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Abstract
We consider the Timoshenko beam model which can be in contact to two rigid obsta-
cles and subject to a pointwise damping. We analyze the existence in time and the
asymptotic behavior of solutions by using the hybrid method.

Keywords Timoshenko beams · Contact problem · Semilinear problem · Asymptotic
behaviour

1 Introduction

In this paper we investigate the mechanical evolution of a Timoshenko homogeneous
beam, of natural length �, which may come in one-sided contact with two rigid obsta-
cles. Let 0 < T ≤ ∞. We denote by ϕ = ϕ(x, t) : (0, �) × (0, T ) → R the
transverse displacement (vertical deflection) of the cross section at x ∈ (0, �) and at
time t ∈ (0, T ). Supposing that plane cross sections remain plane, the angle of rotation
of a cross section is defined by ψ = ψ(x, t) : (0, �) × (0, T ) → R.

Assuming that a pointwise damping acts on the beam at ξ ∈ (0, �), we describe the
evolution of the system by the following equations (for details, see e.g. [12, 17, 20]),
where the physical setting is represented by Fig. 1,

ρ1ϕt t − k(ϕx + ψ)x + γ1δ(x − ξ)ϕt = 0,

ρ2ψt t − bψxx + k(ϕx + ψ) + γ2δ(x − ξ)ψt = 0,
(1.1)
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Fig. 1 Beam subject to a constraint at the free end x = �

in (0, �)× (0, T ). Here the coefficients represent: ρ1 = ρA the mass density, ρ2 = ρ I
the moment of mass inertia, k = κGA the shear modulus of elasticity, b = E I the
rigidity coefficient of cross-section, where E is theYoung’smodulus,G is themodulus
of rigidity and κ is the transversal shear factor, and I is themoment of inertia. Functions
S := k (ϕx + ψ) and M := bψx stand for the shear force and the bending moment,
respectively. Moreover, δ(x − ξ) is the Dirac mass +1 at the point x = ξ . Lastly,
γ1 and γ2 denote positive damping coefficients. Subscripts x and t represent partial
derivatives with respect to x and t . The initial conditions are given by

ϕ(x, 0) = ϕ0(x), ϕt (x, 0) = ϕ1(x), ∀x ∈ (0, �),

ψ(x, 0) = ψ0(x), ψt (x, 0) = ψ1(x), ∀x ∈ (0, �),
(1.2)

for some given functions ϕ0, ϕ1, ψ0, ψ1, θ0 : (0, �) → R. In addition, we suppose
that, at x = 0 and x = �,

ϕ(0, t) = 0, ψx (0, t) = 0, ψ(�, t) = 0, in (0, T ). (1.3)

The joint at x = � is modeled with the Signorini non penetration condition (see, e.g.,
[13]). In particular, the joint with gap g is asymmetrical so that g = g1 + g2, where
g1 > 0 and g2 > 0 are, respectively, the upper and lower clearance, when the system
is at rest. Then, the right end of the left beam is assumed to move vertically only
between two stops, namely

− g1 ≤ ϕ(�, t) ≤ g2, 0 ≤ t ≤ T . (1.4)

This condition assures that the displacement at x = � is constrained between the
stops g1 and g2. The mathematical boundary conditions for this physical setting are
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as follows

S(�, t) ≥ 0 if ϕ(�, t) = −g1,

S(�, t) = 0 if −g1 < ϕ(�, t) < g2,

S(�, t) ≤ 0 if ϕ(�, t) = g2.

(1.5)

Before proceeding, let us recall some related results in the literature. This list is not
intended to be exhaustive but only to contain a hint of the path so far made in this field.

Concerning the one dimensional quasistatic problem of thermoelastic contact, we
recall the paper [4]. Furthermore, in [13] the authors consider the material constitutive
law to be either elastic or viscoelastic of the Kelvin-Voigt type. Numerical aspects
of the problem have been analyzed in [8, 9]. In particular, Copeti and Elliot show
existence, uniqueness and regularity of solution, and they obtain error estimates using
the finite element method.

The exponential energy decay rate for weak solutions of a contact problem of
locally viscoelastic materials, contacting a rigid obstacle, is analyzed in [16]. In [5]
a transversal contact problem has been considered and the exponential decay of the
energy has been proved. Finally, in [7] the existence and exponential decay for contact
problem to a thermoelastic Timoshenko beammodel under a dissipative frictional type
mechanism.

In all the above articles, the Signorini contact problem has been analyzed in a weak
sense, and, to prove existence, the Div-Rot Lemma has been used.

In this paper we follow a new and different approach. We consider the linear Tim-
oshenko model coupled to a dynamic boundary condition defined by an ordinary
differential equation (hybrid system), the coupling is defined through a parameter ε,
see system (2.1) below. We use semigroup theory to show the well-posedness of the
problem, as well as the exponential stability of the corresponding model. We arrive
at the problem of contact with normal compliance condition through a Lipschitzian
perturbation. Finally, setting ε → 0 we get the Signorini problem. This procedure is
possible thanks to the observability inequalities that the Timoshenko model possesses.
We believe that this method is more effective than the usual penalty method (see [5,
13, 16] and the references therein) because we obtain more precise information about
the asymptotic behavior of the solution. In particular we show that the boundary con-
ditions of the model do not play any role in the asymptotic behavior. This means that
the decay result can be proved for any boundary condition, different from the results
obtained in [5, 7, 16] where particular boundary conditions were used to show the
exponential decay.

The rest of this paper is organized as follows: Sect. 2 presents the existence of
solution of the linear hybrid model, using the semigroup techniques. In other words,
instead of directly analyzing the Signorini problem with pointwise dissipation (1.1),
we will study a transmission problem, related to the associated penalized system,
by formulating a model in which the singularity at x = ξ is removed and replaced
with two transmission conditions, see system (2.1)–(2.5) below. Section3 is devoted
to the asymptotic behaviour of the linear hybrid model, the main tool we apply is
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Theorem 3.1, Theorem 3.2 and the Riemann invariants. Finally, in Sect. 4, using Lip-
schtizian pertubations method, we show the existence and the exponential decay of
the Signorini problem (1.1)–(1.5).

2 The Hybrid Linear Model

In order to apply the semigroup theory to study the Signorini problem, we consider
the linear hybrid model, approaching the penalized problem, associated to (1.1)–(1.5).
For details to pass from the Signorini problem to the penalized one, see, e.g., [7]. To
use the hybrid approach, let us denote by I the open set

I = (0, ξ) ∪ (ξ, �).

Therefore, in this case it is easy to see that system (1.1)–(1.5) is equivalent to

ρ1 ϕt t − κ (ϕx + ψ)x = 0 in I × (0,+∞),

ρ2 ψt t − bψxx + κ (ϕx + ψ) = 0 in I × (0,+∞),

εϕt t (�, t) + εϕt (�, t) + εϕ(�, t) + S(�, t) = 0 in (0,+∞),

(2.1)

satisfying the boundary conditions

ϕ(0, t) = 0, ψx (0, t) = 0, ψ(�, t) = 0 in (0,+∞). (2.2)

Note that ϕ(�, t) := v(t) is determined by equation (2.1)3. This dynamic boundary
condition can be interpreted as a beam rigidly attached at the end x = � to a tip body
of mass ε that models a sealed container with a granular material, for example sand.
This granular material dampens the movement of the system by internal friction (for
details see, e.g., [2, 3, 15]).

Additionally we consider the transmission conditions on ξ , given by

ϕ(ξ−, t) = ϕ(ξ+, t), ψ(ξ−, t) = ψ(ξ+, t), (2.3)

kϕx (ξ
−, t) − kϕx (ξ

+, t) = −γ1ϕt (ξ, t), bψx (ξ
−, t) − bψx (ξ

+, t) = −γ2ψt (ξ, t),

(2.4)

and the initial conditions

ϕ(x, 0) = ϕ0(x), ϕt (x, 0) = ϕ1(x), ψ(x, 0) = ψ0(x), ψt (x, 0) = ψ1(x)

v(0) = v0, vt (0) = v1,
(2.5)

This physically admissible coupling (2.3)–(2.4) represents the continuity of displace-
ment and the discontinuity of force at x = ξ . We can observe that if γi = 0, i = 1, 2,
then there is not energy dissipation at x = ξ and the linkage at x = ξ is conserva-
tive. Instead, if γi > 0, i = 1, 2, then the linkage is dissipative, as the case under
consideration.
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Putting � = ϕt , 
 = ψt and V = vt , the phase space of our problem is

H = V0 × L2(0, �) × V� × L2(0, �) × C
2,

where

V0 =
{
w ∈ H1(0, �) : w(0) = 0

}
and V� =

{
w ∈ H1(0, �) : w(�) = 0

}
,

with the norm

‖(ϕ,�,ψ,
, v, V )‖2H =
∫ �

0

(
κ|ϕx + ψ |2 + ρ1|�|2 + b|ψx |2 + ρ2|
|2

)

dx + ε|v|2 + ε|V |2.

2.1 The C0 Semigroup of Contractions

Denoted by B
 the transpose of a matrix B and introducing the state vector

U (t) = (ϕ(t),�(t), ψ(t),
(t), v(t), V (t))
 := (U ,V)
 ,

whereU = (ϕ(t),�(t), ψ(t),
(t))
,V = (v(t), V (t))
 the transmission conditions
are given by

[kϕx ] = −γ1�(ξ) and [bψx ] = −γ2
(ξ), (2.6)

where brackets mean jump, namely

[ f ] := f (ξ−) − f (ξ+).

Hence, system (2.1)–(2.5) can be written as a linear ODE inH of the form

d

dt
U (t) = AU (t), (2.7)

where the domain D(A) of the linear operator A : D(A) ⊂ H → H is given by

D(A) =
{
U ∈ H : ϕ,ψ ∈ H2(I ), (�,
) ∈ V0 × V�,

verifying (2.2) − (2.3) and (2.6)
}
,
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and

AU =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�

κ

ρ1
(ϕx + ψ)x




b

ρ2
ψxx − κ

ρ2
(ϕx + ψ)

V

−V − v − 1
ε
S(�, t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (2.8)

Straightforward calculations shows that the operatorA is dissipative. Indeed, for every
U ∈ D(A),

Re〈AU (t),U (t)〉H = −γ1|�(ξ, t)|2 − γ2|
(ξ, t)|2 − ε|V (t)|2 ≤ 0. (2.9)

Considering the resolvent equation

iλU − AU = F, (2.10)

and taking inner product with U over the phase space H, we get

γ1|�(ξ, t)|2 + γ2|
(ξ, t)|2 + ε|V (t)|2 = Re〈U (t), F(t)〉H. (2.11)

Using standard procedures we can show that 0 ∈ �(A). According to Lumer-
Phillips Theorem [14, Theorem 1.2.4 ] the operatorA is the infinitesimal generator of
a contraction semigroup T (t) := etA : H → H. See also [18, Theorem 1.4.3].

So, we have

Theorem 2.1 For any U0 ∈ H there exists a unique mild solution

U (t) = (ϕ(t), ϕt (t), ψ(t), ψt (t), v(t), V (t))
 = T (t)U0, (2.12)

to problem (2.1). Moreover, if the initial data U0 ∈ D(A) there exists a strong solution
satisfying

U ∈ C1(0, T ;H) ∩ C(0, T ; D(A)).

��

3 Exponential Stability

In this section we assume that the wave speed of the model are different, that is

ρ1b − ρ2k �= 0 (3.1)
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The above condition is quite natural to Timoshenkomodel.Wewould like to pointed
out that condition (3.1) never happens in applications (see [11] and the references
therein). The exponential decay obtained under that hypothesis is interesting only
from mathematical point of view.

Here we show the exponential stability of transmission problem (2.1)–(2.5). Let us
denote by L(X) the Banach algebra of all bounded linear operators on X a complex
Banach space with norm ‖ · ‖.

For an operator B : D(B) ⊂ X → X , we denote by σ(B) its spectrum, while
�(B) := C \ σ(B) is the resolvent set of B.

The main tool we will apply in this paper is the following result.

Theorem 3.1 Let S(t) = eAt be a C0-semigroup of contractions on Banach space.
Then, S(t) is exponentially stable if and only if

iR ⊂ �(A) and ωess(S(t)) < 0, (3.2)

where ωess(S(t)) is the essential growth bound of the semigroup S(t).

Proof Here we use [10, Corollary 2.11, p. 258] establishing that the type ω of the
semigroup eAt verifies

ω = max{ωess, ωσ (A)}, (3.3)

where ωσ (A) is the upper bound of the spectrum of A. Moreover, for any c > ωess ,
the set Ic := σ(A) ∩ {λ ∈ C : Reλ ≥ c} is finite.

Let us suppose that (3.2) is valid. Since the essential type of the semigroup ωess is
negative, identity (3.3) states that the type of the semigroup will be negative provided
ωσ (A) < 0.

Ifωσ (A) ≤ ωess then we have nothing to prove. Let us suppose thatωσ (A) > ωess .
From (3.2) and Hille-Yosida Theoremwe haveC+ ⊂ �(A), henceωσ (A) ≤ 0. On the
other hand Iωess+δ is finite for δ > 0 verifying ωess + δ < 0 and ωess + δ < ωσ (A).
Therefore we have

ωσ (A) = supRe σ(A) = supRe Iωess+δ < 0.

Hence, the sufficient condition follows.
Reciprocally, let us suppose that the semigroup S(t) is exponentially stable, in par-

ticular it goes to zero. Then, by [6, Theorem 1.1] we have that iR ⊂ �(A). Moreover,
since the type ω verifies (3.3), we have that

ωess ≤ max{ωess, ωσ (A)} = ω < 0.

Then, our conclusion follows. ��
Note that the above characterization is valid for any Banach space.
Other important tool we use here is the frequency domain approach, valid over

Hilbert spaces (see, e.g., [19]):
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Theorem 3.2 Let S(t) = eAt be a C0-semigroup of contractions on Hilbert space.
Then S(t) is exponentially stable if and only if

(i) iR ⊂ �(A), where �(A) denotes the resolvent set of A, and
(ii) lim|λ|→∞ ‖(iλI − A)−1‖L(H) < +∞.

Our starting point to show the exponential stability of the semigroup S(t), associated
to the model (2.1)–(2.5), is to prove the strong stability of S(t).

Lemma 3.1 The operator A defined in (2.8) satisfies iR ⊂ �(A), provided ξ �=
n

2k + 1
�, ∀n, k ∈ N with n and 2k + 1 co-prime.

Proof Because of the compacity of the resolvent family it is enough to show that there
is no imaginary eigenvalues. In fact, let us suppose that AU = iλU . In terms of the
components we get

iλϕ − � = 0, (3.4)

iλρ1 � − κ (ϕx + ψ)x = 0, (3.5)

iλψ − 
 = 0, (3.6)

iλρ2 
 − bψxx + κ (ϕx + ψ) = 0, (3.7)

iλv − V = 0, (3.8)

iελV + εv + εV + S(�) = 0, (3.9)

with the boundary conditions

ϕ(0) = 0, ψx (0) = 0, ϕ(�) = v, ψ(�) = 0. (3.10)

So we have

−λ2ρ1 ϕ − κ (ϕx + ψ)x = 0,

−λ2ρ2 ψ − bψxx + κ (ϕx + ψ) = 0.

From (2.11) and (3.8) we get v = V = 0 which together with (3.10) yields ϕx (�) =
S(�) = 0. Using (2.11) once more we get

�(ξ) = 
(ξ) = 0 which implies that [kϕx ] = [bψx ] = 0.

The eigenvectors of the above system must be of the form

ϕk(x) = Ak sin

(
2k + 1

2�
πx

)
, ψk(x) = Bk cos

(
2k + 1

2�
πx

)
.
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Using (3.4) and (3.6) we obtain ϕk(ξ) = ψk(ξ) = 0. Then, we have

sin

(
2k + 1

2�
πξ

)
= 0 ⇔ 2k + 1

2�
πξ = jπ ⇔ ξ = 2 j�

2k + 1
,

cos

(
2k + 1

2�
πξ

)
= 0 ⇔ 2k + 1

2�
πξ = jπ + π

2
⇔ ξ = (2 j + 1)�

2k + 1
.

Because of the hypothesis of this Lemma, we get Ak = Bk = 0. So our conclusion
follows. ��

To show the exponential stability we apply Theorem 3.1. Therefore, it remains to
prove that the essential type ωess of the semigroup T (t) associated to system (2.1)–
(2.5) is negative. First, let us introduce the semigroup T0(t) defined by the system

ρ1 ϕt t − κ (ϕx + ψ)x = 0 in I × (0,+∞),

ρ2 ψt t − bψxx + κ (ϕx + ψ) = 0 in I × (0,+∞),
(3.11)

satisfying the following boundary conditions

ϕ(0, t) = 0, ϕx (�, t) = 0, ψx (0, t) = 0, ψ(�, t) = 0 in (0,+∞), (3.12)

the transmission conditions (2.3)–(2.4) and the initial conditions

ϕ(x, 0) = ϕ0(x), ϕt (x, 0) = ϕ1(x), ψ(x, 0) = ψ0(x), ψt (x, 0) = ψ1(x),

(3.13)

Note that the above problem is almost the same as system (2.1)–(2.5) except for the
hybrid coupling. Let us introduce by

H0 = V0 × L2(0, �) × V� × L2(0, �)

the phase space and by

H̃0 = V0 × L2(0, �) × V� × L2(0, �) × {0} × {0}

the extended phase space. Let us denote by � the projection of H onto H̃0:

�(ϕ,�,ψ,
, v, V ) = (ϕ,�,ψ,
, 0, 0).

Note that the composition of T0(t) with � we denote as T0(t)� verifies

T0(t)� : H → H̃0 ⊂ H
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It is easy to see that T0(t)� ∈ L(H). Let us decompose the infinitesimal generatorA
in the following way

A =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 I 0 0 0 0
κ
ρ1

∂2x 0 κ
ρ1

∂x 0 0 0
0 0 0 I 0 0

− κ
ρ2

∂x 0 b
ρ2

∂2x − κ
ρ2
I 0 0 0

0 0 0 0 0 I
κ
ε
γ 0 − κ

ε
I 0 −I −I

⎞
⎟⎟⎟⎟⎟⎟⎠

=:
(
AT 0
B K

)
(3.14)

where γϕ := ϕx (�). Hence, recalling thatU := (U ,V)
, where U := (ϕ,�,ψ,
)

and V := (v, V )
, we obtain

AU =
(

ATU
BU + KV

)
=
(
ATU
0

)
+
(

0
KV

)
+
(

0
BU

)
.

Under the above conditions we have the following Lemma

Lemma 3.2 The difference T (t) − T0(t)� is a compact operator over H. Hence the
corresponding essential types are equal.

Proof Note that the solution of Ut − AU = 0 can be written as

(
U
V

)

t
=
(
ATU
0

)
+
(

0
KV

)
+
(

0
BU

)

which implies that

U = et AT U0, V = etKV0 +
∫ t

0
e(t−s)K BU(s) ds.

Therefore

U (t) −
(
et AT U0

0

)
=
(

0
etKV0 + ∫ t

0 e
(t−s)K BU(s) ds

)
.

Note that the right hand side of the above equation is a compact operator. In fact, etK

is a finite dimensional semigroup and

G(t) =
∫ t

0
e(t−s)K BU(s) ds =

∫ t

0
e(t−s)K

(
V

−V − v + 1
ε
S(�, s)

)
ds,

verifies G ∈ H1(0, T ). Therefore

[T (t) − T0(t)�]

is compact. ��
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Our next step is to prove that the essential type of T0(t) = eAT t is negative, where
AT is defined in (3.14). To do that let us introduce the semigroup T1(t) defined by the
system

ρ1 ϕt t − κ (ϕx + ψ)x = 0 in I × (0,+∞),

ρ2 ψt t − bψxx + κϕx = 0 in I × (0,+∞),
(3.15)

with boundary conditions (3.12) and verifying the initial and transmission conditions
(2.5) and (2.3)–(2.4), respectively.

Let us denote byB the operator

B : H0 → H0, BU =
(
0, 0, 0,

κ

ρ2
ψ

)

.

It is easy to verify that B is a compact operator over H0. Indeed, if Un =
(ϕn,�n, ψn, 
n)


 is a bounded sequence in H0, in particular ψn is bounded in
H1(0, �). Hence there exists a subsequence which converges strongly in L2(0, �).
So, for any bounded sequence inH0 there exists a subsequence, we still denote in the
same way such that BUn , converges strongly in H0. Then, the operator

A0 = AT − B

is the infinitesimal generator of a C0-semigroup denoted by T1(t) = eA0t .
Under the above conditions we have the following Lemma.

Lemma 3.3 The difference T0(t)−T1(t) is a compact operator. Hence the correspond-
ing essential types are equal.

Proof The equation Ut − ATU = 0 can be written as

Ut − A0U = BU .

Then the solution can be written as

U(t) = eA0tU0 +
∫ t

0
eA0(t−s)BU(s) ds. (3.16)

Recalling the definition of U(t) and T1(t), equation (3.16) implies

T (t)U0 = T1(t)U0 +
∫ t

0
eA0(t−s)BeAsU0 ds.

SinceB is a compact operator then the composition eA0(t−s)BeAs is also a compact
operator. Therefore, T0(t) − T1(t) is a compact operator over H0. ��

Hence, to prove the exponential decay of T (t) we only need to prove that the
essential type of T1 is negative.
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The One-Dimensional System Associated to (3.15)

Using the Riemann invariants

p1 = √
ρ1ϕt − √

kϕx , q1 = √
ρ1ϕt + √

kϕx ,

p2 = √
ρ2ψt − √

bψx , q2 = √
ρ2ψt + √

bψx ,

we have that

ϕt = q1 + p1
2
√

ρ1
, ϕx = q1 − p1

2
√
k

, ψt = q2 + p2
2
√

ρ2
, ψx = q2 − p2

2
√
b

.

Therefore, the evolution problem can be written as

p1,t + k1 p1,x − c1(q2 − p2) = 0, (3.17)

q1,t − k1q1,x − c1(q2 − p2) = 0, (3.18)

p2,t + k2 p2,x − c2(q1 − p1) = 0, (3.19)

q2,t − k2q2,x − c2(q1 − p1) = 0, (3.20)

where

k1 =
√

κ

ρ1
, k2 =

√
b

ρ2
, c1 = κ

2
√
bρ1

, c2 = −1

2

√
κ

ρ2
,

verifying the following boundary conditions

q1(0) + p1(0) = 0, q1(�) − p1(�) = 0, q2(0) − p2(0) = 0, q2(�) + p2(�) = 0,

(3.21)

and transmission conditions

qi (ξ
−, t) + pi (ξ

−, t) = qi (ξ
+, t) + pi (ξ

+, t), (3.22)

qi (ξ
−, t) − qi (ξ

+, t) + pi (ξ
+, t) − pi (ξ

−, t) = −γi ki
[
pi (ξ

+, t) + qi (ξ
+, t)

]
,

(3.23)

for i = 1, 2.
Denoting

K =

⎛
⎜⎜⎝
k1 0 0 0
0 −k1 0 0
0 0 k2 0
0 0 0 −k2

⎞
⎟⎟⎠ , C =

⎛
⎜⎜⎝
0 0 c1 −c1
0 0 c1 −c1
c2 −c2 0 0
c2 −c2 0 0

⎞
⎟⎟⎠ , U =

⎛
⎜⎜⎝
p1
q1
p2
q2

⎞
⎟⎟⎠ ,

123



Applied Mathematics & Optimization (2023) 88 :61 Page 13 of 31 61

the system (3.17)–(3.20) can be written as

Ut + KUx + CU = 0, U(0) = U0 . (3.24)

It is not difficult to see that system (3.15) is equivalent to (3.24).
Let us denote by T2(t) the semigroup defined by (3.24) over H4 = [L2(0, �)]4.

Note that C0 := diag(C) = 0.
Let us denote by T3(t) : H4 → H4 the semigroup defined by the diagonal system

Ũt + KŨx = 0, Ũ(0) = U0, (3.25)

verifying the same boundary conditions (3.21) and the same transmission conditions
(3.22)–(3.23).

At this point, we use the result due to Neves et al [1] that in our case implies the
following result

Theorem 3.3 Under the above notations the difference T3(t) − T2(t) is a compact
operator over H4, provided condition (3.1) holds.

Proof Note that condition (3.1) implies that ki �= k j for i �= j . Using [1, Theorem A]
for p = 2, our conclusion follows. ��

System (3.25) is completely decoupled and can be written as

pi,t + ki pi,x = 0,

qi,t − kiqi,x = 0,

q1(0) + p1(0) = 0, q1(�) − p1(�) = 0, (3.26)

q2(0) − p2(0) = 0, q2(�) + p2(�) = 0, (3.27)

together with

qi (ξ
−) + pi (ξ

−) = qi (ξ
+) + pi (ξ

+), (3.28)

qi (ξ
−) − qi (ξ

+) + pi (ξ
+) − pi (ξ

−) = −γi ki (pi (ξ
+) + qi (ξ

+)), (3.29)

for i = 1, 2. The semigroup T3(t) : H4 → H4 is generated by the operator

A =
(
A1 0
0 A2

)
, (3.30)

where 0 is the 2 × 2 null matrix and Ai is given by

AiU2 = ki KU2,x , U2 =
(
p
q

)
, K =

(
1 0
0 −1

)
,
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with

D(A1) =
{(

p
q

)
∈ H2 : p, q ∈ H1((0, ξ) ∪ (ξ, �)), p(0) + q(0) = 0, q(�) − p(�) = 0

}
,

and

D(A2) =
{(

p
q

)
∈ H2 : p, q ∈ H1((0, ξ) ∪ (ξ, �)), q(0) − p(0)

= 0, p(�) + q(�) = 0

}
.

The resolvent system λU2 + AiU2 = F is given by

λU2 + ki KU2,x = F (3.31)

where

K =
(
1 0
0 −1

)
, F =

(
f1
f2

)
, U2 =

(
p
q

)
.

Hence the above system can be rewritten as

U2,x + iλ

ki
KU2 = 1

ki
K F, i = 1, 2, (3.32)

and, in terms of the components, it becomes

pi,x + iλ

ki
pi = 1

ki
f i1 , i = 1, 2. (3.33)

qi,x − iλ

ki
qi,t = − 1

ki
f i2 , i = 1, 2. (3.34)

verifying the boundary conditions (3.26)–(3.27) and the transmission conditions
(3.28)–(3.29).

Lemma 3.4 The operatorA infinitesimal generator of T3 given in (3.30) is dissipative
over the phase space H4.

Proof Because of (3.30) it is enough to show that Ai is a dissipative operator overH2
for i = 1, 2. Here we prove only for i = 1, the proof to i = 2 is similar. For sake of
simplicity the index 1 is not written in p and q. Note that

((
p
q

)
, A1

(
p
q

))

H2

=
((

p
q

)
,

(−k1 px
k1qx

))

H2
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=
∫ ξ

0
(−k1 px p + k1qxq) dx +

∫ �

ξ

(−k1 px p + k1qxq) dx

= k1
2

∫ ξ

0

(
− d

dx
|p|2 + d

dx
|q|2

)
dx + k1

2

∫ �

ξ

(
− d

dx
|p|2 + d

dx
|q|2

)
dx

= k1
2

(
−|p(ξ−)|2 + |p(0)|2 + |q(ξ−)|2 − |q(0)|2

)

+ k1
2

(
−|p(�)|2 + |p(ξ+)|2 + |q(�)|2 − |q(ξ+)|2

)
.

Using the boundary conditions we get

((
p
q

)
, A1

(
p
q

))

H2

= k1
2

(
−|p(ξ−)|2 + |q(ξ−)|2

)
+ k1

2

(
|p(ξ+)|2 − |q(ξ+)|2

)

= k1
2

(−p(ξ−) + q(ξ−)
) (

p(ξ−) + q(ξ−)
)

+k1
2

(
p(ξ+) − q(ξ+)

) (
p(ξ+) + q(ξ+)

)
.

Applying the continuity of the sum p + q we get

((
p
q

)
, A1

(
p
q

))

H2

= k1
2

[(−p(ξ−) + q(ξ−)
)+ (

p(ξ+) − q(ξ+)
)]

(p(ξ) + q(ξ)) .

Using (3.29) we obtain that

((
p
q

)
, A1

(
p
q

))

H2

= −1

2
γ1k

2
1 |p(ξ) + q(ξ)|2 , (3.35)

and our conclusion follows. ��

Lemma 3.5 The infinitesimal generator A of T3 given in (3.30) verifies

iR ⊂ �(A)

provided ξ �= n

2m + 1
�, ∀n,m ∈ N with n and 2m + 1 co-prime.

Proof Since system (3.25) is fully decoupled it is enough to show that iR ⊂ �(Ai )

for i = 1, 2. Because of the compacity of the resolvent family associated to Ai we
prove that there are no imaginary eigenvalues. First, we consider the case i = 1, and
subsequently, the case i = 2. For sake of simplicity the index 1 is not written in p and
q. Let us suppose that for λ ∈ R there exists 0 �= W ∈ D(A1) such thatA1W = iλW .
Since A1 is dissipative we get

|p(ξ) + q(ξ)|2 = 0,
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which implies that

p(ξ+) − q(ξ+) = p(ξ−) − q(ξ−).

In terms of the components of A1W = iλW we find

px + i
λ

k1
p = 0, qx − i

λ

k1
q = 0.

Since p(0) + q(0) = 0, we obtain

p(x) = p(0)e
−i λ

k1
x
, q(x) = −p(0)e

i λ
k1

x
,

Since p(�) − q(�) = 0, we have

p(�) − q(�) = p(0)

(
e
− iλ

k1
� + e

iλ
k1

�
)

= 0, and this implies λ =
(
m + 1

2

)
k1

π

�
.

At the point x = ξ we get

p(ξ) = p(0)e
−i λ

k1
ξ
, q(ξ) = −p(0)e

i λ
k1

ξ
,

and consequently

p(ξ) + q(ξ) = p(0)

(
e
−i λ

k1
ξ − e

i λ
k1

ξ
)

= 0.

This implies that e
i 2λk1

ξ = 1 and then we find that 2λ
k1

ξ = 2nπ . Substitution of λ yields

(2m + 1)π

2�
ξ = nπ ⇒ ξ = 2n

2m + 1
�,

but this is not possible for hypothesis, so p(0) = 0. Therefore W = 0, which is a
contradiction.
Now, we prove iR ⊂ �(A2). If there exists 0 �= (p2, q2) = W ∈ D(A2) such that
A2W = iλW , making a reasoning similar to case i = 1, we conclude, because of the
boundary conditions, that

p2(x) = p2(0)e
−i λ

k1
x
, q2(x) = p2(0)e

i λ
k1

x
,

hence we have

p2(�) + q2(�) = p2(0)

(
e
− iλ

k1
� + e

iλ
k1

�
)

= 0, and this implies λ =
(
m + 1

2

)
k1

π

�
,
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also we get

p2(ξ) + q2(ξ) = p2(0)

(
e
−i λ

k1
ξ + e

i λ
k1

ξ
)

= 0.

Substitution of λ yields

(2m + 1)π

2�
ξ = (2n + 1)π

2�
π ⇒ ξ = 2n + 1

2m + 1
�,

but this is not possible for hypothesis, so p2(0) = 0. Therefore W = 0, which is a
contradiction. ��
Let us introduce the function Fi

ξ (λ):

F1
ξ (λ) = cos2

(
λ

k1
�

)
+ γ 2

1

k21
sin2

(
λ

k1
ξ

)
cos2

(
λ

k1
(� − ξ)

)
,

F2
ξ (λ) = cos2

(
λ

k1
�

)
+ γ 2

1

k21
cos2

(
λ

k1
ξ

)
sin2

(
λ

k1
(� − ξ)

)
,

and let us denote by

Ai =
{
ξ ∈ (0, �) : inf Fi

ξ (R) > 0
}

, i = 1, 2.

Lemma 3.6 Let us suppose that ξ ∈ Q� such that ξ �= n
2m+1�, ∀n,m ∈ N, with n,

2m + 1 co-prime numbers then we have that

I i := inf Fi
ξ (R) > 0, i = 1, 2.

Proof We show for i = 1, the other is similar. Note that �
2 ∈ A1 �= ∅. In fact, for

ξ = �
2 we get

[
cos2

(
λ

k1
�

)
+γ 2

1

k21
sin2

(
λ

k1
ξ

)
cos2

(
λ

k1
(� − ξ)

)]

ξ= �
2

= cos2
(

λ

k1
�

)
+ γ 2

1

k21
sin2

(
λ

k1

�

2

)
cos2

(
λ

k1

�

2

)

= cos2
(

λ

k1
�

)
+ γ 2

1

4k21
sin2

(
λ

k1
�

)

≥min

{
1,

γ 2
1

4k21

}(
[cos2

(
λ

k1
�

)
+ sin2

(
λ

k1
�

)]

123



61 Page 18 of 31 Applied Mathematics & Optimization (2023) 88 :61

≥min

{
1,

γ 2
1

4k21

}
.

By contradiction, suppose that I = 0. Since ξ ∈ Q� we can suppose that ξ = m
n �

with m and n co-prime. Therefore the function F1
ξ is periodic with period equal to

T = 2π
k1
�
n.

Hence

inf F1
ξ (R) = inf F1

ξ ([0, T ]).

So, there exists a sequence of elements λn ∈ [0, T ] such that

cos2
(

λn

k1
�

)
+ γ 2

1

k21
sin2

(
λn

k1
ξ

)
cos2

(
λn

k1
(� − ξ)

)
→ I = 0.

Since λn is bounded, there exists a convergent subsequence (we still denote in the
same way) such that λn → λ∗ and that

cos2
(

λ∗

k1
�

)
+ γ 2

1

k21
sin2

(
λ∗

k1
ξ

)
cos2

(
λ∗

k1
(� − ξ)

)
= 0.

Then we have that

λ∗

k1
� = 2 j + 1

2
π,

λ∗

k1
ξ = νπ, j, ν ∈ N, (3.36)

or

λ∗

k1
� = 2 j + 1

2
π,

λ∗

k1
(� − ξ) = 2μ + 1

2
π, j, μ ∈ N. (3.37)

Let us suppose that (3.36) holds, the other is similar, taking ξ = r� with r ∈ Q, we
get

λ∗

k1
ξ = λ∗

k1
r� = νπ ⇒ 2 j + 1

2
πr = νπ ⇒ r = 2ν

2 j + 1
.

But this is contradictory to ξ �= n
2m+1� with n, m ∈ N. ��

Theorem 3.4 The semigroup T3 is exponentially stable, provided that ξ verifies
hypothesis of Lemma 3.6.

123



Applied Mathematics & Optimization (2023) 88 :61 Page 19 of 31 61

Proof Because of (3.30) it is enough to show that eAi t is exponentially stable overH2
for i = 1, 2. First we prove only for i = 1. For convenience we denote p1 = p and
q1 = q.WeuseTheorem3.2 to show the exponential stability. Because ofLemma3.1 it
is enough to show that the resolvent operator is uniformly bounded over the imaginary
axes. So the solution of (3.32) is given by

p(x) = p(0)e
−i λ

k1
x + 1

k1

∫ x

0
e
−i λ

k1
(x−s)

f1(s) ds, x ∈ [0, ξ ], (3.38)

q(x) = −p(0)e
i λ
k1

x − 1

k1

∫ x

0
e
i λ
k1

(x−s)
f2(s) ds, x ∈ [0, ξ ]. (3.39)

Similarly over [ξ, �] we have that

p(x) = p(ξ+)e
−i λ

k1
(x−ξ) + 1

k1

∫ x

ξ

e
−i λ

k1
(x−s)

f1(s) ds, x ∈ [ξ, �], (3.40)

q(x) = q(ξ+)e
i λ
k1

(x−ξ) − 1

k1

∫ x

ξ

e
i λ
k1

(x−s)
f2(s) ds, x ∈ [ξ, �]. (3.41)

The above solution verify equation (3.31) and also the boundary condition at x = 0.
Using (3.38) and (3.39) we get

p(ξ−) = p(0)e
− iλ

k1
ξ + J1, q(ξ−) = −p(0)e

i λ
k1

ξ + J2, x ∈ [0, ξ ], (3.42)

J1 = 1

k1

∫ ξ

0
e
− iλ

k1
(x−s)

f1(s) ds, J2 = − 1

k1

∫ ξ

0
e

iλ
k1

(x−s)
f2(s) ds. (3.43)

Now we adjust q(ξ+) and p(ξ+) such that the transmission conditions (3.29) hold for
i = 1.

p(ξ+) + q(ξ+) = p(ξ−) + q(ξ−),

p(ξ+) − q(ξ+) = p(ξ−) − q(ξ−) + γ1

k1
(p(ξ+) + q(ξ+)).

Solving the above system we get

p(ξ+) = p(ξ−) + γ1

2k1
(p(ξ−) + q(ξ−)), q(ξ+) = q(ξ−) − γ1

2k1
(p(ξ−) + q(ξ−)).

Applying (3.42) we get

p(ξ+) = p(0)e
−i λ

k1
ξ − γ1

2k1
p(0)(e

i λ
k1

ξ − e
−i λ

k1
ξ
) + J1 + γ1

2k1
(J1 + J2),

q(ξ+) = −p(0)e
i λ
k1

ξ + γ1

2k1
p(0)(e

i λ
k1

ξ − e
−i λ

k1
ξ
) + J2 − γ1

2k1
(J1 + J2).
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Hence, with this choice the transmission conditions (3.28)–(3.29) hold. Finally we
adjust p(0) such that the boundary condition at x = � holds.

p(ξ+)e
−i λ

k1
(x−ξ) = p(0)e

−i λ
k1

x − γ1

2k1
p(0)

(
e
i λ
k1

ξ − e
−i λ

k1
ξ
)
e
− iλ

k1
(x−ξ)

+
(
J1 + γ1

2k1
(J1 + J2)

)
e
− iλ

k1
(x−ξ)

,

q(ξ+)e
i λ
k1

(x−ξ) = −p(0)e
iλ
k1

x + γ1

2k1
p(0)

(
e
i λ
k1

ξ − e
−i λ

k1
ξ
)
e

iλ
k1

(x−ξ)

+
(
J2− γ1

2k1
(J1+ J2)

)
e

iλ
k1

(x−ξ)
.

Using (3.40)–(3.41) we get that q(�) − p(�) = 0 implies

0 = −p(0)

(
e
i λ
k1

� + e
−i λ

k1
�
)

+ γ1

2k1
p(0)(e

i λ
k1

ξ − e
−i λ

k1
ξ
)

(
e

iλ
k1

(�−ξ) + e
−iλ
k1

(�−ξ)
)

+ G.

So p(0) has to be choosen such that

0 = −2p(0) cos

(
λ

k1
�

)
+ 2i

γ1

k1
p(0) sin

(
λ

k1
ξ

)
cos

(
λ

k1
(� − ξ)

)
+ G

= −2p(0)

[
cos

(
λ

k1
�

)
+ i

γ1

k1
sin

(
λ

k1
ξ

)
cos

(
λ

k1
(� − ξ)

)]
+ G.

The existence of solution will depend on

cos

(
λ

k1
�

)
+ i

γ1

k1
sin

(
λ

k1
ξ

)
cos

(
λ

k1
(� − ξ)

)
�= 0.

The above expresion identically vanishes if and only if

cos

(
λ

k1
�

)
= 0, cos

(
λ

k1
(� − ξ)

)
= 0,

or

cos

(
λ

k1
�

)
= 0, sin

(
λ

k1
ξ

)
= 0,

simultaneously. But the above identity implies

λ

k1
� = π

2
+ jπ,

λ

k1
(� − ξ) = π

2
+ mπ, j,m ∈ Z,
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and consequently

λ = 2 j + 1

2�
k1π, ξ = 2( j − m)

2 j + 1
�, j,m ∈ Z.

But this is not possible because our hypothesis. Therefore we have

2p(0) = G

cos( λ
k1

�) + i γ1
k1

sin( λ
k1

ξ) cos( λ
k1

(� − ξ))
,

and we find that

|p(0)| ≤ c
‖F‖H2√

cos2( λ
k1

�) + γ 2
1
k21

sin2( λ
k1

ξ) cos2( λ
k1

(� − ξ))

= c
‖F‖H2√
F1

ξ (λ)
.

Hence using Lemma 3.6 we get

|p(0)| ≤ c‖F‖H2 ,

from where it follows

‖U2‖H2 =
∥∥∥∥
(
p
q

)∥∥∥∥
H2

= ‖(iλI − A1)
−1F‖H2 ≤ c‖F‖H2

Using Theorem 3.2 we get the exponential stability.
Finally,we show that eA2t is exponentially stable. Theonly difference from the proof

of eA1t is the boundary condition. This means that the solution of the corresponding
resolvent system is written as

p(x) = p(0)e
−i λ

k1
x + 1

k1

∫ x

0
e
−i λ

k1
(x−s)

f1(s) ds, x ∈ [0, ξ ], (3.44)

q(x) = p(0)e
i λ
k1

x − 1

k1

∫ x

0
e
i λ
k1

(x−s)
f2(s) ds, x ∈ [0, ξ ]. (3.45)

Since the pointwise dissipation is the same as in the case A1 we conclude that the
value of p(0) that verifies the boundary condition at x = � is given by

0 = −p(0)

(
e
i λ
k1

� + e
−i λ

k1
�
)

− γ1

2k1
p(0)(e

i λ
k1

ξ + e
−i λ

k1
ξ
)

(
e

iλ
k1

(�−ξ) − e
−iλ
k1

(�−ξ)
)

+ G.

Therefore we have

2p(0) = G

cos( λ
k1

�) + i γ1
k1

cos( λ
k1

ξ) sin( λ
k1

(� − ξ))
,
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Following the same arguments as in the case of A1 thanks to Lemma 3.6 we conclude
that eA2t is exponentially stable. ��

Now we are in conditions to show the main result of this paper.

Theorem 3.5 The semigroup T (t) = eAt associated to system (2.1)–(2.4) is
exponentially stable provided ξ verifies hypothesis of Lemma 3.6

Proof FromLemma 3.2 the difference T (t)−T0(t)� is a compact operator overH. By
Lemma 3.3 we get that T0 − T1 is a compact operator over H4, hence ωess(T0(t)) =
ωess(T1(t)). Note that T1 and T2 are different representation of the same system,
so we have ωess(T1(t)) = ωess(T2(t)). Moreover from Theorem 3.3 the operator
T2(t)−T3(t) is a compact operator overH4 hence ωess(T2(t)) = ωess(T3(t)). Finally,
from Theorem 3.4 we get

ωess(T (t)) = ωess(T3(t)) ≤ ω(T3(t)) = max{ωess, ωσ (Ai )} < 0.

From Lemma 3.1 iR ⊂ �(A) provided ξ �= n

2k + 1
�, with n and 2m + 1 co-prime.

Applying Theorem 3.1 our conclusion follows. ��
Remark 3.1 From the above Theorem we conclude that there exists a positive constant
C independent of ε such that

‖(iλI − A)−1‖ ≤ C

that implies that there exists a positive constant γ > 0 such that

‖T (t)U0‖H ≤ e−γ t‖U0‖H (3.46)

4 The Signorini Problem

Here we prove the well possedness of an abstract semilinear problem and we show,
under suitable conditions that the solution also decays polynomially to zero. So we
introduce a local Lipschitz F function defined over a Hilbert space H. We suppose
that for any ball BR = {W ∈ H : ‖W‖H ≤ R}, there exists a function globally of
Lipschitz F̃R such that

F(0) = 0, F(U ) = F̃R(U ), ∀U ∈ BR (4.1)

and additionally, that there exists a positive constant κ0 such that

∫ t

0

(
F̃R(U (s)),U (s)

)
H ds ≤ κ0‖U (0)‖2H, ∀U ∈ C([0, T ];H) (4.2)

Under these conditions we present
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Theorem 4.1 Let {T (t)}t≥0 be a C0 semigroup of contraction, exponentially stable
semigroup with infinitesimal generator A over the phase space H. Let F locally
Lipschitz onH satisfying conditions (4.1) and (4.2). Then there exists a global solution
to

Ut − AU = F(U ), U (0) = U0 ∈ H, (4.3)

that decays exponentially to zero.

Proof By hypotheses, there exist positive constants c0 and γ such that ‖T (t)‖ ≤
c0e−γ t , and F̃R globally Lipschitz with Lipschitz constant K0 verifying conditions
(4.1) and (4.2). Let us consider the following space.

Eμ = {
V ∈ L∞(0,∞;H); t �→ e−μt‖V (s)‖ ∈ L∞(R)

}
.

Using standard fixed point arguments we can show that there exists only one global
solution to

UR
t − AUR = F̃R(UR), UR(0) = U0 ∈ H. (4.4)

Multiplying the above equation by UR we get that

1

2

d

dt
‖UR(t)‖2H − (AUR,UR)H = (F̃R(UR),UR)H.

Since the semigroup is contractive, its infinitesimal generator is dissipative, therefore

‖UR(t)‖2H ≤ ‖U0‖2H + 2
∫ t

0
(F̃R(UR),UR)H dt .

Using (4.2) we get

‖UR(t)‖2H ≤ (1 + k0)‖U0‖2H.

Note that for R > (1 + k0)‖U0‖2H, we have that

F̃R(V ) = F(V ), ∀ ‖V ‖H ≤ R.

In particular we find

F̃R(UR(t)) = F(UR(t)).

This means that UR is also solution of system (4.3) and because of the uniqueness
we conclude that UR = U . To show the exponential stability to system (4.3), it is
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enough to show the exponential decay to system (4.4). To do that, we use fixed points
arguments. Let us consider

T (V ) = T (t)U0 +
∫ t

0
T (t − s)F̃R(V (s)) ds.

Note that T is invariant over Eγ−δ for δ small, (γ − δ > 0). In fact, for any V ∈ Eγ−δ

we have

‖T (V )‖H ≤ ‖U0‖He−γ t +
∫ t

0
‖F̃R(V (s))‖He−γ (t−s) ds,

≤ ‖U0‖He−γ t + K0

∫ t

0
‖V (s)‖He−γ (t−s) ds,

≤ ‖U0‖He−γ t + K0e
−γ t

∫ t

0
eδs ds sup

s∈[0,t]

{
e(γ−δ)s‖V (s)‖H

}
,

≤ ‖U0‖He−γ t + K0C

δ
e−(γ−δ)t .

Hence T (V ) ∈ Eγ−δ . Using standard arguments we show that T n satisfies

‖T n(W1) − T n(W2)‖ ≤ (k1t)n

n! ‖W1 − W2‖H.

Therefore we have a unique fixed point satisfying

T n(U ) = U = T (t)U0 +
∫ t

0
T (t − s)F̃R(U (s)) ds,

that is U is a solution of (4.4), and since T is invariant over Eγ−δ , then the solution
decays exponentially. ��
Let us consider the semilinear system

ρ1ϕ
ε
t t − k(ϕε

x + ψε)x = 0, in I × (0, ∞),

ρ2ψ
ε
t t − bψε

xx + k(ϕε
x + ψε) = 0, in I × (0, ∞),

εvε
t t + εvε

t + εvε + Sε(L, t) = − 1
ε

[
(vε − g2)

+ − (g1 − vε)+
]
in (0, ∞),

(4.5)

verifying the transmission conditions (2.3)–(2.4). The above system can be written as

Ut − AU = F(U ), U (0) = U0,

where A is given by (2.8) and F is given by

F(U ) = (0, 0, 0, 0, 0, f (v))
, f (v) = − 1

ε2

[
(v − g2)

+ − (g1 − v)+
]

(4.6)
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Note that F is a Lipschitz function verifing hypothesis (4.1)–(4.2). In fact, F(0) = 0.
Moreover

∫ t

0

(
F(U (s)),U (s)

)
H ds = −

∫ t

0

1

ε2

[
(v − g2)

+ − (g1 − v)+
]
vt ds

= − 1

2ε2

∫ t

0

d

dt

[
|(v − g2)

+|2 + |(g1 − v)+|2
]
ds

≤ 1

2ε2

[
|(v0 − g2)

+|2 + |(g1 − v0)
+|2

]
.

Theorem 4.2 The nonlinear semigroup defined by system (4.5) is exponentially stable.

Proof It is a direct consequence of Theorem 4.1. ��
Next we show the energy inequality

Lemma 4.1 The solution of system (4.5) satisfies

E(t, ϕε, ψε) +
∫ t

0

[
γ1|ϕε

t (ξ, t)|2 + γ2|ψε
t (ξ, t)|2] dt ≤ E(0, ϕε, ψε), (4.7)

where

2E(t) =
∫ �

0

[
ρ1|ϕε

t |2 + ρ2|ψε
t |2 + k|ϕε

x + ψε |2 + b|ψε
x |2

]
dx + 1

ε
N (t) + ε|vε

t |2 + ε|vε |2,

and

N (t) := |(ϕε(�, t) − g2)
+|2 + |(g1 − ϕε(�, t))+|2

Proof Multiplying Eq. (4.5)1 by ϕt , Eq. (4.5)2 by ψt , and Eq. (4.5)3 by vt , summing
up the product result our conclusion follows. ��

Let us introduce the functionals

I(x, t) = ρ2b|ψt (x, t)|2 + |M(x, t)|2 + ρ1κ|ϕt (x, t)|2 + |S(x, t)|2,

L(t) =
∫ �

0

(
ρ2bqx |ψt |2 + qx |M |2 + ρ1κqx |ϕt |2 + qx |S|2

)
dx

−
∫ L

0

(
qρ1κ�
 − qSM

)
dx,

where q is as in (4.11) hence there exist positive constants C0 and C1 such that

C0

∫ �

0
I(x, t) dx ≤ L(t) ≤ C1

∫ �

0
I(x, t) dx . (4.8)

Under the above conditions we have
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Lemma 4.2 The solution of system (4.5) satisfies

∣∣∣∣
∫ t

0
q(�)I(�, t) dx −

∫ t

0
L(s) ds

∣∣∣∣ ≤ cE(0),
∣∣∣∣
∫ t

0
q(0)I(0, t) dx −

∫ t

0
L(s) ds

∣∣∣∣ ≤ cE(0).

Proof Let us multiply equation (4.5)2 by qM we get

d

dt

∫ �

0
ρ2qψt M dx − 1

2

∫ �

0
q
d

dx

[
ρ2b|ψt |2 + |M |2

]
dx = −

∫ �

0
qMS dx . (4.9)

Similarly, multiplying equation (4.5)1 by qS, we get

d

dt

∫ �

0
ρ1qϕt S dx − 1

2

∫ �

0
q
d

dx

[
ρ2κ|ϕt |2 + |S|2

]
dx = ρ1κ

∫ L

0
qϕtψt dx .

(4.10)

Therefore summing identities (4.9) and (4.10) and integrating over [0, t] we get

1

2

∫ t

0

∫ �

0
q
d

dx
I(x, t) dxdt =

∫ �

0
(ρ1qϕt S + ρ2qψt M) dx

∣∣∣∣
t

0

−
∫ t

0

∫ L

0
ρ1κqϕtψt − qMS dx,

performing integrations by parts and recalling the definition of L, we get

∫ t

0
[q(�)I(�, s) − q(0)I(0, s)] ds −

∫ t

0
L(s) ds =

∫ �

0
(ρ1qϕt S + ρ2qψt M) dx

∣∣∣∣
t

0
.

Since

∣∣∣∣
∫ �

0
ρ2qψt M dx

∣∣∣∣ ≤ cE(0),

∣∣∣∣
∫ �

0
ρ1qϕt S dx

∣∣∣∣ ≤ cE(0),

we conclude that

∣∣∣∣
∫ t

0
[q(�)I(�, s) − q(0)I(0, s)] ds −

∫ t

0
L(s) ds

∣∣∣∣ ≤ cE(0).

Taking

q(x) = enx − 1

n
, q0(x) = e−nx − e−n�

n
. (4.11)
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Note that q ′(x) is large in comparison to q for n large, therefore there exist positive
constants c0 and c1 such that

c0

∫ b

a
I(x) dx ≤ L ≤ c1

∫ L

0
I(x) dx .

So our result follows. ��
Theorem 4.3 For any initial data (ϕ0, ϕ1, ψ0, ψ1) ∈ H there exists a weak solution
to Signorini problem (1.1)–(1.4) which decays as established in Theorem 4.2.

Proof From Theorem 4.1 we have that there exists only one solution to system (4.5).
Using Lemma 4.1 and Lemma 4.2 we get

Iε(�, t) uniformly bounded in L2(0, T ), (4.12)

which means that the first order energy is uniformly bounded for any ε > 0. Standard
procedures implies that the solution of system (4.5) converges in the distributional
sense to system (1.1). It remains only to show that conditions (1.4) holds. To do
that we use the observability inequality in Theorem 4.2, and we get that ϕε

t (�, t) and
Sε(�, t) are bounded in L2(0, T ), so is vt t . Using (4.5)4 we obtain

∫ T

0

[
εvt t + εvt + εv + Sε(�, t)

]
(u − v) dt = −1

ε

∫ T

0

[
(v − g2)

+ − (g1 − v)+
]
(u − v) dt .

For any u ∈ L2(0, T ;K) ∩ H1(0, T ; L2(0, �)), where K = {w ∈ H1(0, �), g1 ≤
u(x) ≤ g2}. It is no difficult to see that

lim
ε→0

∫ T

0

(
εvε

t t + εvε
t + εvε

)
(u − vε) dt = 0.

In fact, from (4.5)4 εvε
t t is bounded for any ε > 0 (by a constant depending on ε)

in L2(0, T ), from (4.12) vε
t is also uniformly bounded in L2(0, T ). Therefore vε

t is a
continuous function, uniformly bounded in L∞(0, T ). Making an integration by parts
we find

∫ T

0
εvε

t t [u − vε] dt = ε vε
t [u − vε]∣∣T0 −

∫ T

0
εvε

t [ut − vε
t ] dt → 0.

Hence,

lim
ε→0

∫ T

0
Sε(�, t)[u(t) − v(t)] dt

= lim
ε→0

∫ T

0
−1

ε

[
(v − g2)

+ − (g1 − v)+
] [u(t) − v(t)] dt .
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Since

∫ T

0
(v − g2)

+[u(t) − v(t)] dt

=
∫ T

0
(v − g2)

+[u(t) − g2] dt −
∫ T

0
(v − g2)

+(v − g2) dt

=
∫ T

0
(v − g2)

+[u(t) − g2] dt −
∫ T

0
(v − g2)

+(v − g2)
+ dt ≤ 0,

for all g1 ≤ u ≤ g2. Similarly we get

−
∫ T

0
[(g1 − v)+[u(t) − v(t)] dt ≤ 0.

Therefore, from the last two inequalities we get

∫ T

0

1

ε

[
(v − g2)

+ − (g1 − v)+
]
[u(t) − v(t)] dt ≤ 0, ∀ε > 0.

For any u ∈ H1(0, T ; L2(0, �)) such that g1 ≤ u ≤ g2. Taking the limit ε → 0 we
get

∫ T

0
S(�, t)[u(�, t) − ϕ(�, t)] dt ≥ 0, ∀u ∈ L2(0, T ;K).

From this relation we obtain (1.5). The proof of the existence is now complete. To
show the asymptotic behaviour, recalling Remark 3.46, we get

E(t, ϕε, ψε) ≤ E(0, ϕε, ψε)e−γ t .

Integrating over [t1, t2] and applying the semicontinuity of the norm, we conclude the
exponential stability of a solution of the Signorini problem. ��
Remark 4.1 The uniqueness of the solution to Signorini problem (1.1)–(1.4) remains
an open question.

The same approach can be used to show existence of the semilinear problem

ρ1ϕt t − k(ϕx + ψ)x + μ1ϕ|ϕ|α + γ1δ(x − ξ)ϕt = 0,

ρ2ψt t − bψxx + k(ϕx + ψ) + μ2ψ |ψ |β + γ2δ(x − ξ)ψt = 0.
(4.13)

Theorem 4.4 Under the same hypothesis from Theorem 4.3, there is at least one
solution to Signorini problem (4.13) satifying (1.2)–(1.5).
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Proof As in Theorem 4.3, we consider the function

F(U ) = (0,−μ1ϕ
ε |ϕε |α, 0,−μ2ψ

ε |ψε |β, 0, f (v))
.

where f is the same as in (4.6). Note that F(0) = 0. Using the mean value theorem
to g(s) = |s|αs we obtain the inequality

∣∣∣s|s|α − r |r |α
∣∣∣ ≤ (|s|α + |r |α)|s − r |.

Taking the norm in H and since ϕε
i and ψε

i belong to H1(0, �) ⊂ L∞(0, �), then
we get

‖F(U1) − F(U2)‖H ≤ C‖U1 −U2‖H,

Therefore, F is locally Lipschtiz. Since

(FU ,U )H = − d

dt

∫ �

0

(
μ1

1 + α
|ϕε |α+2 + μ2

1 + β
|ψε |β+2

)
dx,

then

∫ t

0
(FU ,U )H ≤

∫ �

0

(
μ1

1 + α
|ϕε(0)|α+2 + μ2

1 + β
|ψε(0)|β+2

)
dx .

Thus, there exists a positive constant c0 such that

∫ t

0
(FU ,U )H ≤ c0‖U‖2H.

Note that for this function, there exists the cut-off function

f1,R2 =
{

μ1x |x |α if x ≤ R2,

μ1x |R2|α if x ≥ R2,
f2,R2 =

{
μ2x |x |β if x ≤ R2,

μ2x |R2|β if x ≥ R2,

It is not difficult to check that

F̃R2 = (0,− f1,R2 , 0,− f2,R2 , 0, f (v))


is globally Lipschtiz. Using Theorem 4.1 our conclusion follows. ��
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