) we obtain that

p p _ _l 2 2
<<q>, Ay <‘1)>H2 = 2V1k1 [p(§) +q®)I, (3.35)

and our conclusion follows. O
Lemma 3.5 The infinitesimal generator A of Tz given in (3.30) verifies

iR C o(A)

n

ided
provide E#Zm—i—l

£, ¥n, m € Nwithn and 2m + 1 co-prime.

Proof Since system (3.25) is fully decoupled it is enough to show that iR C o(A;)
for i = 1,2. Because of the compacity of the resolvent family associated to A; we
prove that there are no imaginary eigenvalues. First, we consider the case i = 1, and
subsequently, the case i = 2. For sake of simplicity the index 1 is not written in p and
q. Let us suppose that for A € R there exists 0 # W € D(A1) suchthat AW = iAW.
Since A is dissipative we get

Ip(€) +q©)* =0,
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which implies that
pPE) —qE") = pE) —qE).

In terms of the components of AjW = iAW we find

A A
px+lEp=0, QX_ZECIZQ

Since p(0) 4+ ¢g(0) = 0, we obtain
. 2 A
p(x) = p@e B, gx) = —pO)e'F,

Since p(£) — q(£) = 0, we have

LYY S 1 T
p) —q) = p(0) (6 ™ ek > =0, and thisimplies A = (m + 5) klZ'
At the point x = £ we get
ik s
pE) = pOe T, q() = —pe'hi*,
and consequently

p@)+q@)=pm)Gqés—éﬁ{)=o

i 2
This implies that ¢' i ¥ = 1 and then we find that %E = 2ns. Substitution of A yields

2m+ Hm 2n
20 ST o= =5

’

but this is not possible for hypothesis, so p(0) = 0. Therefore W = 0, which is a
contradiction.

Now, we prove iR C o(A»). If there exists 0 # (p2,q2) = W € D(A») such that
AW = iAW, making a reasoning similar to case i = 1, we conclude, because of the
boundary conditions, that

ity ix
P2(x) =p2(0)e 57, ga(x) = p2(0)e B,
hence we have

e

_ik 1
p20) + g2(£) = p2(0) (e at + ek ) =0, and this implies A = (m + E) kl%,
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also we get
ik 3
P2©) +02®) = pa0) (¢4 ) <o

Substitution of A yields

(2m+1)n%_=(2n+1)7rn . =2n+1£’
20 20 2m + 1

but this is not possible for hypothesis, so p2(0) = 0. Therefore W = 0, which is a
contradiction. O

Let us introduce the function 52& (A):

; A <k ) ()L )
1 2 1 2 2
A) =cos” | —£ )+ —=sin“ | —& )cos“ | — (£ — ,
S (M) <k1 ) 2 kli‘ kl( £)
A vi AN oA
2 2 1 2 2
SE()L) = COS (EK) + E CoS (k—lé) S (E(E — é)) y
and let us denote by
Al’:{ge(o,z): infgg(R)>0}, i=1,2.

Lemma 3.6 Let us suppose that & € QU such that & # #—HE’ vn,m € N, with n,
2m + 1 co-prime numbers then we have that

I''=infF®R) >0, i=12

Proof We show for i = 1, the other is similar. Note that % e Al =% (. In fact, for
&= % we get
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2
>min {1, y—lz .
4k7
m

By contradiction, suppose that I = 0. Since & € Q¢ we can suppose that £ = 2/

n
with m and n co-prime. Therefore the function Sé is periodic with period equal to

k
T = 271—111.
£

Hence

inf §}(R) = inf §} ([0, T1).

So, there exists a sequence of elements A, € [0, T'] such that

A v (An ) <An )
2 Mn 1 2 2
cos“| —L )+ —=sin“ | —& )cos“ | —(£ — — I =0.
<k1 ) ki klE kl( 2

Since A, is bounded, there exists a convergent subsequence (we still denote in the
same way) such that A, — A* and that

0 yz ! (A* ) <k* )
2 1 2 2
cos b4 sin cos 0 — =0.
(kl ) k2 klg kl( 2

Then we have that

— = r, —&=vm, j,veN, (3.36)

or

241 A
— = s — (¢ — =
i A T

2u+1
2

7, j,ueN. (3.37)

Let us suppose that (3.36) holds, the other is similar, taking £ = r€ with r € Q, we
get

A*g A* ¢ N 2j+1 N 2v
—E=—r{=vm Tr =vmw r= .

kq kq 2 2j+1

But this is contradictory to § # #HZ withn, m e N. O

Theorem 3.4 The semigroup 73 is exponentially stable, provided that & verifies
hypothesis of Lemma 3.6.
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Proof Because of (3.30) it is enough to show that A’ is exponentially stable over Hj
for i = 1, 2. First we prove only for i = 1. For convenience we denote p; = p and
¢q1 = q. Weuse Theorem 3.2 to show the exponential stability. Because of Lemma 3.1 it
is enough to show that the resolvent operator is uniformly bounded over the imaginary
axes. So the solution of (3.32) is given by

p<x>=p<0)e‘lﬁ)‘+ki / T fisyds, xe[0,6],  (3.38)
1J0

4(x) = —p(O) ¥ — ki/ FHO b5y ds, x e [0, £]. (3.39)
1J0

Similarly over [£, £] we have that

—i A (x— 1 T ik (eos
p(x) = pEHe 't E)JFH/S YT () ds, x € [£, €], (3.40)

q(x)zq@ﬂe"kﬁ("f)—%/g FEO by ds, xelEl]. (34D

The above solution verify equation (3.31) and also the boundary condition at x = 0.
Using (3.38) and (3.39) we get

pE) = pOe TE L T, ) = —pOETE + . x €[0.6], (3.42)
1

J=—
k1 Jo

5 —Q(X—S) 1 d i()c—s)
ROy ds == / 0 () ds. (3.43)
0

Now we adjust g(£™) and p(£™) such that the transmission conditions (3.29) hold for
i=1.

PEN +qEY) = pET) +qE),
pEY) —qEN) = pE) —qE) + Z—j(p@*) +qET)).

Solving the above system we get

PED) = pE) + Lo (PED +9E). g6 =gE) = - (pE) +9E),
1 1

Applying (3.42) we get

ik e ik
pE) = p@e 15 — YL p )@ — T g+ 2oy + D),
2k 2k

i i ik
g = —pOe' i + XL poye i — e - L+ h).
2kq 2k1
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Hence, with this choice the transmission conditions (3.28)—(3.29) hold. Finally we
adjust p(0) such that the boundary condition at x = £ holds.

pED)e OO oy E 21/7117(0) (ef?lf _ ez‘,ﬁé) o8
1

Ty (e gy A S P
2k1
o ix s ik ik
R o Ol GRS
1
Y1 2 -8
+ | h—=—1+ ) ) el .
( 2T (J1 2))
Using (3.40)—(3.41) we get that g (£) — p(£) = 0 implies
0=—p() (eikill + eiiﬁe) + ;%p(o)(eiﬁé - eiiﬁé) (6%“75) + e%(e7§)> +G.
1

So p(0) has to be choosen such that

0= —2p(0) (M) 2i 2 (0 si <i> (i(z ))+G
= —2p(0) cos I + lklp( sin klé cos I —§>+

__ )il (X L
= —=2p(0) [cos (/ﬂ Z) —l—lkl sin (kl‘g) cos (kl (€4 E))] +G.

The existence of solution will depend on

)LE N A ¢ 0
COS(E >+zasm(k—lé>cos<a( —E));é .

The above expresion identically vanishes if and only if

(i€> =0 (i(ﬂ — )> =0
cos I , COS 3 & ’
—)L £]1=0 i —k =0
cos (kl ) =0, sin <k15> =0,

simultaneously. But the above identity implies

or

=" hin 2y =T tmr. jmeZ
—t== ) " - == mri, , m )
o2 2 J
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and consequently

27 +1 2(j —
S g =2V

A= , =
2¢ 2j+1

L, j,meZ.

But this is not possible because our hypothesis. Therefore we have

G

cos(ﬁﬁ) + i% sin(ﬁ“g‘) cos(%(ﬁ —£&)’

2p(0) =

and we find that
F F
” ”Hz ” ”Hz

\/cosz(%ﬁ) + 7 sinz(]f‘—lfg‘) cosz(lz‘—l(é - &) \/Sé *)

w2
ki

Ip(O) =c

Hence using Lemma 3.6 we get

[P(0)] < cllFlln,»

from where it follows

p
U208, = H <q)

Using Theorem 3.2 we get the exponential stability.
Finally, we show that 42’ is exponentially stable. The only difference from the proof
of eA1" is the boundary condition. This means that the solution of the corresponding

resolvent system is written as

= |GAL — AT Fllu, < cllFlu,
H;

p(x)zp(O)e*i%Mki / T fisyds, x €[0,6], (3.44)
1J0

g(x) = p(O) " — kl f T ey ds, x e [0,8] (3.45)
1J0

Since the pointwise dissipation is the same as in the case A; we conclude that the
value of p(0) that verifies the boundary condition at x = £ is given by

L A A A ir oy —ikp_
0=—p(0) (e’ﬁ‘ +e7’ﬁ[) - 2)/7117(0)(e‘ﬁs e 'f (eﬁ“ O_em ¢ S)) +G.
1

Therefore we have

G

2p(0) = : ,
P cos(ﬁé) + iz—l cos(%é) sm(k)‘—l(ﬁ —£))
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Following the same arguments as in the case of A thanks to Lemma 3.6 we conclude
that ¢A27 is exponentially stable. O

Now we are in conditions to show the main result of this paper.

Theorem 3.5 The semigroup T (t) = Al associated to system (2.1)-(2.4) is

exponentially stable provided & verifies hypothesis of Lemma 3.6

Proof From Lemma 3.2 the difference 7 (t) — 7o (¢) 1 is a compact operator over H. By
Lemma 3.3 we get that 7y — 7] is a compact operator over Hy, hence wess(7(1)) =
wess (71(2)). Note that 77 and 7, are different representation of the same system,
s0 we have w,gs(71(t)) = wess(72(t)). Moreover from Theorem 3.3 the operator
T, (t) — T3(t) is a compact operator over Hy hence weg5(72(1)) = w,s5(73(t)). Finally,
from Theorem 3.4 we get

Wess (T (1)) = wess (T3(1)) < 0 (T3(1)) = max{wess, ws (Aj)} < 0.

From Lemma 3.1 iR C o(A) provided § # anTE, with n and 2m + 1 co-prime.

Applying Theorem 3.1 our conclusion follows. O

Remark 3.1 From the above Theorem we conclude that there exists a positive constant
C independent of € such that

G = A~ <€
that implies that there exists a positive constant y > 0 such that

IT ("ol < e 10l (3.46)

4 The Signorini Problem
Here we prove the well possedness of an abstract semilinear problem and we show,
under suitable conditions that the solution also decays polynomially to zero. So we
introduce a local Lipschitz F function defined over a Hilbert space . We suppose
that for any ball Bg = {W € H : |[[W|l3 < R}, there exists a function globally of
Lipschitz Fg such that

F0) =0, FU)=FrU), YU € Bg 4.1)

and additionally, that there exists a positive constant kg such that
t — ’
/ (FrWU ), U ()5, ds < iollUO)7,, YU € C(I0, TI; H)  (4.2)
0

Under these conditions we present
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Theorem 4.1 Let {T (t)};>0 be a Co semigroup of contraction, exponentially stable
semigroup with infinitesimal generator A over the phase space H. Let F locally
Lipschitz on 'H satisfying conditions (4.1) and (4.2). Then there exists a global solution
to

U —AU =FU), U©)=UpeH, (4.3)

that decays exponentially to zero.

Proof By hypotheses, there exist positive constants ¢o and y such that |7(#)[ <
coe”?", and Fg globally Lipschitz with Lipschitz constant K verifying conditions
(4.1) and (4.2). Let us consider the following space.

E,={V eL®0,00;H); t+> e ™|V(s)| € L°R)}.

Using standard fixed point arguments we can show that there exists only one global
solution to

UR — AUR = Fr(U®), UR©0) =U € H. 4.4)

Multiplying the above equation by U we get that

Ld —rRop2 R 7R = (r7Ry 7R

EE”U Oy — AU, Uy = (FrWU™), UNn.
Since the semigroup is contractive, its infinitesimal generator is dissipative, therefore

IUR O3, < I1Uoll7, + 2f0t<ﬁ7e(UR>, Uy dt.
Using (4.2) we get
IUR @13, = (1 + ko)1 Voll7,.
Note that for R > (1 + ko) ”UO”%(’ we have that
Fr(V)=FV), ¥ [VIy <R
In particular we find
FrW* @) = FUR ).

This means that UX is also solution of system (4.3) and because of the uniqueness
we conclude that UR = U. To show the exponential stability to system (4.3), it is
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enough to show the exponential decay to system (4.4). To do that, we use fixed points
arguments. Let us consider

t
T(WV) = T(t)Uo+/ T(t — )P (V(s)) ds.
0

Note that 7 is invariant over E, _s for § small, (y —8 > 0). In fact, forany V € E, _s
we have

13
”T(V)”’H =< ||U0||He_yt _|_/ ”jE’R(V(S))”He—y(I—s) ds,
0
t
< |Uollne™" + KO/ IV ($)llpe "™ ds,
0

t
< IUollpe™" + Koe ™" / e ds sup {0V )l
0 s€[0,7]

KoC
< ||U0||He_yt + Le—(V—S)t.

Hence 7 (V) € E, _s. Using standard arguments we show that 7" satisfies

(kit)"

n!

17" (W) = T"(Wo)|| < Wi — Walln.

Therefore we have a unique fixed point satisfying
t ~
T'0)=U =T+ [ T¢-9Fa@(s) ds.
0

that is U is a solution of (4.4), and since 7 is invariant over E, _s, then the solution
decays exponentially. O

Let us consider the semilinear system

P19 — k(gs + ¥y =0, in I x (0, 00),
P2V — b¥gy +k(pg +¥) =0, in I x (0,00), (4.5)
vl +evf +ev + 8L, 1) = L[ — gt — (g1 — v) ] in (0, 0),

verifying the transmission conditions (2.3)—(2.4). The above system can be written as
U, — AU = F(U), U(0) = Uy,
where A is given by (2.8) and F is given by

1
FW)=0.0.0.0,0. f@)". @) =—5[w=g)" — @ —v'] @6
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Note that F is a Lipschitz function verifing hypothesis (4.1)—(4.2). In fact, 7(0) = 0.
Moreover

t t 1
/0 (FW(5)), U(s))y, ds —/0 6—2[(v -8 — (g1 — v)*]v, ds

1 "d
el i [CRd SN TR P8

262

A

1
< 3|10 = 8" P+ I(g1 — v0) 1.

Theorem 4.2 The nonlinear semigroup defined by system (4.5) is exponentially stable.
Proof 1t is a direct consequence of Theorem 4.1. O
Next we show the energy inequality

Lemma 4.1 The solution of system (4.5) satisfies

E(r,wf,w5>+/0t [iles & OF + nalyf . 01 ]dt < EQ©. ¢, y), (4.7)
where
2E() = f(f [mlwflz + 2R + kIS + pP +b|¢§|2}dx N + elof P el
and

N(@) =1L, 1) — g)T 1> + 1(g1 — ¢ (£, 1) T|?

Proof Multiplying Eq. (4.5)1 by ¢;, Eq. (4.5); by ¥, and Eq. (4.5)3 by v;, summing
up the product result our conclusion follows. O

Let us introduce the functionals
Z(x, 1) = pablyr (x, D> + M (x, D> + pixlgi(x, D> + 1S (x, DI,
¢ 2 2 2 2
£0) = [ (pabasl i+ aulMP + preaslen P + ISP d
0
L QE—
—f (q,om@‘ll—qudx,
0

where ¢ is as in (4.11) hence there exist positive constants Cy and Cp such that

L 4
CO/ T(x,t)dx < L(t) < C1/ T(x,t)dx. 4.8)
0 0

Under the above conditions we have
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Lemma 4.2 The solution of system (4.5) satisfies

t t
'/ q(OZ, 1) dx—/ L(s) ds| < cE(0),
0 0

t t
'/ q(0)Z(0,1) dx — / L(s) ds| < cE(0).
0 0

Proof Let us multiply equation (4.5); by g M we get

14

d [* 1t d 5 ) _
| pravem dx =2 [ a— [poblunl? + IMP|dx = — | qMSdx.  (49)
dt Jo 2 Jo “dx 0

Similarly, multiplying equation (4.5); by ¢S, we get

a7 mqgozde—E/ qd—[plesatl + S| ]dx=puc/ qeiy dx.
t Jo 0 X 0
(4.10)

Therefore summing identities (4.9) and (4.10) and integrating over [0, ¢] we get

t

1 t 4 d l
E/ / qd—Z(x,t) dxdt:f (P19@tS + p2q ¥ M) dx
0 JO X 0 0

t L
—/ f p1kqe:yy —qMS dx,
0 JO

performing integrations by parts and recalling the definition of £, we get

t

t t £
/0 [q(OZL(, 5) —q0)L(0,s)] ds —/0 L(s)ds = /0 (P199:S + p2q i M) dx

0
Since
¢ ¢
/ 02qV¥: M dx| < cE(0), ‘/ 199 S dx| < cE(0),
0 0
we conclude that
t t
' / [G(OT(L, 5) — OT(O, 5)]ds — / L(s) ds| < cE(0).
0 0
Taking
e — e e—nl
q(x) = . gox) = ——. 4.11)
n n
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Note that ¢’(x) is large in comparison to g for n large, therefore there exist positive
constants c¢g and ¢ such that

b L
C()/ I(x) dx §£§c1/ T(x) dx.
a 0

So our result follows. O

Theorem 4.3 For any initial data (¢o, ¢1, Yo, ¥1) € H there exists a weak solution
to Signorini problem (1.1)—(1.4) which decays as established in Theorem 4.2.

Proof From Theorem 4.1 we have that there exists only one solution to system (4.5).
Using Lemma 4.1 and Lemma 4.2 we get

Zc(€,t) uniformly bounded in LZ(O, T), 4.12)

which means that the first order energy is uniformly bounded for any € > 0. Standard
procedures implies that the solution of system (4.5) converges in the distributional
sense to system (1.1). It remains only to show that conditions (1.4) holds. To do
that we use the observability inequality in Theorem 4.2, and we get that @5 (¢, t) and
S€ (¢, 1) are bounded in L2(0, T), so is v;. Using (4.5)4 we obtain

T

T
/ [evn +ev, +€ev + S€(L, t)] (u —v)dt = —é / [(v — g2)+ — (g1 — v)+] (u —v)dt.
0 0

For any u € L>(0, T; K) N H' (0, T; L*(0, £)), where K = {w € H'(0,¢), g1 <
u(x) < g»}. Itis no difficult to see that

T
lim [ (evf, + evf +€v®) (u —v€)dt =0.

e—0 Jo

In fact, from (4.5)4 evy, is bounded for any € > 0 (by a constant depending on ¢)
in L2(0, T), from (4.12) vf is also uniformly bounded in L2(0, T). Therefore v isa
continuous function, uniformly bounded in L°°(0, T'). Making an integration by parts
we find

T T
T
[ evf,[u—ve]dt:evf[u—véﬂo —/ evi[uy —vildt — 0.
0 0
Hence,

T
lim S, )[u(t) —v()]dt
e—>0 0

T

1
=lim [ —[(v—8)" — (g1 — ) ][u@®) —v(®)]dr.
=0 Jo €
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Since

T
fo (v — ) lu(t) — ()] dt
T T
=/0 (v — g) " u(t) — g2l dt —/O (W= g (v —g)di
T T
= /O (v — g)[u(t) — g2l dt — /O (v—g)T(v—g)tdt <0,

for all g1 < u < go. Similarly we get

T
- /O (g1 — ) Tu(t) — v()]dr < 0.

Therefore, from the last two inequalities we get

T
[ 2o-e = @ -0t Juw - vndr <o ve-o.
0o €

For any u € Hl(O, T; L2(0, £)) such that g; < u < g». Taking the limit ¢ — 0 we
get

T
/ S, Ou, 1) — e, H)]dt >0, VYue L*0,T;K).
0

From this relation we obtain (1.5). The proof of the existence is now complete. To
show the asymptotic behaviour, recalling Remark 3.46, we get

E(t, ¢, ¥) < E0, ¢, y)e 7.

Integrating over [#1, #2] and applying the semicontinuity of the norm, we conclude the
exponential stability of a solution of the Signorini problem. O

Remark 4.1 The uniqueness of the solution to Signorini problem (1.1)—(1.4) remains
an open question.

The same approach can be used to show existence of the semilinear problem

1P — k(@x + ¥)x + p19lel® + v18(x — &)gr =0,

(4.13)
P2V — bx + k(px +9) + w2y Y|P + 128(x — £)¢; = 0.

Theorem 4.4 Under the same hypothesis from Theorem 4.3, there is at least one
solution to Signorini problem (4.13) satifying (1.2)—(1.5).
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Proof As in Theorem 4.3, we consider the function
FU) = 0, —p191¢1%. 0, —papr 19170, fFw) "

where f is the same as in (4.6). Note that F(0) = 0. Using the mean value theorem
to g(s) = |s|%s we obtain the inequality

sls| = rlrl®) = As* + [r[)ls = rl.

Taking the norm in H and since ¢{ and ¥{ belong to HY0,£) c L*™(0, £), then
we get

IF(U1) = FU)lln < CllUL = U2,

Therefore, F is locally Lipschtiz. Since

d (Y1 m 753
fU,U - _ b e a2 e €f+2 d ,
( JH ar Jo <1+a|¢| +1+ﬂ|1ﬂ| x

then

t Y4
231 €y (242 M2 € (B2
f()(fu, U)Hsfo (—]+al<p O AL )dx.

Thus, there exists a positive constant ¢y such that

t
2
/ (FU, Uy < collU I,
0
Note that for this function, there exists the cut-off function

pix|x|* if x < Ra, paxlx|?ifx < Ry,
fl,Rz = 2,Ry =

pix|Ra| if x > Ry, pax|Ra|P if x > Ry,

It is not difficult to check that
Fry =0, = fi.rs 0, = f2,£, 0, f ()T

is globally Lipschtiz. Using Theorem 4.1 our conclusion follows. O
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