J. Evol. Equ. (2023)23:50 .
© 2023 The Author(s) Journal of Evolution

https://doi.org/10.1007/500028-023-00902-1 Equations

®

Check for
updates

Conservation laws and Hamilton-Jacobi equations with space inho-
mogeneity

RINALDO M. COLOMBO(), VINCENT PERROLLAZ AND ABRAHAM SYLLA

Abstract. Conservation laws with an x-dependent flux and Hamilton—Jacobi equations with an x-dependent
Hamiltonian are considered within the same set of assumptions. Uniqueness and stability estimates are
obtained only requiring sufficient smoothness of the flux/Hamiltonian. Existence is proved without any
convexity assumptions under a mild coercivity hypothesis. The correspondence between the semigroups
generated by these equations is fully detailed. With respect to the classical Kruzkov approach to conservation
laws, we relax the definition of solution and avoid any restriction on the growth of the flux. A key role is
played by the construction of sufficiently many entropy stationary solutions in L that provide global
bounds in time and space.

1. Introduction

This paper provides a framework where Cauchy problems for x-dependent scalar
conservation laws, such as

{8,u+8xH(x,u) =0 (t,x)e]0, T[xR (CL)

u(0, x) = uy(x) xeR,

and Cauchy problems for x-dependent scalar Hamilton—Jacobi equations, such as

{8tU+H(x,8xU)=0 (t,x) €10, T[xR (HJ)

UQ,x) =U,(x) xeR,

are globally well posed and a complete identification between the two problems is
possible.

The well-posedness of both (CL) and (HJ) is here proved under the same assump-
tions on the function H, which is the flux of (CL) and the Hamiltonian of (HJ). These
assumptions define a framework included neither in the one outlined by Kruzkov in
his classical work [27] devoted to (CL), nor in the usual assumptions on (HJ) found
in the literature, e.g., [3,4,14,25]. The identification of (CL) with (HJ) is then for-
malized, extending to the non-homogeneous case [26, Theorem 1.1], see also [10,
Proposition 2.3]. This deep analogy also stems out from the direct identification of the
constants appearing in the various stability estimates for the 2 equations, compare, for
instance, (2.13) with (2.18).
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A key role is played below by the handcrafted construction of a family of stationary
entropy solutions to (CL), with a merely L°° regularity, that provides the necessary
uniform bounds on the vanishing viscosity limits, see Theorem 2.9.

The framework we propose is based on these assumptions! on H:

Smoothness : H € C(R*; R). (C3)

. 3X >0:V(x,u) € R?
Compact NonHomogeneity : i x| > X tlEen 8) Hx 1) =0 (CNH)
X ’ - k]

VheR AU, eR:V(x,u) € R?

Uniform Coercivity : |H (x,u)| < hthen |u| <Uj.

(Ue)

for a.e. x € R the set
Weak Genuine NonLinearity :  {w € R: 82, H(x, w) = 0} (WGNL)
has empty interior.

However, in all general a priori estimates and qualitative properties, exclusively
condition (C3) is used. Here, both (UC) and (WGNL) are shown to be not necessary
to prove the trace at zero condition [27, Formula (2.2)], the semigroup property, the
Llloc continuity in time and the contraction property [27, Formula (3.1)] in the case
of (CL).

Condition (CNH) qualifies the non-homogeneity of H and is apparently not com-
mon in the current literature on (CL) and (HJ). Our approach can be seen as somewhat
related to [17, Section 5], where the space variable varies on a torus. Remarkably, X
plays no quantitative role: it is required to exist, but its value is irrelevant. Thus, we
expect (CNH) might possibly be relaxed.

Here, (UC) replaces the usual condition sup, ,)er2 (—BguH (x, u)) < Hoo,
see (1.1), that was introduced by Kruzkov back in [27, Formula (4.2)] and that has
since become standard in any existence proof. Example 1.1 motivates the necessity
to abandon it in the context of (CL). Moreover, this growth condition does not have,
apparently, a clear counterpart among the usual assumptions on (HJ). Note, however,
that several coercivity conditions appear in the context of (HJ), see, for instance,
[4, § 2.4.2]. In particular, in the convex case, (UC) directly ensures L.°° bounds, as
shown for instance in [41, Theorem 8.2.2]. Recall that also in [32,33] some regularity
assumptions on the Hamiltonian are relaxed, but not those requiring a suitable growth.

When dealing with (HJ), the convexity of H is a recurrent hypothesis, see, for
instance, [3,4,13,25], since it connects Hamilton—Jacobi equations to optimal con-
trol problems. On the other hand, convexity is typically not required in basic well-
posedness results on scalar conservation laws, see [16,27]. Here, differently from

n view of (CNH), in (UC) and in (WGNL) it is sufficient to consider only x € [—X, X].
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[3,4,15,16,41], no convexity assumption on the Hamiltonian in (HJ) is requested
and, hence, characteristics are hardly of any help. Below we adopt (WGNL), which
essentially asks that for a.e. x there does not exist any (non-empty) open set where
u — H(x,u) is linear, but clearly allows also for infinitely many inflection points.
Thus, for all x in a null set, u +— H(x,u) may well be locally affine. Refer to
Remark 2.22 for a stability estimate on (HJ) allowed by (WGNL).

Moreover, we neither pose any strict monotonicity assumptions on H as done, for
instance, in [9] where, on the other side, H may well be only piecewise continuous in
space and in time.

The classical reference for the well-posedness of general scalar balance laws is
Kruzkov’s paper [27]. Kruzkov’s assumptions [27, § 4, p. 230] in the present notation
take the form:

H e C*(R% R),
VK e Ry sup |0, H(x,u)| < —+o0,
(x.u)eRx[—K,K]

sup |8: H(x,0)| < 400,  sup (—a,%”H(x,u)) <400 (L1
xeR (x,u)eR?

and the initial datum is required to satisfy u, € L°°(R; R). Our assumptions are not
contained in Kruzkov’s hypotheses. On the other hand, clearly, KruZkov result applies
to general balance laws in several space dimensions.

Example 1.1. Fix positive constants X, Vi, V, and let v € C3(R: 10, +00[) be such
thatv(x) = Vi forx < —X andv(x) = V, forx > X.Define H(x, u) :=v(x) u (1—
u). Then, 0;u+ 0y H (x, u) = 01is the Lighthill-Whitham [29] and Richards [36] model
for a flow of vehicles described by their density u# along a rectilinear road with maximal
speed smoothly varying from V>, for x > X, to Vi, forx < —X.

This Hamiltonian H satisfies (C3)-(CNH)—(UC)—(WGNL) but does not satisfy
the latter requirement in (1.1).

For completeness, we add that a standard truncation argument could be used to
extend Kruzkov result to Example 1.1, as soon as the initial datum attains values
between the stationary solutions u(#, x) = 0 and u(¢, x) = 1. Note, however, that the
a priori estimates and qualitative properties in Sect. 2.1 as well as the construction of
stationary solutions in Sect. 2.2 are in general preliminary to any truncation argument.
Technically, it is essentially due to our adopting (UC) that we can avoid truncation
arguments. Moreover, such an argument applies to (CL) but hinders our simultane-
ous treatment of (CL) and (HJ). Thus, we provide an existence proof alternative
to that by Kruzkov and explicitly state the correspondence between (CL) and (HJ)
in Sects. 2.3, 2.4 and 2.5.

To our knowledge, only few results in the literature focus on the (CL) < (HJ)
connection. The homogeneous, x independent, stationary case is considered in the
BV case in [26] (by means of wave front tracking), see also [8, § 6] for the case of
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fractional equations. An extension to L.°° is in the more recent [10] (where Dafermos’
[15] theory of generalized characteristics play a key role). The stationary x dependent
case is considered in [6] (using semigroups generated by accretive operators). Here,
we deal with the non-stationary x dependent case, relying on vanishing viscosity
approximations and on the compensated compactness machinery. In this connection,
note that the techniques developed in [32,33] cannot be directly applied here, due to
our need of passing to the limit also in the Hamiltonian.

Remark that in Kruzkov’s paper [27], the latter condition in (1.1) is essential to
obtain uniform L* and BV bounds on the sequence of viscous approximations in the
case u, € L°°(R; R). In our approach, which does not rely on (1.1), the L.°° bound on
viscous solutions depends on the fact that u,, € WL (R; R). We thus need to devise
new additional bounds, provided by the stationary solutions to (CL), see Sect. 2.2,
which are specific to the non-viscous case, and allow to pass from data in W' to
data in L°° at the non-viscous level.

In the literature, a recurrent tool in existence proofs for (CL) is the (parabolic)
Maximum Principle, see for instance [23, Theorem B.1, Formula (B.3)] or [24, § 3.2],
which provides an a priori uniform bound on vanishing viscosity approximate solu-
tions, which is an essential step in passing to the vanishing viscosity limit. More
precisely, only in the homogeneous case where dy H = 0, the Maximum Principle
ensures that

1. vanishing viscosity approximate solutions have a common L* bound, and
2. this bound only depends on the L°° norm of the initial datum.

In the present—non-homogeneous—case, we replace (1) obtaining L.°° bounds on van-
ishing approximate solutions by means of a, here suitably adapted, Bernstein method,
see [39, § 6] for a general introduction. This requires a higher regularity of the initial
datum and (2) above is irremediably lost.

However, in the homogeneous case, one also takes advantage of the fact that
constants are stationary solutions, ensuring 2. easily. This fact fails in the non-
homogeneous case. Below, we exhibit (sort of) foliations of R x [U, +oo[ and
Rx]— 00, —U] (for a sufficiently large /) consisting of graphs of stationary solutions
to (CL), each contained in a level curve of H. Then, solutions to (CL) are well known
to preserve the ordering [16, Formula (6.2.8)] and 2. follows. Note that these station-
ary solutions need to be merely L.°°. Therefore, in their construction, the choice of
jumps deserves particular care to ensure that they turn out to be entropy admissible.
In general, the solutions to (HJ) corresponding to stationary solutions to (CL) may
well be non-stationary.

The differences between the construction below and the classical one by Kruzkov
[27] arise from the different choices of the assumptions but are not limited to that.
Indeed, the two procedures differ in several key points. In [27], uniform L*° “par-
abolic” bounds on vanishing viscosity approximate solutions to (CL) are obtained
and L' compactness follows from Kolmogorov criterion. Here, the stationary solu-
tions constructed as described above allow to obtain L°° “hyperbolic” bounds directly
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on the solutions to (CL), while it is an application of the compensated compactness
machinery that ensures the existence of a limit, thanks to our modified (weakened)
definition of solution. Under (WGNL), also the kinetic approach in [30,34] is likely to
allow for analogous results. Moreover, in [27] the term —d, H is essentially treated as
a contribution to the source term. Here, we exploit the conservative form of (CL), thus
respecting the analogy between (CL) and (HJ). Our weakening of Kruzkov definition,
motivated also by our use of compensated compactness, avoids any requirement on
the trace at time 0+. It is of interest that this construction actually relies also on a sort
of stability with respect to the flux H, where condition (WGNL) appears essential.

However, continuity in time, not proved in [27], is recovered in weak-x Lﬁfc (R; R)
in Proposition 2.5 and in Llloc in Theorem 2.6, always relying exclusively on condi-
tion (C3). Differently from [7,42], condition (WGNL) plays here no role. Thus, in
the present setting, the trace at 0+ condition [27, Formula (2.2)] can be omitted from

the definition of solution to (CL) without any consequence.

Throughout this paper, we alternate considering (CL) and (HJ), simultaneously
gathering step by step results on the two problems. When H does not depend on
the space variable x, [26, Theorem 1.1] and [10, Proposition 2.3] ensure the equiv-
alence between (CL) and (HJ). In the space homogeneous case, the correspondence
between (CL) and (HJ) is exploited in [5,31] and it is particularly effective in the char-
acterization of the initial data evolving into a given profile at a given time, see [10,28].
Below, we extend this equivalence to the x dependent case, while [11] is devoted to the
inverse design problem in the x-dependent case. This correspondence may also sug-
gest new properties of (CL) or (HJ), proving them in the present framework, posing
the question of an intrinsic proof in more general settings, see Remark 2.22. As a mat-
ter of fact, our original goal was the detailed description of the relation between (CL)
and (HJ), but such a correspondence requires the two Cauchy problems to be settled
in the same framework.

In this paper, results are presented in the paragraphs in Sect.2, while all proofs are
collected in the corresponding paragraphs in Sect. 3.

Paragraph 2.1 presents the weakened definition of solution to (CL) and verifies that
it still ensures uniqueness, the contraction property and continuity in time. Analo-
gous results for (HJ) are proved independently. Proofs use neither (CNH), nor (UC)
nor (WGNL) and are deferred to § 3.1.

Paragraph 2.2, where (UC) is essential, is devoted to the construction of a family
of stationary entropy solutions to (CL). It has no counterpart referred to (HJ), it is
intrinsic to (CL). The actual construction is in Sect. 3.2.

Paragraph 2.3 deals with the vanishing viscosity approximations to (CL) and
to (HJ). The interplay between the 2 problems is exploited: all proofs, deferred
to Sect. 3.3, are obtained for only one of the two equations, a quick corollary allowing
to pass to the other equation.
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Paragraph 2.4 ensures that vanishing viscosity solutions converge, up to subse-
quences, in both cases of (CL) and (HJ). The corresponding proofs in Sect. 3.4,
where the (CL) case relies on the compensated compactness method.

Paragraph 2.5 collects the final results, showing the properties of the semigroups
SCL and S/ generated by (CL) and (HJ) and detailing how they correspond to each
other. The proofs are in Sect. 3.5.

The main goal of this paper are the results in Paragraph 2.5.

2. Main results

Throughout this work, T denotes a strictly positive time or +-00.

2.1. Definitions of solution, local contraction and uniqueness

In this paragraph, we let u, € L°°(R; R) while we require exclusively (C3) on H.
No genuine nonlinearity condition is assumed, not even (WGNL), differently from
[7,42] (that have different goals and motivations).

Concerning the notion of solution to (CL), we modify that in the sense of Kruzkov
[27, Definition 1]. Indeed, in view of the compensated compactness technique used
below, we do not require continuity in time in the sense of [27, Formula (2.2)]. On the
contrary, full Lll0 . continuity in time is here proved, merely on the basis of (C3).

With reference to (CL), the following quantity often recurs below, where x, u, k €
R:

d(x,u, k) = sgn(u — k) (H(x,u) — H(x, k). @2.1)

Definition 2.1. A function u € L*°([0, T] x R; R) is an entropy solution to (CL) if
for all nonnegative test functions ¢ € Cg ([0, T[xR; R*) and for all k € R,

T
f/(IM(I,X)—klaﬂp(t,X)+<1>(x,u(l,X),k) dx (1, x)) dxdr
0 JR
T
—/ /sgn(u(t,x)—k) 0xH(x, k) @(t, x)dxdt
0 R
+/ luo(x) — k| (0, x)dx > 0. 2.2)
R

In (2.2), the integral term on the last line allows to avoid requiring the existence
of the strong trace at 0+, as required in [27, Definition 1]. Hence, Definition 2.1
is more amenable to various limiting procedures. Nevertheless, [27, Definition 1]
clearly implies Definition 2.1, while Theorem 2.6 ensures the global in time strong
continuity and recovers all properties of the classical Kruzkov definition, in particular
the existence of the strong trace at 0+4. Hence, Definition 2.1 and [27, Definition 1]
are indeed equivalent.
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Remark 2.2. Using k > ”M ||L°°([0,T]><R;R) and k < - ||M ”Lm([O,T]XR;R) in (22) shows
that solutions to (CL) in the sense of Definition 2.1 are also distributional solutions,
in the sense that for all test function ¢ € Cé([O, T[xR; R)

T
/ / (u(t,x)orp(t,x) + H (x,u(t,x)) dre(t, x))dxdt
0 R

+/ 1o (x) (0, x)dx = 0. 2.3)
R

We recall what we mean by entropy—entropy flux pair for (CL).

Definition 2.3. Let H € C'(R%; R). A pair of functions (E, F) with E € Lip(R; R)
and F € Lip(R?; R) is an entropy—entropy flux pair with respect to H if for all x € R
and fora.e.u € R

0 F(x,u) =E' (1) 0,H(x,u). 2.4)
The classical Kruzkov choice in (2.4) amounts to set, for k € R,
E(u)=1lu—k| and F(x,u)=sgn(u—k) (H(x,u)—H(x,k)). (2.5

By (C3), we can substitute (2.4) by
F¥(x,u):=Eu) 0,H(x,u) — E(k) 9,H (x, k) — /u E(v) 9%, H (x, v)dv, (2.6)
k

where k € R, which applies also when E is merely in C°(R; R). As soon as E is
Lipschitz continuous, any pair (E, F') satisfying (2.6) also satisfy Definition 2.3.

We now check that the present Definition 2.1 keeps ensuring the properties of the
original Kruzkov definition [27, Definition 1]. First, we deal with the choice of the
admissible entropies.

Proposition 2.4. Let H satisfy (C3).

1. Call u a solution to (CL) with initial datum u, € L*°(R; R), according to
Definition 2.1. Then, for any entropy—entropy flux pair (E, F) with respect to H
in the sense of Definition 2.3, if E is convex and in C'(R; R) then

/OT/R(E (u(t, x)) orp(t, x) + F (x,u(t, x)) dxep(t, x)) dxdt
—/OT/R(E’ (u(t,x)) 9H (x,u(t,x)) — 3 F (x,u(t, x))) ¢(t, x)dxdt
+fRE (Uo(x)) @(0, x)dx >0 (2.7)
for any test function ¢ € CL([0, T[xR; R).
2. Ifu, € L°(R;R), u € L®([0, T] x R, R) and (2.7) holds for any entropy-

entropy flux pair (E, F) with respect to H in the sense of Definition 2.3, with E
convex and in C*°(R; R), then u solves (CL) in the sense of Definition 2.1.
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Note that (2.7) corresponds to

O E (u(t,x)) + 0 (F (x,u(t,x)) + E (u(t,x)) 0, H (x, u(t, x))
—0yF (x,u(t,x)) <0

in the sense of distributions.

As a first step, we prove that Definition 2.1 ensures the weak-+* L (R; R) time

loc
continuity.

Proposition 2.5. Let H satisfy (C3). Fix the initial datum u, € L*°(R; R). Assume
that the Cauchy Problem (CL) admits the distributional solution u in the sense of
Remark 2.2. Then, for all a, b € R with a < b, setting

KL =2 sup {|H(x, p)|: x € [a, b], |p| < lullpoqo.rixr:R)) - (2.8)

we have for almost all t, 11,1, € [0, T

b
/ (u(?, x) — up(x))dx| < KE 13 2.9)

b
/ (u(tz, x) —u(ry, x))dx| < KL |t — 14]. (2.10)

Even without the nonlinearity condition (WGNL), we can single out a particular
representative of any solution, so that we obtain the continuity in time in the (strong)
Llloc topology, the uniqueness of solutions and their stability with respect to initial
data for all times. Indeed, the next theorem shows that (2.9) and (2.10) hold at every
time and with the same K€L, provided at all times suitable representative u. (¢, -) is

carefully chosen.

Theorem 2.6. Let H satisfy (C3).

1. Fix the initial datum u, € L*°(R; R). Assume that the Cauchy problem (CL)
admits the solution u in the sense of Definition 2.1 on [0, T]. Then, u admits a
representative, say u, such that

(a) Fora.e. x € R, uy (0, x) = uy,(x).
(b) Foralla,b € Rwitha < b and forallt1,t, € [0, T]

b
f (us(t2, x) — uy (11, x))dx| < KE |1 — 11, (2.11)
a

with K€L defined as in (2.8).
(¢) Forall R € Ry and forallt € [0, T

R
lim |us (£, x) — uy (7, x)|dx = 0. (2.12)

t—it J_R
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2. Fix the initial data u,, v, € L°°(R; R). Assume that the corresponding Cauchy
problems (CL) admit the solutions u, v in the sense of Definition 2.1 on [0, T'].
Define

C := max { lullpes o, 71xR:Rys VIl qo.71xR:R) | »
L:=sup{|o,H(x,w)|: x € Rand |w| < C}, (2.13)

and assume L < +oo. Then, all representatives u, and v, satisfying Item 1
above are such that for all t € [0, T] and for all R > 0

R R+Lt
/ |u*<t,x>—v*<r,x)|dxs/ o) — vo(O)ldx,  (2.14)

-R —R-Lt
R R+Lt
[ o —vanrter s [ e - weoran @19
R —R—-Lt
In particular,
lus(z, ) — va(t, LRy < lltto — VollL1 (R:R)- (2.16)

We convene that when (4, — v,) ¢ LY(R; R) the right hand side above is
+o00 and (2.16) holds. Moreover, by (2.16), if (u, — v,) € L!(R;R), then
(u*(t, ) —v*(, ) € L{R; R) for all r.

Remark that Definition 2.1 implies that C < 400 in (2.14). Then, condition (CNH),
if assumed, ensures that L is finite.

Turning to the Hamilton—Jacobi equation (HJ), recall the apparently entirely dif-
ferent framework of the standard Crandall-Lions definition of viscosity solutions.

Definition 2.7. ([13, Definition 5.3]) Let U € C°([0, T'] x R, R) satisfy U (0) = U,,.
(i) U is a subsolution to (HJ) when for all test functions ¢ € C! (10, T[xR; R) and
for all (¢,, x,) €]0, T[xR, if U — ¢ has a point of local maximum at the point

(o, Xo), then 0;¢ (1, xo) + H (X0, 0x9 (5, X0)) < 0;

(ii) U is a supersolution to (HJ) when for all test functions ¢ € Cl(10, T[xR; R)
and for all (¢,, x,) €]0, T[xR, if U — ¢ has a point of local minimum at the
point (%,, X,), then d;¢(t,, xo) + H (X, 0x¢(t0, Xo)) > 0.

(iii) U is a viscosity solution to (HJ) if it is both a supersolution and a subsolution.

Definition 2.7 ensures uniqueness, extending to the present framework classical results,
such as those in [4,25].

Theorem 2.8. Let H satisfy (C3).

1. Fix the initial datum U, € Lip(R; R). Assume the corresponding Cauchy prob-
lem (HJ) admits the function U as solution in the sense of Definition 2.7, Lipschitz
continuous in space, uniformly in time on [0, T]. Define

K= sup{[|H(x, p)l: x € R, p| < 10:Ullp=qo.rixrpy |- (217
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We have for all t1, t; € [0, T]
IU (1) — Ut Iuo®r) < K77 16 — 1.

2. Fix the initial data U,,V, € Lip(R; R). Assume the corresponding Cauchy
problems (L)) admit the functions U, respectively, V, as subsolution, respec-
tively, supersolution, Lipschitz continuous in space, uniformly in time on [0, T].
Define

C := max {110+ U Lo qo.71xR:R)» 105 VllLe 0. 71xR:R) }
L:=sup{lo,H(x,p)|l: xR, |p| <C}. (2.13)

If L < 409, then, forallt € [0, T], forall R > 0

max (U, x) — V(t,x)) < max  (Up(x) — Vo(x)). (2.19)
[x[<R |x|<R+Lt
Remark that the Lipschitz continuity assumptions in Item 2 of Theorem 2.8 precisely
mean that C < +00. Requiring also condition (CNH), then ensures that L is finite.
We underline the evident deep analogy between Theorem 2.6 referring to the conser-
vation law (CL) and Theorem 2.8 referring to the Hamilton—Jacobi equation (HJ). The
definitions (2.13) and (2.18) are essentially identical. Note moreover that the factor 2
appearing in (2.8) and not in (2.17) is a mandatory consequence of the correspondence
between the two equations formalized in Sect. 2.5.

2.2. A bounding family of stationary solutions

Essential to get the necessary global in time L°° bounds on the solutions to (CL) is
Theorem 2.9. In the homogeneous case, a sufficient supply of stationary solutions is
immediately provided by constant functions, which are clearly also entropic. Here, we
need to find L°° solutions that, first, are entropic and, second, are sufficiently many to
ensure the necessary L° bounds, together with the order preserving property (2.15)
in Theorem 2.6.

Theorem 2.9. Let H satisfy (C3)-(CNH)—(UC)-(WGNL). Then, for all U > 0,
(CL) admits stationary entropy solutions u_,uy € L®(R; R), i.e., solutions in the
sense of Definition 2.1, that satisfy

u_(x) <—-U and ui(x)>U forae x eR.

The proof begins with a careful construction of piecewise C' stationary entropic
solutions by means of the Implicit Function Theorem and Sard’s Lemma for a particular
class of fluxes whose level sets enjoy suitable geometric properties. Then, compensated
compactness allows to pass to the limit on the fluxes, essentially showing a stability
of solutions with respect to the flux, thus getting back to the general case. In this
connection, we recall that already in [1,2] stationary solutions are assigned a key role
in selecting solutions.
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In the correspondence between (CL) and (HJ), the stationary solutions to (CL)
constructed in Theorem 2.9 have as counterpart viscosity solutions to (HJ) that may
well be non-stationary, see (2.28), and are Lipschitz continuous but, in general, not
differentiable.

2.3. Vanishing viscosity approximations
We now proceed toward existence results both for (CL) and for (HJ), obtained

through vanishing viscosity approximations, under the assumptions (C3)-(CNH)-
(UC). Thus, we consider the Cauchy problems

B,u + 8xH(xv M) =¢ a)%xu
2.20
{u(x, 0) = up(x) ( )
and
_ 2
atU+H_(x,3xU) =e iU (2.21)
U(X,O) = Un(x)-

Asafirst step, we specify what we mean by classical solutions to (2.20) and to (2.21).

Definition 2.10. Let / be anopenrealintervaland e > 0. A classical solution to (2.20)
on ]0, T[x1 is a function

V¥t €10, T[ themap x — u(f,x) is C2(I;R),
Vx el themap ¢ — u(t,x) is CL(J0, T[; R),

(2.22)

u e C([0, T] x T; R) such that

satisfying o,u(t, x) + 0xH (x,u(t,x)) = ¢ 8fxu(t,x) for all (¢, x) €]0, T[xI and
u(0, x) = u,(x) forall x € 1.
A classical solution to (2.21) on ]0, T[xR is a function

¥t €10, T[ themap x — U(r,x) is C3(I;R),
Vxel themap t — U(t,x) is CL(10, T[; R),
(2.23)

U e CY([0, T] x T; R) such that

satisfying o, U (¢, x) + H (x, 0, U (t,x)) = ¢ foU(t, x) for all (¢, x) €]0, T[x I and
U(0,x) = U,(x) forall x € 1.

Note that (2.23) in Definition 2.10 requires 3 space derivatives in U, although the
third derivative does not appear in (2.21).
We now prove that the Cauchy problems (2.20) and (2.21) are equivalent.

Theorem 2.11. Call I a non-empty open real interval and fix T > 0. Let H sat-
isfy (C3) and ¢ > 0. Fix u, € WI'OO(I; R) and U, € CI(R; R) such that U} = u,.
Then, the problems (2.20) and (2.21) are equivalent in the sense that:
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(1) Assume u is a classical solution to (2.20) on I in the sense of Definition 2.10.
Then, for any x, € I, the map U : [0, T] x I — R defined by

X t
Ut x):= / u(t,§)ds +/0 (—H (x0, u(z, X0)) + € dxu (7, x0)) dT + Up(x0)
Xo
(2.24)
is the solution to (2.21) on I in the sense of Definition 2.10.

(2) Assume U is a classical solution to (2.21) on I in the sense of Definition 2.10.
Then, the map u: [0, T] x I — R defined by

u(t,x):=0o,U(t, x)

is a classical solution to (2.20) on I in the sense of Definition 2.10.
We first get a priori estimates on the solutions to (2.21) and then on those to (2.20).

Theorem 2.12. Let H satisfy (C3)-(CNH)—(UC). Choose U, € C! R;Rywith U] €
Lip(R; R). Then, there exists a constant M such that for any ¢ > 0 sufficiently small,
forany T € Ry and for any classical solution U to (2.21) defined on [0, T] x R we
have

18: UllLee ([0, 71xR: Ry + 19x U llLs= ([0, T]xR;R) < M. (2.25)

Since T is arbitrary both in Theorem 2.11 and in Theorem 2.12 and moreover M
in (2.25) is independent of T (and ¢), both results apply also to the case T = +oc0.

Corollary 2.13. Let H satisfy (C3)-(CNH)—(UC). Choose u, € W1’°°(R; R). Then,
there exists a constant M such that for any € > 0 sufficiently small, for any T € Ry
and for any classical solution u to (2.20) defined on [0, T] x R which is also bounded,

lullLee o, 71xR:R) = M, (2.26)
the case T = 400 is not excluded.

Thanks to Theorem 2.11, applied with I = R, the proof of Corollary 2.13 is a direct
consequence of Theorem 2.12 and is hence omitted.

Theorem 2.14. Let H satisfy (C3) and (CNH). Choose an initial datum u, €
WL (R; R). Then, for all ¢ > 0 sufficiently small, the Cauchy problem (2.20) admits
a classical solution in the sense of Definition 2.10 on R defined for all t € R.

Corollary 2.15. Let H satisfy (C3)-(CNH)-(UC). Choose U, € C (R; R)withU) €
W1 (R; R). Then, for all ¢ > 0 sufficiently small, the Cauchy problem (2.21) admits
a classical solution in the sense of Definition 2.10 on R defined for all t € R...

Thanks to Theorem 2.11, applied with I = R, the proof of Corollary 2.15 is a direct
consequence of Theorem 2.14 and is hence omitted.
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2.4. Existence of vanishing viscosity limits

We now deal with the vanishing viscosity limit of the solutions constructed in the
previous Paragraph. Differently from [27], we complete this step in the case of more
regular initial data, i.e., in the case where Theorem 2.12 and Corollary 2.13 apply.

Theorem 2.16. Let H satisfy (C3)—(CNH)—(UC). Choose an initial datum U, €
C!(R: R) with U, e WL°(R; R). Let €, be a sequence converging to 0. Then,
the sequence U, of the corresponding classical solutions to (2.21) on R converges
uniformly on all compact subsets of Ry x R to a function U, € Lip(R; x R; R)
which is a viscosity solution to (HJ).

Striving to treat (CL) and (HJ) in parallel, the next statement mirrors the previous
one.

Theorem 2.17. Let H satisfy assumptions (C3)-(CNH)—(UC)—(WGNL). Fix an ini-
tial datum u, € WH(R; R). Then, the classical solutions u. to (2.20) on R converge
pointwise a.e. in Ry x R to a function u € L®° (R, x R; R) which is an entropy
solution to (CL).

The proof, entirely different from that of Theorem 2.16, by means of (WGNL), relies
on an ad hoc adaptation of classical compensated compactness arguments, see [16,
Chapter 17] or [38, Chapter 9].

2.5. The limit semigroups and their equivalence

Here, we complete all previous steps obtaining the main results, stated in terms of
the existence of the semigroups generated by (CL) and (HJ), their properties and their
connection.

Theorem 2.18. Let H satisfy (C3)-(CNH)—(UC)-(WGNL). For all T > 0 and
for any initial datum u, € L (R;R), there exists a unique entropy solution in
L°°([0, T] x R; R) in the sense of Definition 2.1, to (CL) on [0, T]. Moreover, the
maximal in time solution u:

1. is globally defined in time, corresponding to T = 400 in Definition 2.1.
2. is globally bounded, in the sense that u € L° (R4 x R; R).
There exists a unique semigroup S : Ry x L®(R; R) — L®(R; R) such that
for all u, (t, x) — (SICLu(,)(x) solves (CL) in the sense of Definition 2.1 and
enjoys the properties:
3.a For all u, € L*®(R; R), the map t — SICLuo is Lipschitz continuous with
respect to the weak-x L (R; R) topology in the sense that there exists a K > 0

loc
such that for all a, b € Rwitha < b and for all t;, 1 € Ry

<K |-l

b
/ (56 ) () — (55 ) 0)) i

a
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3.b Forall u, € L®(R; R), the map t — StCLu(, is continuous with respect to the
Llloc (R; R) topology, in the sense that for all t € Ry and for all R > 0

R
lim ‘(SfLuo)(x) - (SI—CLuo)(x)’dx —o.
R

t—t J_—
4. Forall u,, v, € L*(R; R), define L as in (2.13). Then, for all t € Ry and for
all R > 0,
R+Lt

R
[l tune - sehuwfar < [ e - vl
—R —R—Lt
Thanks to (CNH), K CL a5 defined in (2.8), can be chosen independent of @ and b,
resulting in the K in 3.a. Bounds L and on [lu |y, ®, xr;r) depending on [[u, [ (r;R)
are provided in the proof, see Sect. 3.5.

Theorem 2.19. Let H satisfy (C3)—(CNH)-(UC)-(WGNL). For all T > 0 and for
any initial datum U, € Lip(R; R), there exists a unique viscosity solution U €
Lip([0, T] x R; R) in the sense of Definition 2.7, to (HJ)) on [0, T]. Moreover, the
maximal in time solution U
1. is globally defined in time, corresponding to T = +0o0 in Definition 2.7.
2. is globally Lipschitz continuous, in the sense that U € Lip(R;+ x R; R).
There exists a unique semigroup S/ : Ry x Lip(R; R) — Lip(R; R) such that for
allU, (t, x) — (S,HJUO)(x) solves (HJ) in the sense of Definition 2.7 and enjoys the
properties:
3. ForallU, € Lip(R; R), the map t — StHJUo is Lipschitz continuous in the L.*°
norm.
4. Forall U,, V, € Lip(R; R), define L as in (2.18). Then, for all t € R and for
all R > 0,
max (S0 0 = SV 0) = max  (Up) = Vo).
[x|<R |x|<R+Lt
Theorem 2.20. Let H satisfy assumptions (C3)—(CNH)—(UC)-(WGNL). Let the
datau, € L (R; R) and U, € Lip(R; R) be such that U} (x) = u,(x) fora.e.x € R.
Then, problems (CL) and (HJ) are equivalent in the sense that for all t € Ry and for
ae x € R,

(8C8u0) @) = 8 (577 0,) @) 227)

Remark 2.21. In the same setting of Theorem 2.20, formally, as a consequence
of (2.27), for a fixed x, € R, we can write

X t
(5700 = [ 5 @ = [ H (s0, (S ) x0) e + Uy,
’ (2.28)
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The latter integral on the right hand side in (2.28) is meaningful only under further
regularity conditions, such as in the case H is convex in u#, which ensures that Stc L U, €
BV(R; R).

We can rephrase the above relations with the following commutative diagrams.

v, — st'u, v, — St'u,
a | Ll @2 1 T @28
Uy —> S,CLuo U, — S,CLMO

Remark 2.22. The correspondence between (CL) and (HJ) is instrumental in the
existence results. Qualitative properties were independently obtained. However, The-
orems 2.18 and 2.19 still lack a complete identification, thus suggesting possible
improvements. The correspondence above between solutions to (CL) and to (HJ)
actually gives more information than what is provided by Item 4 in Theorem 2.19.
Indeed, Item 4 in Theorem 2.18 implies that SIH 7 is non-expansive with respect to
wh!

loc i.e.,

57U, - sHv,

WLI([=R,R];R) = I, - VD”Wl’l([—R—Lt,R-‘rLl];R)’

We do not know of a proof of this bound for (HJ) independent from (CL).

3. Analytical proofs

Throughout, ]11 denotes the characteristic function of the set I. £ stands for the

Lebesgue measure in R and we call negligible a set of Lebesgue measure 0. The
positive part of a real number is [x]T := (x + |x|) /2. Throughout, we set

-1 if x <0;
sgnx:= {0 if x =0; 3.1
+1 if x > 0.

3.1. Definitions of solution, local contraction and uniqueness

Lemma 3.1. Let E € C](R; R) be convex. For any e,r > 0, there exist n € N;
positive weights wy, wi, ..., w, € Rand points py, p1, ..., pn € Rsuch that setting
forallu € R

n n
n@) =Y wylu—pil sothat  n'w) =Y w sgn(u—pr) (32)
k=0 k=0

we have

Yuel-rr] |Ew)—nw|<e and |E'w)—n'w)|<e. (3.3)
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The expression on the right in (3.2) is relevant when u = py. Indeed, it allows to
prove that the bound on the derivatives in (3.3) holds at every u and not only at a.e. u.

Proof of Lemma 3.1. Let § be a modulus of uniform continuity of E” on the interval
[—r, r] corresponding to min{e, £/(2r)}, so that

Vxi,xp € [-rr] if |x;—x2l <8 then |E'(x;) — E'(xp)| < min{e, &/(2r)}.
Choose n in N such that n > 2r/§. Define the points p; and the map «: R — R by
o E'(po)  u€]—00, pol;
pri=—r+k— fork=0,...,n and a(u):= 13 E'(pr) u € 1pr, pr+1l;
n
E'(pn)  u € ]pu, +ool.
Note that « is non-decreasing, since E’ is. Set for u € [—r, r], (u) = E(—r) +
f i’r a(v)dv so that the condition on the left in (3.3) is satisfied by 7, as well as the one

on theright foru # pi.Requiring the weights wo, ..., w, tosolve the (n+1) x (n+1)
linear system

n
> lpk = pilwe =ii(pi)  i=0.....n.
k=0

ensures that 7 = 7 as defined in (3.2) for u € [a, b]. The matrix of the above system
is

0 1 2 3 n
1 0 1 2 --n-—1
w2 1 0 1 en—2 ) 2 ) o
A:; 3 2 1 0o ---n—=31| 1ie, aij:;lz—jlforz,jzl,...,n—i—l
nn—1n—-2n-3--- 0

and straightforward calculations show that its determinant is (—1)" r 2". Hence, this
matrix is invertible, so that the weights wo, ..., w, are uniquely defined. Moreover,
differentiating 77 we get 77’ (pr+) — 7' (pr—) = 2 wy. Since 7’ is non-decreasing, we
have that wy > 0. We are left to prove that the expression for 1’ in (3.2) satisfy (3.3)
also at u = py. Since wy > 0, by the choice (3.1) and by the construction above, we
have E'(pr) —& < n'(pk—=) < n'(pr) < n'(px+) < E'(pi) + &. Possibly erasing the
terms vanishing because wy = 0, the proof is completed. g

Proof of Proposition 2.4. Claim 1: Proof of Item 1.

Fix a positive ¢ and an entropy—entropy flux pair (E, F) in the sense of Defi-
nition 2.3. Call n the map (3.2) constructed in Lemma 3.1 corresponding to ¢ and
1= [ully o w2:R)- Using (3.1), we use the following representative of n" and of a flux
related to n, by (2.1):

n n
n'u)= ) we sgn(u—po) and q(ru)i= ) wi S u, po).
k=0 k=1
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Choose a test function ¢ € Cé ([0, T[xR; R4) and let Y be such that spt ¢ C [0, T] x
[—Y, Y]. By the linearity in the entropy/entropy flux and by the positivity of the
weights,

T
05/ / (n (u(t, x)) 3t x) +q (x,u(r, x)) 9x¢(z, x)) dx dt
0 JR

_/OT/H; (kzi:l wy sgn (u(t, x) — pr) 3xH(x,pk)> o2, x)dx dr
+/R77(“o(x)) ¢(0, x)dx

= /OT/R (1 (u(t, X)) 3p(t, x) +q (x, u(t, x)) deg(t, x))dx dr
_/OT /R (' (u(t, x)) 9 H (x, u(t, x)) — deq (x, u(t, x))) @(t, x)dx dt
+/Rn(uo(x)) ©(0, x)dx

T
= /0 /R (77 (u(t,x)) do(r,x) —n' (u(r, x)) xH (x, u(r, x)) ¢, x)) dx dr
(3.4)

T

+/ / (q (x,u(t,x)) 3y@(t, x) + dyq (x, u(t, x)) ¢(t, x))dx dt (3.5)
o Jr

+A77(Mo(x)) ®(0, x)dx. (3.6)

Estimate the last three lines separately. To bound (3.4) use (3.3) (which holds on all
R):
T
(34)] < / f (E (@t x)) diplt, %) — E' (u(t, x)) ¢ H (x. u(t, x)) (1, x)) dxdr
0 JR
+ (Hat(p”Ll(Rz;R) + llellL ®2:wr) ||axH||L°°([—Y,Y]x[—r,r];R)) €.

To estimate the term (3.5), recall that from (2.6)

10w F = Ouq Lo =y, vix[—rriR) < € I10uH Lo~y Y1x[=r.r1:R)- (3.7)

Using (2.4), thanks to H € C2(R?; R), write

u

g (x.u) =q(x,0)+/ Buq (6, w) dw = q(x,0)+/ () 8 H (. w) du
0 0
5q(x, 1) = B (x, 0) +/u 7 (w) 82, H (x, w) dw
0

so that also using (3.2) and (3.7)
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T

[3.5)]= / /R(q(x,o) Ox (1, x) + 0xq(x, 0) 0z, x)) dx dt
0

T u(t,x)
+/ / / (n/(w) 0 H(x, w) dw) 0xp(t, x)dx dr
0 R JO

T u(t,x)
+/ // (' (w) 82, H (x, w) dw) o(t, x) dx dt
0 R JO

IA

T
/ / By (q(x. 0) p(r, x)) dx di
0 R

=0

T u(t,x)
+/ / / (E"(w) 8, H (x, w) dw) dp(r, x) dx dr
0o JrJo

T u(t,x)
+f // (E'(w) 8%, H (x, w) dw) ¢(t, x) dx dt
0 R JO

10y H Lo v, v1x[—r,:R) 10x @Il R2,R) €7

+[o7, H ||L°°([7Y,Y]><[7r,r];]R) ol g2y € 7

T u(t,x)
= / / / oy F(x, w) dyp(t, x)dx dt
0 RJO

T u(t,x)
+/ / / 82, F(x, w)o(r, x)dx dr
0 R JO

+||auH”L”([—Y,Y]x[—r,r];R) ”axQO”Ll(]RZ,R) er

+|| 8"%”H||L°°(I—Y,Y|><[—r,r|;]R) H(p”Ll(]Rz,]R) er

T
/ / (F (x, u(t, x)) 0x@(t, x) 4+ 0 F (x, u(t, x)) (1, x)) dx dz
0o JR

J. Evol. Equ.

T
_/ / Oy (F(x,0)p(t, x)) dx dt +||auH||L°°([—Y,Y]><[—r,r];]R) ”8):(/7”L1(R2,]R) er
0 R

=0

10 H e v vty 10l gy 7

T
— / / (F (x,u(t,x)) ox@(t,x) + 0y F (x, u(t, x)) ¢(t, x)) dx dr.
0 R

e—0

Passing to (3.6), use (3.3) to compute

(3.6)] = /R (1 (o () — E (1o(x))) 90, x)dx + /R E (1o (x)) 9(0, x)dx

< /R E (o () (0. )dx + 190, g1 e €.

Adding the resulting estimates, we obtain
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T
0< / f (E (u(t, x)) 0rp(t, x) + F (x, u(t, x)) dxp(f, x)) dx dt
0 JR
T

—/ / (E' (u(t,x)) 0 H (x,u(t,x)) — 0, F (x,u(t, x))) ¢(t, x) dx dz
0 R

—}—/ E (u,(x)) ¢0,x)dx + O(1) e
R

where O(1) depends only on ¢ and on H. The proof of Claim 1 is completed. v

Claim 2: Proof of Item 2.

Fix a regularizing kernel p € C°(R; R) such that p > 0, p(0) = 0, sptp <
[—1,1], p(—x) = p(x) for all x € R and fR p = 1. For any positive ¢, let p.(x) =
(1/e) p(x/e). Fix k € R. Let E and F be as in (2.5). Recalling (2.6), define

E.(u):= / lw — k| pe(u —w)dw, 3.8)
R

Fo(x,u):=E.(u) 0,H(x,u) — E.(k) 0, H(x, k) — /u E.(v) Bqu(x, v)dv.
k
3.9

Clearly, E, is C*°, F, is C' and are an entropy—entropy flux pair in the sense of
Definition 2.3, so that (2.4) holds. Moreover, since E (1) = f]R lu —w — k| pe(w)dw,
p > 0 and the map u — |u — w — k| is convex for w € R, for ¢ € [0, 1] and for
ui, uy € R we have

Es Guy + (1 — 9)ua) = / (Buy + (1 = Puz) — w — k| pe (w)dw
R
S/(ﬁlul—w—kl-i-(l—ﬁ)luz—w—kl)ps(w)dw
R
=9 Ee(un) + (1 — 9) Es(u),

hence E. is convex.
Use (2.7) and fix any test function ¢ € Ccl,([O, T[xR; R;):

T
0< / / (Eg (u(t,x)) orp(t,x) + Fe (x, u(t, x)) dxp(t, x))dxds (3.10)
0 R

T
[ [ (B0 bt ) = 0cF Gt 0) ot xdvar
0o JRr
(3.11)
+/ E¢ (uo(x)) ¢(0, x)dx (3.12)
R
Note that (3.8) and (3.9) ensure the uniform convergence on compact sets of E; to E

and of F to F as ¢ — 0+. Therefore, it is immediate to pass to the limit ¢ — 0+
in (3.10) and (3.12). Indeed, with the notation (2.1),
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hm [(3 10)] = / / (Ju — k| 0,0 + ®(x, u, k) 0y ) dxdt;
lim [(3.12)] =/ luo(x) — k|dx.
e—0+ R

Consider now (3.11). Definition (3.9), (2.6) and (C3) ensure that d, F; converges
uniformly on compact sets to d, F. To deal with the term E, write

Ee(u) = / lu —w — k| pe(w)dw
R

u—k +oo
= / (“—w—k) pe(w)dw — / ( —w—k) pe(w)dw

—00 u—k

so that

u—k +00
E,(u) = f pe(w)dw — / pe(w)dw = / sgn(u — w — k) pe(w)dw.
u R

—00 —k

Since p, is even, we have that E é converges pointwise everywhere to E’ as ¢ — 0+,
with |E ! | < 1. Thus, the Dominated Convergence Theorem [22, Theorem (12.24)]
allows to pass to the limit also in (3.11):

T
lim [(3.11)] = —/ /(sgn (u(t,x) —k) 0,H (x, u(t, x))
e—>04+ 0 R
—sgn (u(t, x) — k) 0 H (x, u(t, x)) — 9 H (x, k)))p(t, x)dxds

T
—/ /sgn (u(t,x) —k) 0,H(x, k)dxdz.
0 R

Combining the obtained estimates of the limit ¢ — 0+ of the terms (3.10)—(3.11)-
(3.12) we get (2.2), completing the proof of Claim 2 and of Proposition 2.4. 0

Proof of Proposition 2.5. We adapt the arguments in [15, Lemma 3.2]. Therein, a
similar result is obtained in a different setting: a source term is present, the flux is
also time dependent but convex in u. Furthermore, the definition of solution in [15]
requires the existence of both traces is required at any point for all time.

Proof of (2.10). Fixa, b € Rwitha < bandt, t, € Ry witht; < t,. Fore €]0, (b —
a)/2[, choose as ¢ in (2.3) the Lipschitz continuous map @, (f, x) := xs(t) ¥ (x)
where

0 €]—o00,nl
(t —tl)/s teln,n+el
Xe(@):= 41 elti+e,n—¢l
(tz—l‘)/s telth—e bl

€l

0 1y, +oo[
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0 e]—o0,al
(x—a)/sx €la,a+¢[
Ye(x):= 41 €la+eb—c¢el (3.13)
(b—x)/sxe[ —e&,b[
0 € [b, +o0f.

By equality (2.3) in Remark 2.2, we obtain

1 t+e 1 %)
—/ /u(t,x) wg(x)dxdt——/ /u(t,x) Ye(x)dx dt
& Jn R & Jnh—e JR

T a+te
+é/ / H (x,u(t,x)) xe(t)dxdr
0 a

1 T b
——/ H (x,u(t,x)) x.(t)dxdr =0.
&Jo Jb—e¢

Recall the Definition (2.8) of K €L, so that the first line above is estimated as follows:

1 t+e 1 %)
—/ /u(t,x) Ye (x)dxdt — —/ /u(t,x) Ve (x)dxdt
€ Jy R & Jn—eJR
T
<k [
0

<K% -1 (3.14)

To compute the limit as ¢ — 0 of the left hand side in (3.14), observe first that

H+e

u(t, x) (wg(x) -1 (x)) dxdt
R [a.b]

< ||M||L<><>([0,T|x11a;11§)/]R

< 2¢ ullLe o, 71xR:R)
—0. (3.15)

e—0

Vo) =1 (0dx

An entirely similar procedure yields

I
l /2 / u(t, x) (1//5()6) —1 (x)) dxdr
&€ h—e JR [a,b] &

— 0. (3.16)

Recall that u € L°°([0, T] x R; R), so that u € Ll([O, T] x [a, b]; R). By Fubini
Theorem [22, Theorem 21.13], for almost all ¢ € [0, T], the map x — u(t, x) is in
L!([a, b]; R) and the map t > [ u(z, x)dx is in L' ([0, T]; R). Thus, if #; and 1, are
Lebesgue points [19, Chapter 1, § 7, Theorem 1.34] of ¢ +— fab u(t, x)dx, we have
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1 t1+e b
—/ / u(t,x)1 (x)dxdt — / u(ty, x)dx;
e Jy, R la,b] e=0 J,

1 n b
—/ /u(t,x)]l (x)dxdt —>/ u(ty, x)dx.
€ Jy—e JR la,b] e—0 J,

The latter relations, together with the limits (3.15) and (3.16), inserted in (3.14) com-
plete the proof of (2.10). v
Proof of (2.9). Fixa,b € R witha < b and 7 € Ry. For ¢ €]0, (b — a)/2[, choose
as ¢ in (2.3) the map ¢, (¢, x) := x:(t) Vs (x) where

1 te]l—oo,t—¢f
xe@®):=3 G —1t)/etet—e i
0 t €[t,+oof

and v, is as in (3.13). Repeat a procedure analogous to the one above choosing for 7 a
Lebesgue point of the map 7 > |, ab u(t, x)dx. The use of equality (2.3) in Remark 2.2
allows to let u,, appear explicitly.

The proof of Proposition 2.5 is completed. O

Proof of Theorem 2.6. Fix a representative u of a solution to (CL) in the sense of
Definition 2.1.

Claim 1: There exists a u* such that u* = u a.e. and u™ satisfies (a) and (b) in
Item 1.

By (2.9)-(2.10), for all a, b € R with a < b, there exists a negligible set /\/'a,b -
[0, T] such that (2.10) holds for all 7,7, € R4\N, and (2.9) holds for all 7 €
Ry \ Ng,p. Define

N = {t e[0,T]: {x eR:|u(t,x)| > IIMIILDC([OVT]XR;R)} is not negligible} U

U Na,b

a,beQ: a<b

which is also negligible by the definition of the L.°° norm and by Fubini Theorem [22,
Theorem 21.13] (set on the left) and by the choice of N, ; (union on the right). Note
that for all 7, #1, t, € [0, T]\V and for all a, b € Q, u satisfies (2.9) and (2.10).

Fix now a, b € R with a < b. Choose an increasing sequence a, and a decreasing
sequence b,,, both of rational numbers, such that lim,_, y a, = a,lim,_, b, = b
and a, < b,. Then, fab: (u(f, x) — uo(x)) dx‘ and fall" (u(ty, x) — u(ty, x)) dx‘ are
uniformly bounded by the right hand sides in (2.9) and in (2.10). The Dominated
Convergence Theorem [22, Theorem (12.24)] thus applies proving that u satisfies (2.9)
and (2.10) for all £, 1, t, € [0, T]\ N and also for all @, b € R.

Hence, for any real bounded interval I, 'f]R (u(tr, x) — u(ty, x)) ]ll(x)dx' <

Crlta — 11, for a constant C; depending on /. This bound then holds also for all
piecewise constant functions and, by further approximations, we know that for all
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fe LY(R; R) and for all ¢ > 0, there exists § > 0 such that if 71, > € [0, TN\N and
|ty — 11]<8, then | [ (u(t2, x) — u(t1, x)) f(x)dx| < e, thanks to the boundedness of
u(t, -) uniform in ¢ € [0, T]1\ N. Hence, u: [0, T\NN — L®(R; R) is uniformly
continuous with respect to the weak-* Li; (R; R) topology.

Apply now Proposition A.1, which is possible since L*° (R; R) is weakly-* complete
(as it follows, for instance, from Banach—Alaoglu Theorem [37, Theorem 3.15 and
Theorem 3.18]), and obtain an extension u of u which is defined on all [0, T'], attains
values in L (R; IR) and is continuous with respect to the weak-* L3> (R; R) topology.

The bound (2.9) also ensures that lim;_,o+ #(f) = u, in the weak-* topology of
L®°(R; R), so that u(0) = u,.

Define u*: [0, T] x R — R setting u*(t, x) = u(t, x) for all t € [0, T\ and
choose for u* () a precise representative, see [19, Chapter 1, § 7, Definition 1.26], of
iu(t) for t € N. Claim 1 is proved. v

Fix a strictly convex entropy E € C!(R; R). Choose a corresponding entropy flux
F by means of (2.4). With reference to (2.7), introduce the function G € L™ (R%; R)

G(t,x):=E (us(t,x)) 0xH (x, us(t, x)) — 0 F (x, us(t, x)) (3.17)

Fubini Theorem [22, Theorem 21.13] ensures that for any ¢ € Ci (R; R4), the map
t— fR E (us(t, x)) ¥ (x)dxisinL! ([0, T]; R). Call Py the setof its Lebesgue points
[19, Chapter 1, § 7, Theorem 1.34]. Call S the countable dense subset of Cg R; R)
constructed in Proposition A.2. Denote for later use

P:= ﬂ P,. (3.18)

yes

Note that [0, 7] \ P has zero Lebesgue measure, since S is countable. For all
Ve Cg(R; R), each t € P is a Lebesgue point of ¢ +— fRE (ux(t, x)) ¥ (x)dx,
by Proposition A.2.

Claim 2: For all R > 0, lim/_o4. rep [ lus(t, X) — p(x)|dx = 0.
By Item 1 in Proposition 2.4, for all ¢ € Cé([O, T[xR;Ry)

+o00
f / (E (us(t, x)) 0rp(t, x)+F (x, ux(t, x)) dxp(t, x)—G (1, x) ¢(t, x)) dxds
0 R
—i—/ E (up(x)) ¢(0,x)dx > 0.
R

Forn € N\{0} and t > 0, choose the test function ¢, ; € Cg([O, T[xR; R;) defined
by

(=)

1
On,c(t,x):=0 (n(t — 1)) ¥(x) where ()= 11-§ 0,1[ and ¥ € Cé(R; Ry).
0

oo e
V. m |A
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Clearly, ¢, . (t,x) — 1 () Y (x) forall (£, x) e Ry x R.
’ n—+oo ]—00,7]

Proceed now as in the Proof of Proposition 2.5. If T € Py, then
—/RE(M*(L ) W(x)dx—i—/ot/R (F (x. ua(t. X)) ¥/ (x) — G (1. x) ¥ (x)) dxdr
+ /R E (o)) ¥ (x)dx > 0. (3.19)
Consider the linear functional G; on C\.(R; R) defined by
Ge o= — /R E (a2, 1)) ¥ (x)dx
+/OT/R(F (. (£, 1)) ¥ () — G2, x) P (x) dxdr

+/ E (uo(x)) ¥(x)dx.
R

By (3.19), for all t € P as defined in (3.18), we have that G, > 0 for all ¥ €
C!R;R,).

Fix a positive R. Choose a sequence 1, € P with r,,n_>—+>000. By [19, Chapter 1,
§ 9, Theorem 1.46], the sequence u(7,, -) admits a subsequence u,(ty,, -) and, for
a.e. x € R, a Young measure [19, Chapter 1, § 9, Definition 1.34] v,, which is a
Borel probability measure on [ —||u ||, xR:R)- U+l ®, xR:R) ] such that for all
¥ € CL(I-R, RI; Ry)

R R
/ E(u*(tnk,x)) Y(x)dx — / /E(w) dv, (w) ¥ (x)dx.
—R k=00 J_R JR

Since G;¥ > 0 and thanks to the Dominated Convergence Theorem [22, Theo-
rem (12.24)], for all ¥ € C.([—R, R]; R) we have

R R
/ / E(w) dvy (w) ¥ ()dx < / E (tp(x)) ¥ (x)dx.
—RJR —-R

On the other hand, by Claim 1, u,(x) = fR wdv, (w) for a.e. x € R, so that

/ E(w)dvy(w) < E </ wdvx(w)> .
R R

The strict convexity of E yields the equality in Jensen [22, Exercise 30.34] hence for
a.e. x € R, vy is the Dirac delta at u, (x), ensuring the pointwise convergence, up to a
subsequence, see [38, Proposition 9.1.7]. The Dominated Convergence Theorem [22,
Theorem (12.24)], can be applied since for all # and for a.e. x we have |u.(t, x)| <
llully0¢ 0. 71xR) and implies that i (T, , ');H_ﬁoo”" in L' ([—R, R]; R). The choice of

the 7, is arbitrary, up to the set P, as is the choice of R. Hence, Claim 2 is proved. v’

Claim 3: Forall R > Oandforallt, € P, lim fR lus(t2, x) — us(ty, x)|dx =
h—t1+,neP
0.
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By Item 1 in Proposition 2.4, for all ¢ € Cé([O, T[xR;Ry)
+o0
/ / (E (us(t, %)) 09(t, X)+F (x, ux(t, x)) 9x@(t, x)—G(t, x) ¢(t, x)) dxdt
0 R

+/ E (u,(x)) (0, x)dx > 0.
R
Fore > 0 and t; > 71 > 0, choose the test function x, as in (3.13) and define

@e(t, x) = x:( Y (x) with ¥ € CL(R; R),
so that ¢, (¢, x);())]l[n,tz](t) ¥(x).

Proceed now as in the Proof of Proposition 2.5 and as in Claim 2. If t,#, € P as
defined in (3.18), then

4]
—f E (uy (12, x)) ¥ (x)dx +/ f (F (x, us(t, x)) ¥'(x) = G(t, x) ¥ (x)) dxds
R n JR

+ / E (us (11, x)) ¥ ()dx = 0, (3.20)
R

Proceed now exactly as in the previous Claim 2 to complete the proof of Claim 3. v/

ou+ 0 H(x,u) =0

laim4: For allr € P, th t 1 _
Claim orallr € P,t emap(t,x)»—>u*(t—l—t,x)soves{u(o,x)zu*(t’x)

in the sense of Definition 2.1 for (¢, x) € [0, T — 1] x R.
Define for e > 0

0 _
10, 1] and @ (¢, x) ;= (%) ¥ (1, x) where ¢ € CL([0, T[xR; Ry).
1

IV M |A

0§
v(E)=18¢
1 g

Use ¢, as a test function in (2.2) in Definition 2.1. Then,

0

IA

T
//(Iu*(t,x)—k|8t<ps(t,x)+<I>(x,u*(t,X),k) 0x@e (2, x)) dxdt
0 JR
T
—/ /Sgn(u*(t,x)—k) Ox H (x, k) @e (2, x)dxdt
0 R

+/ 1o (x) — K| 2 (0, x)dx
R

T t—71
_ / z?(—)/(|u*(f,x)—k|3t1ﬂ(f,x)
7 & R

+@ (x, uu(t, x), k) 0x (¢, x)) dxds

g
_f 9 (%)/ sgn (s (£, x) — k) 3 H(x, k) ¥ (¢, x)dxds
r R

1 i+e
+—/ / s (2, ) — k| ¥ (1, x)dxds
e Jr R
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T
—6/ /(Iu*(I,X)—kl3:W(I,X)+<I>(x,u*(t,X),k) Ox Y (1, x)) dxdr
E—> t_ R
T
—/ /sgn(u*(t,x)—k) 0x H (x, k) (¢, x)dxdt
r R

+f |us (T, x) — k| ¥ (7, x)dx,
R

where in the last line above we used Claim 3. Claim 4 is proved. v

Claim 5: (c) in Item 1 holds.
For any R > 0 define

Cr:=sup{|9,H(x, w)|: [x| < R+ land [w| < [lusllroo®, xrR) } -

Fix f € [0, T[ and choose t; € [f —1/Lg,f]NP, 1y € [t1,t; +1/£g]N P. By Claim 3
and Claim 4, the maps (¢, x) > u, (1 + ¢, x) and (¢, x) — u.(t2 + ¢, x) solve

{ oru+ 0y H(x,u) =0 (t,x) €]0, T — [ xR

M(O,x) = M*(t],.x) X € Ra
oru +0cH(x,u) =0 (t,x) €]0, T — [ xR
M(O,x) = u*(IZa-x) X € Ra

also in the sense of [27, Definition 1]. By [27, Theorem 1 and Theorem 3], which we
can apply thanks to (C3), fora.e. s € [0,1] —tp + 1/€R]
R R+1—Lgs
/ lus(ty + 5, %) — us(ty +5,x)|dx < / lus(ty + 5, x) — us(ty + 5, x)|dx
—R —R—14+Lgs
R+1
=< / [ (2, x) — ux (21, x)|dx
—R-1
< wr(ta —11) (3.21)

where we set

R+1
wpgr(8):= esssup / lus(t, x) — uy(ty, x)|dx
relt; .n+8]1J—R—1

and recall that by Claim 3, lims_, o4+ wg(§) = 0. Combine (3.21) with Claim 3 to
obtain that for all r, 13 € [t1, 11 + 1 /4RI N P

R
/ (13, %) — e (t2, )ldx < w0 (113 = 121)
—R

The above inequality shows that the map

[t1, 01+ 1/Lg1N P — LY([—R, R]; R)
t = us(t,-)
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is uniformly continuous. Hence, it can be uniquely extended to a continuous map
defined on all of [t, #; 4+ 1/€g]. Since Claim 1 ensures that u, is continuous in the
weak-* Ly (R; R) topology, this extension coincides with u,. Claim 5 follows because
trely, t + 1/€R[.

Claim 6: Item 2 holds.

Let u*, v* be solutions to (CL) with data u, and v,, satisfying (c) in Item 1, proved
in Claim 5. Then, u™ and v* are also solutions to (CL) in the sense of [27, Definition 1].
By [27, Theorem 1| and Theorem 3], which we can apply thanks to (C3), we have that if
L in (2.13) is finite, for all R > 0 and for almost all ¢ € [0, T'] the following estimates
hold:

R R+Lt
[ s (2, x) —v(t, x)|dx < / 1o (x) — vo(x)[dux;

R —R—Lt
R R+Lt
f [t (2, x) — v(t, x)]Tdx < f [0 (x) — vo(x)]Tdx,
—R —R—-Lt
Use the Llloc (R; R) continuity to obtain the above inequalities for all r € [0, T],

proving Claim 6 and thus completing the proof of Theorem 2.6. 0

Proof of Item 2 in Theorem 2.8. We follow the general ideas in [4, Chapter 2]. Fix
1t €]0, T[ and R > 0. Define

Q:={(,x) €0, 7[xR: |x| < R+ L(r —1)}; (3.22)
with L as in (2.18). Let C be as in (2.18), define H:R x R — R so that
I:I(x,p) = |ilnfC(H()c,q)—i—LIp—q|) for (x, p) e R x R. (3.23)
ql=

Claim 1: H (x, p) = H(x, p) whenever |p| < C, with C defined in (2.18).

For all (x, p) € R x [-C, C], we have H(x, p) < H(x, p). By the Mean Value
Theorem, forallx € Rand p1, p» € [-C, Cl,|H(x, p1) — H(x, p2)| < L |p1 — p2l.
Forgq € [-C,C], H(x, p) < H(x,q) + L|q — p| and, by the Definition (3.23) of
ﬁ, we have H(x, p) < fl(x, p), proving Claim 1. v

Claim 2: For all x € R, the map p — H(x, p) is Lipschitz continuous with

Lipschitz constant L as defined in (2.18).
Fix x, p1, p» € R. By (3.23), for all ¢ € [-C, C], we have

H(x,p)) <Hx,q)+L|p1—ql <H(x,q)+LIpy—ql+LIp— pal

so that H(x, p1) — LIpi — p2| < H(x,q) + LIp2 —q| implying H(x, p1) —
L|py = p2l = H(x, p2) and therefore H(x, p1) — H(x, p2) < L|p1 — p2|. The
analogous inequality exchanging p; with p is obtained similarly, proving Claim 2.v’

Claim 3: Let C, L be as in (2.18). Then, Formula (3.23) can be rewritten as

Hx,-C)—L(p+C) 1if pe]—oo,—C|
H(x,p)=1{ H(x, p) if pe[-C,C] (3.24)
Hx,C)+L(p—0C) if pel]C, 4o,
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so that H is continuous on R x R.
First, by (3.23), note that for p > C, I:I(x, p) < Hx,C)+ L (p — C), while for
q € [—C, C] the other inequality follows from

H(x,q)+L(p—q)

H(x,q) —Hx,C)+L(C—-q)+Hx,CO)+L(p—-0)
>Hx,C)+L(p-0)

which, passing to the infimum over ¢, also proves the third line in (3.24). The first
line is analogous and the middle one follows from Claim 1, completing the proof of
Claim 3. v

Claim 4: Let U, V be as in Item 2 of Theorem 2.8. Then, they are a subsolution
and a supersolution of 9, w + H(x, 3, w) = 0 in the sense of Definition 2.7.

Let ¢ be a C! test function and assume that U — ¢ admits a local maximum at
(5, x) €]0, T[xR. Then, for all x in a neighborhood of x,,

Uto, x) — @(to, x) < Ulty, x0) — @(to, Xo)
O(to, X0) — @(to, X) < U(ty, x0) — U2y, X)

©(to, X0) — @(to, x) < C |xo — x| [By (2.18)]
f — (¢
Sgn(.x() —X)ga( vao) (p( g,.x) S C
Xp — X

Passing to the limits x — x,4, we get |0,¢(?,, x,)| < C hence, by Claim 1 and using
the fact that U is a subsolution of (HJ),

0> 0,0(ts, x0) + H (x5, 3x9(t, X0)) = 0,0 (t0, Xo) + H (%0, 0x@ (1o, Xo)) -

To complete the proof of Claim 4, repeat the same procedure with the supersolution
V. v
Choose x € C*°(] — oo, R[; R} ) satisfying

Vze]l—00,0] x(z) =0

2
Vzel—oo, Rl x'(z) =0 and X(Z)zj——i_oo (3.23)

and define, for A > 0,

y:Q—>R by y@x) :=x(x|—-L(z—1),

A 3.26
Up: Q >R by Up(t,x) = U(t,x)——t—A)/(t,x). ( )
‘E’_

Claim 5: Uy is a strict subsolution of 9,w + H(x, d,w) = 0 on 2 as defined
in (3.22).

Letg € C! (2; R), (t,, x0) € €2 such that U 4 — ¢ has a point of maximum at (¢,, x,).
Then,y € C!(; R), since by the Definition (3.25) of x, y locally vanishes near x = 0
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A
for t+ < 1. The regularity of ¢ combined with that of (¢, x) > — + Ay(t, x),
r—

together with Claim 4, ensures that

A -
0@ (to, Xo) + W + A0ty (to, x0) + H (x0, Adxy (to, Xo) + dx¢(to, X0)) < 0
— 1o

0r@(to, Xo) + H (X0, Ix@(to, Xo)) + + A0ty (to, x0) — AL |0xy(to, x0)| <0

(T —10)?

where Claim 2 was used. Recall that by (3.26)

0y (to, X0) ZLX/(|x0|_L(T_t0)) and
Oy (T, Xo) = sgn(x,) X/ (Ixo] — L (t — 1))

so that

- A
O 9(to, x0) + H (X0, 3x@(to, X0)) + A x" (Ixo] — L (T — 15)) (L — L) t—— 5 = 0
—_— (T — 1)

H@(to, X0) + H (xo, dx9(to, X0)) + (3.27)

— <0
(t—19)% ~

completing the proof of Claim 5. v

Claim 6: Any convergent subsequence of a maximizing sequence of U4 —V attains
a limit in Q.
For all (¢, x) € Q,

Ua(t,) = V(t,) UG x) = V(. x) < |Ullpsep + 1V logp < +00
by the compactness of  and the continuity of U, V. Introduce a maximizing sequence
(ty, xp) € Q,sothatUy (t,,, xp)—V (ty, x1) —+> supq(Ua—V). Uptoasubsequence,

n—+0oo
we have (t,,, x,) —+> (7, ), for a suitable (7, ¥) € .
n—+0oo

If 7 = 7, then (3.26) imply the bound

A

T —t,

Ua(tn, xn) = V(tn, xp) < U lILe@iry + 1V Lo (:r) —

that would imply U4 (t,,, x,) — V (¢, x,) —> — 00, which is absurd.
n—-+00

If | x| = R + L (t — 1), then, by (3.22), we have the bound
Ua(tn, xn) — Vtn, xn) < IUllpo@ir) + 1V Lo @:ir) — A ¥ (s Xn)

that would once again imply Ux (¢,, x,,) — V (t,, Xp) —+> — 00, which is not accept-
n—+00

able, since (t,, x,) is a maximizing sequence, completing the proof of Claim 6. v
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Foralle > 0, (f,x) € Qand (s, y) € Q, define

1 1 My = mgx(UA -V)
o 2 2
Ve(t, x,5,y):=Ua(t,x) = V(s,y) — 222 (x =y - 22 (t—s)"and pp, sup e
QxQ

Claim 7: For all ¢ > 0, there exist points (7., x;) € Q and (s, y.) € Q such that
Ye(te, Xe, Ses Ye) = SUPg g Ve-

This claim is proved by exactly the same technique used in Claim 6.

Using Claim 7, for any ¢ > 0 let (¢, x4, S5, y¢) be a point of maximum in € x
of e, so that Ve (te, Xe, Se, Ye) = Mg ¢

v
Q

Claim 8: lim, .o M o = M, and lim, o 51 ((xc — ye)? + (e — 5:)?) = 0.
Since Ua(t,x) — V(t,x) = Ye(t,x,t,x) and Uy < U, we have

1
My <My < ||U||L°°(§;R) + ||V||L°°(§;R) - ﬁhe - y£|2 - E“s - Se|2

and therefore

e = el + lte = 5e? = 2 (10 ez + 1V oo imy — Ma) € — 0.

e—0

Let wy be a modulus of continuity of V in (¢, x) on Q and compute:

MA,E = Yelle, Xg, Se, Ve)

Lt —s? (328)

1 2
= UA(ta’xs)_V(ss’ys)_z_sz(xs_ya) _E

< (Ualte, xe) — Vtg, x¢)) + (V(te, xg) — V(Se, Ye))

< Mg+ oy (Jte — sel + [xe — yel)
—> My, (3.29)
e—0

proving the first limit in Claim 8. To prove the second one, refine the computa-
tions (3.28)—(3.29) above as

1
? <(x6 - )’8)2 + (te — S€)2> S Mpa—Mpe+ oy (It = se| + |xe — yel)
< wy (|t = sel + |xe — yel) s

completing the proof of Claim 8. v

Claim 9: % |x, — y| < C.
For all y close to y,, we have

IA

Ve (le, Xe, Sy y) Ye(le, Xe, Sey Ye)

A

1 1
—V (e, ) = 55 (% = ¥)? < =V (se, ye) — 523 (ke = ve)?
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1
E(y—ys)@xs—y—ys)scIy—ysl
1 +
o) sgn(y — Ye) (xg—y 2)’8) <C

and Claim 9 follows in the limits y — y,=. v

Claim 10: maxg (Us — V) = maxyj<r (Ua(0, x) — V (0, x)).
By contradiction, assume that maxg (Ua — V) > maxy<r (Ua(0, x) — V(0, x)).

. . . . 1
Using Claim 9, we can introduce a sequence &, converging to 0, such that ) (xg, —
- n -
Ye,) — p for a suitable p € [—-C, C] and so that t,, — ¢ and x,, —> X for a
n—+00o n—+00

suitable (7, ¥) € Q. By Claim 8, we also have that Sg, —> tandy,, —> X.Then,
n—-400 n—-+o00

|MA,5,, - (UA(tsna xa,,) - V(tan’ xs,l))|

1
P ((xs,, - )’8,,)2 + (ts,, - Ss,,)2>

< wy (‘tsn _s5n| + "xen - ygn}) + 28}1

— 0
n——+00

so that Ux (ts,, Xs,) — V (Ig,, Xe,) —+> M. Claim 6 implies that (7, X) € €. Since
n——+00
we are proceeding by contradiction, 7 > 0 and for all n sufficiently large, also #;, > 0,
so that (t;,, x¢,) € 2 and also (S, Ve,) € Q.
Let now n be sufficiently large and consider the maps

1 1

(t,x) > Ua(t,x) = | V(se,, ye,) + 55 (& = ye,)* + 55 (t —5¢,)° ) ;
2e, 2e,
1 1

(5.9) > V(s.y) = (Ualte, Xe,) + 5= (xe, = ¥)* + = (1, — )7 ) .
2en 2,

The former one admits a maximum at (,, x¢, ), while the latter admits a minimum at
(Se,» Ye,)- Since Uy is a subsolution and V' is a supersolution, by (3.27) in the proof
of Claim 5 and Claim 4 we have

(r - ts,,)Z o

1 - 1
8_205" - ss,,) +H (yé‘nv 8_2(358,1 - )’sn)) > 0.

1 ~ 1
_z(tsn - ss,,) +H (xe,,, _z(xs,, - .Vsn)> +
En &n

n n
Take the difference between the last lines above, let n — 400 and we get the contra-

diction: A/(t — 7)> < 0, proving Claim 10. v

Conclusion.
For all (¢, x) € 2, we have Us(t,x) — V(¢t,x) < U(t,x) — V(t, x) so that

max Ux(0,x) —V(0,x) < max (U,(x)— V,(x)).
|x|<R+LT |x|<R+LT
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Hence, using Claim 10, for fixed (¢, x) € 2,

Ua(t,x) =V, x) = max (Uy(x) — Vo(x))
[XI<R+LT

U(t,x) = V(t,x) < max (Uo(x)—Vo(x))+i+Ay(t,x)
[x|<R+LT T—1

X|<R+L

and in the limit A — O we have U (¢, x) — V (¢, x) < max|yj<pyr 7 (Up(x) — Vo (x)).
By the continuity of U — V/, the latter inequality holds for all (¢, x) € €, completing
the proof of Item 2 in Theorem 2.8. O

Proof of Item 1 in Theorem 2.8. Fix (s, y) € Ry xR.Define C = 105 U llLoo (10, 71 R:R) »
recall KH7 from (2.17) and set

vV :R2Z >R W :R2 >R
(t,x) = UG, )+KH (1—5)+Clx — y] (t,x) = UG, y)—KH (1—5)—Clx — y|.
(3.30)

Claim 1: For all x e R, U(s, x) < V (s, x) and V is a supersolution to (HJ) in the
sense of Definition 2.7 on R2.

The bound U (s, x) < V (s, x) follows from (3.30) and the Lipschitz continuity of
Uinx.

Letop € CH(RZ%; R) and fix (¢, x) € R2 such that V — ¢ has a point of minimum at
(t,x). For all ¢ € R, if |¢]| is sufficiently small, then

Vi, x) — e, x) <V(Et+ex)—e+e, x)
ot +e,x)—pt,x) <Vi+ex)—Vi,x) = K¢

so that letting ¢ — 0+ we have 3,¢(r, x) < K/, while letting ¢ — 0— we have
d:¢(t, x) > K"/ Hence, 3;¢(t,x) = K1/,
Again for |¢| is sufficiently small,

V(t,x)—et,x) <V(t,x+e)— @, x+¢)
o, x+e)—pt,x) <V, x+e)—V(t, x)

so that letting ¢ — 0+ we have d,¢(f,x) < é‘, while letting ¢ — 0— we have
dy@(r, x) > —C. Hence, |0,0(1, x)| < C.

The definition of K/ ensures that d,;¢(t, x) + H (x, d,¢(t, x)) > 0, proving
Claim 1. v

Claim 2: For all x e R, U(s, x) > W(s, x), W is a subsolution to (H]J) in the sense
of Definition 2.7 on R2.

The proof of this claim is entirely analogous to that of the previous one. v
Conclusion.
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We apply Item 2 in Theorem 2.8, which was proved above, on [s, +0o[ xR to
the couples of subsolution—supersolution (U, V) and (W, U) to get for all (¢, x) €
[s, +oo[ xR

Wi(t,x) <U((t,x) <V(, x)
\U(t,x) = U(s, )| < KAt — 5|+ Clx — y]

and by the arbitrariness of (s, y) we complete the proof of Item 1 in Theorem 2.8 [

3.2. Existence of helpful stationary solution

Here, we prove Theorem 2.9, which yields, for all U € R, 2 stationary entropic
solutions u_ and u4 to (CL) such that |u1| > U. We detail the case of u, that of u_
is similar. Further information and visualizations of the solutions constructed below,
together with hints to their role as asymptotic states, can be found in [12].

Lemma 3.2. Let H satisfy (C3)-(CNH)—(UC). FixU > 0. There existHe R Vel
and real monotone sequences a,, b, with lim,,_, y o, a,, = lim,,_ 4 o0 b;, = 0 such that

if

1
V(x,u) € R Hy(x,u):=H(x, u) —apu — zbnuz, (3.31)

1. Foralln € N, forall (x,u) € R2 H,(x,u) = H implies VH, (x,u) # 0.

2. Forall (x,u) e R%, H(x,u) = H implies VH (x, u) # 0.

3. Foralln € N, for all (x,u) € R2 |u| < U implies |H,(x,u)| < H and
|H (x,u)| < H.

4 Foralln € N, for all (x,u) € R? u > V implies |H,(x,u)| > H and
|H (x,u)| > H.

5. Foralln € N, forall (x,u) € R2, H,(x,u) = H and 3,H,(x,u) = 0 imply
82, Hy (x, u)#0.

Proof of Lemma 3.2. By (UC) we know that |H (x, u)| —+> + 0o. We assume that
u— 100

Vx eR Iim H(x,u) =400, (3.32)
u——+00
the other case, namely lim,_, ;oo H(x, u) = —00, is entirely analogous.

Introduce the map G : R* — R? defined by
V,u) €eR Gx,u)i= (8uH(x, W) —u 92, Hx, u), 92, H(x, u))

and note that, by (C3), G € C! (R%; R?).

Claim 1: There exist increasing sequences a, and b,, converging to O such that for
alln € N, (a,, b,) is a regular value for G and a, > —1,b, > —1.
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This claim follows from Sard’s Lemma A.3 applied with f = G,k =1,n] =ny =
2. Remark that here condition (C3) is fully exploited. v
The assumption (3.31) allows to introduce

H,(x,u)=nh
P:=dheR:3IneN, I(x,u) € R?suchthat 8, H,(x,u) =0 %, (3.33)
82, Hy(x,u) =0
H(x,u)=h
= R: 3 R? such th
Yy {he (x,u) € such that VH(x,u):O}
H,(x,u)=nh
. 2 n
U {h eR:3dn € N, 3 (x, u) € R” such that VH, (x.u) = 0} . (3.34)

Claim 2: ) is negligible and P is countable.
The former statement directly follows from Sard’s Lemma A.3 applied first with
f = H then with f = H, and k = 3,n; = 2,n, = 1. Fix n € N and define

Q= | (x.1) € R: 8, H, (x, w) = 0 and 92, Hy (x, ) = 0
- {(x, ) € R: 9,H(x, u) — byu = ay, and 8%, H (x, u) = bn}

- {(x, ) € R: 9, H(x, u) — 8%, H(x, u) u = ay and 92, H (x, u) = b,,}
={(x,u) e R: G(x,u) = (a,, by)} .

Recall that (ay, b,) is a regular value for G, so we have that Q,, is discrete, hence
countable. As a consequence, also H, (Q,,) is countable.

This holds foralln € N,hence P = UneN H, (Qy,) is countable, proving Claim 2.v’
Define, using (CNH),

H = sup |H(x,u)| = max |H(x,u)|
(x,u)eRx[-U,U] (x,u)e[—X, XIx[-U,U]

and note that the set | H; +U+% U?, +o00o[\ (YUP) is not empty by Claim 2 and (3.32).
Choose H in this set and with this choice, items 1, 2 and 5 hold by construction.

Claim 3: Item 3 holds.
Fix n € N and (x,u) € R? such that |u| < U. Then, |[H(x,u)| < H; < H.
Moreover, thanks to Claim 1 ensuring that |a,| < 1 and |b,| < 1,

1 1 _
[Hy(x,w)] < [H@x,w)| +U + U < Hi+ U+ 5 U < H
2 2
proving Claim 3. v

By (UC), we have a V € R such that for (x, u) € RZif |u| > V, then |H (x, u)|>H +
1>H > 0.
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Figure 1. Left, the level set H(x,u) = H, with & denoting the
regions where H(x,u) = H. Right, the dashed line is the graph
of the stationary entropic solution x +> u(x), which is inside
this level set. The diamonds on top of the vertical lines indicate the
positions of the points that, along the x axis, constitute the discrete
set X' defined in (3.40)

Claim 4: Item 4 holds.

Given this choice of V and assumption (3.32), we have thatforu > V, H(x, u) > 0.
Fix (x,u) € R? withu > V. We have H(x,u) = |H(x,u)| > H and since for all
neN a, <0,b, <0, we also have H,(x, u) > H(x,u) > 0. Claim 4 is proved, as
is Lemma 3.2. O

Lemma 3.3. Let H satisfy (C3)—(CNH)—-(UC) and moreover

Vx eR lim H(x,u) = +oo. (3.35)

u——+00

IfU, V and H are positive real numbers such that

V(x,u) e R%u € [0,U] — H(x,u) < H, (3.36)

V(x,u) e Ru>V = H(x,u) > H, (3.37)

V(x,u) e RPH(x,u) = H = VH(x,u) #0, (3.38)
2 H(x, u) = I:I 2

V(x,u)eR S HOr w) = 0 } — 92, H(x,u) #0. (3.39)

Then, there exists a stationary solutionuy € L®(R; R™), inthe sense of Definition2.1,
to oru + 0y H(x, u) = 0 that satisfies H (x,u4(x)) = H (so that uy attains values
in]U, V|).

Proof of Lemma 3.3. In the construction below, we refer to Fig. 1.

Claim 1: There exists u#; > 0 such that H(X, u;) = H and 3, H (X, uy) > 0.
Define

U:={u e[U,+oo[: forallve[U,ul H(x,v)<H}.
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Clearly, U € U and V is an upper bound of Y. Define u;:= supU. By (C3),
H(X,u;) = H and 3,H(X,u;) > 0. By (3.38), VH(X,u1) # 0 while (CNH)
ensures that d, H (X, u1) = 0. Hence, 9, H(X, u1) > 0, proving Claim 1. v

Call 7, : R x R — R the canonical projection m,(x, u) = x. Introduce the set
(corresponding to the diamonds in Fig. 1, right)

X:=R\ {x € R: ifu € Ry is such that H (x, u) = H then 3, H (x, u) # 0}
= ({(x,u) e Rx Ry: H(x,u) = H and 3, H (x, u) = 0}) . (3.40)

Claim 2: X is finite.

The set {(x,u) € R x Ry: H(x,u) = H and 3, H (x, u) = 0} is closed by (C3),
contained in [—X, X] x [U, V] by the choice of H and consists of isolated points
(apply the Inverse Function Theorem to (x,u) — (H (x,u) — H, 3, H(x, u)) and
then use (3.38) and (3.39)). Hence, it is finite and so is its projection on the x axis.
The proof of Claim 2 follows. v

Define y, := inf ) where, denoting co(A) the convex hull of A and using the nota-
tion (2.1),

Ju piecewise C', u: [y, X] — R, such that
0 ) =u
YV:i=43yel[-X,X]: (i) H(x,u(x))=H forall x € [y, X]
@iii) 0y H (x,u(x)) > O0forall x € [y, X]
(iv) Vx €[y, X]Vk e co{u(x—), u(x+)} & (x,u(x—),k) >0

(3.41)

Above, u piecewise C! on [y, X] means that that there exist finitely many pairwise
disjoint open intervals I, such that [y, X] = UE, ug, € CY%T,; R) and uy, €
Cl(I;; R).

Claim 3: y, € ).

The Implicit Function Theorem and Claim 1 ensure that ) contains a left neighbor-
hood of X, so that ) # (. Moreover, Y C [—X, X], so that y, = inf ) is finite.

If X = ¢, define y := X. Otherwise, note that there exists y € ) such that y <
min(XN]yy, X]), since X is finite by Claim 2 and by the properties of the infimum.
In both cases, there exists a map u satisfying (i), (ii), (iii) and (iv) in (3.41) defined
on [y, X]. An application of the Implicit Function Theorem, since Jy., y] N X = 0,
allows to extend u down to y, so that uy, jis C'. Hence, y, € ), proving Claim 3.v'

Call u the map corresponding to y, € ) as defined in (3.41) and set u :=u4 (y4).

Claim4: y, = —X

Assume y, > —X. Then, consider first the case 9, H (yx, ux) # 0. The Implicit
Function Theorem ensures that u, can be extended toward left in a C! way (so that the
properties defining ) remain trivially satisfied), contradicting the above construction.
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Consider now the case 9, H (y«, ux) = 0. Again, the Implicit Function Theorem
and the assumptions (3.38) ensure the existence of ¢ > 0 and of a function ¥ such
that H(y, v) = H with Yy Elyx — &, v« + e[ and v €lu, — &, u, + €[ is equivalent to
y = ¥ (v). Direct computations show that y, = 9 (u), 0 = ©'(uy) and, by (3.39),
¥ (uy) # 0. Moreover, y = ¢ (u+(y)) for y > y,. Hence, %" (uy) > 0.

There exists &, > 0 such that for all u €luy, — &y, uy + 5[\ {u+}, 9 (u) > y.. Hence,
forall u €luy, — &4, uy + &4, if u # u, then H(yy, u) # H.

Case 1: Suppose that H (y,, u) < H for all u €luy, uy + &x.

Introduce

Vi={u € [uy, +oo[: Vv € [uy, u] H(ys, v) < H}. (3.42)

V # () since [uy, uyx + €[S V. By (3.37), V is bounded above by V and we can
introduce v, := sup V), which is finite. Note that for # near to v,

H(y*,u)fl-—lforu<v* H(y*,v*)zl:l H(y*,u)>l—_1f0ru>v*

showing that v, is neither an isolated point of maximum nor an isolated point of
minimum of u +— H (yx, u). By (3.39), it then follows that 9, H (y«, v4«) # 0 and,
hence, 0, H (¥, vx) > 0. Apply now the Implicit Function Theorem on the level set
H(x,u) = Hina neighborhood of (yy, v4), obtaining a map u = v (x) defined on
1y« — 1, y« + n[. Define

w [y —n, X1 — R*

Y(x) x €[y« —m, ysl
T {u+(x> X € [y, X]

Clearly, u® is piecewise C!. Moreover, it satisfies (i), (ii) and (iii) because u, and
(thanks to the definition of v, as the supremum of V) satisfy them. Concerning (iv):
if y < ys, simply note that ¥ is C!; for y > v,, u, satisfies (iv) and at y = y, we
have ub(y*+) = Uy, ub(y*—) = v, and by the definition of vy, v, > u, and for all
k €luy, vi[ by (3.42), H(y4, k) < H = H (y4, vy). This implies y, — n € ), which
contradicts the choice y, := inf ).

Case 2: Otherwise, since u — H (yx, u) is continuous, a connectedness argument
ensures that H (y,, u) > H for all u Eluy, Uy + 4.
We have 9, H (y«, us) = 0, 50 32, H (v, ux) > 0 and by (3.39), 82, H (y«, us) > O.
Thus, for all u €luy — ey, usl, H(yx, u) > H. We now proceed as in the case above.
Introduce

V.= {u € [0, us]: Vv € [u, ux] H(yx, v) 21-_1}.

V # (J since Juy, — &4, ux] € V. By (3.36), V is bounded below by U and we can
introduce v, := inf V, which is finite. Note that for u near to v,

H(y*,u)<l-_]f0ru<v* H(y*,v*)zl-_l H(y*,u)zl-_]foru>v*
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showing that v, is neither an isolated point of maximum nor an isolated point of
minimum of u +— H (yy, u). By (3.39), it then follows that 9, H (y«, v«) # 0 and,
hence, 9, H (v, vx) > 0. Apply now the Implicit Function Theorem on the level set
H(x,u) = H in a neighborhood of (ys, v), obtaining a map x > ¥ (x) defined on
1y« — 1, y« + nl. Define

W [ye — 0, X1 — R*
. {wm x € [ys =, yl
uy(x) x € [yx, X]
Clearly, u” is piecewise C!. Moreover, it clearly satisfies (i), (ii) and (iii) because u
and v satisfy them. Concerning (iv): for y < ys, ¥ is C'; for y > y,, u satisfies (iv)
and at y = y, we have ub(y*—i—) = Uy, ub(y*—) = v, and by the definition of v,,
vy < uyandforallk €luy, vil, H(ys, k) > H= H (yx, vy). Thisimplies y, —n € Y,
which contradicts the choice y, := inf ). Claim 4 is proved v
Conclusion.

First, extend u4 on | — 0o, — X ] setting it to be constant and, separately, on [ X, +o00[
also setting it to be constant. Note that u_. is of class C! both on a neighborhood of
—X and on a neighborhood of X, since by (CNH), o, H(£X, u) = 0 for all # and
thanks to (i) in (3.41).

Then, we verify thatu is a Kruzkov (stationary) solution in the sense Definition 2.1.
(Recall the notation introduced in (2.1)). Let k € R, ¢ € Cé([O, T[xR;R;) and
define:

+oo
A= / luy(x) — k| 0rp(t, x)dxdr;
0 R
B(t):= / D (x, uy(x), k) oxp(t, x)dx;
R
C():=— / sgn (uy(x) —k) oxH(x, k)dx o(t,x);
R

D:

/ 4 (x) — k| (0, x)dx .
R

We show that A + f0+°° (B(t) + C(t))dt + D > 0 considering the different terms
separately.

+00
A= / luy(x) — k|/ or(t, x)dt dx = —/ luy(x) —k|lp(0,x)dx = —D.
R 0 R

Call p1, pa, ..., pp (With p; < p;y1) the points of jump in x +— u,(x), they are
finitely many by the Definition (3.41) of ) and that of u_ . For later use, let pg := — X
and py+1:=X. We know that uy. € C'(Ipi, pis1[: R) N C([pi, pis1 i R) for i =
0, ...,n. When x is different from all py, ..., p, and, using [27, Lemma 3], compute
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;1—x<b (e, up(x), k) = 0x P (x, uy (x), k) + 0P (x, uy(x), k) dyu(x)
= sgn (u4(x) — k) (0x H (x, u4(x)) — 9x H (x, k))
+sgn (u4(x) — k) 0, H (x, uy(x)) dyuy(x)
= —sgn (u4(x) — k) 0, H (x, k) (3.43)

since, by the definition of u, H (x, uy (x)) = H. Fix t € R and compute:

P =l
B(t) = / D (x, uy(x), k) oyp(t, x)dx + Z/ D (x, uy(x), k) oyp(t, x)dx

00 i=1YPi

+00
—|—/ D (x, up(x), k) oxp(t, x)dx
p

n
P1

d
— ® (pr s (p1). K) go(r,m)—/ 0 (s (0, K plt, 1) da

—00
n—1

+ D (@ (pirt, us (piy1-). k) @(t, pir1) — @ (pi ug(pi+). k) @(t, pi)
i=1
n=loepi g

—Z/ — @ (x, up(x), k) @(t, x) dx
= Jpi dx

“+0oo

i<I> (x,uy(x), k) p(t, x)dx

—® (p. s (pu). K) 9(2, pa) —/ =

Pn

=Y (@ (i, us (pi—), k) = @ (pi, uy (piH), ) 9 (t, pi)

i=1
+/ sgn (u4(x) —k) 0, H (x, k) o(t,x)dx  [by (3.43)]
R
= Z (P (pisut(pi—). k) — @ (pi,ut(pi+), k) ¢(t, pi) — C(1).
i=1

‘We thus obtain

+00
A+ / (B(t)+ C(t))dt + D
0
+oo
= /0 Z (@ (pi, ug(pi—), k) — @ (pi, uy(pi+), k) ¢(t, pi)dt
i=1
and we compute the generic i-th term of the latter sum as
d (pis u+(pi _)1 k) - (piv u+(pi+)v k)

= sgn (uy(pi—) —k) (H— H(pi, k)
—sgn (ui(pi+) —k) (H— H(p;., k) (3.44)
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where we used H (x, u4 (x)) = H for all x. Clearly, if k & co{u, (p;—), us(pi+)},
the latter term vanishes. Assume k € co{uy(pi—),u+(pi+)}. Then, prop-
erty (iv) in (3.41) ensures that sgn (uy(pi—) — k) (I-_I — H(pi, k)) > 0. On
the other hand, being k between u(p;—) and uy(p;+), sgn (us(pi+) —k) =
—sgn (u4(p;—) — k), so that the difference (3.44) is nonnegative and so is the test
function ¢.

The proof of Lemma 3.3 is completed. g

Lemma 3.4. Let H satisfy (C3)—(CNH)-(UC) and moreover

Vx eR lim H(x,u) = —o0. (3.45)

u——+00

Let U and V be positive real numbers and H be negative such that

V(x,u) e R?  uel0,U] — H(x,u) > H, (3.46)

Vix,u) e R2 u>V — H(x,u) <H, (347

V(x,u) e RZ H(x,u)=H = VH(x,u) £0, (3.48)
2 H(x,u)=H 2

V(x,u) eR B Hx ) = 0 } — 02, H (x, 1) £0. (349

Then, there exist a stationary solution uy € L®[R; R*) to d,u + 0, H (x,u) = 0 in
the sense of Definition 2.1 that satisfies H (x,u(x)) = H.

When (3.35) is replaced by (3.45), the above procedure can be repeated with essen-
tially only technical modifications. We list below the various steps, omitting the details.
We stress that it is critical that the case below be treated “from left to right”, i.e., from
—X to X, corresponding, with the terminology of the previous proof, to y, = sup ).

Proof of Lemma 3.4. Referring to the proof of Lemma 3.3, we only describe below
the necessary modifications when (3.45) substitutes (3.35).

Claim 1 is modified to: There exists a real u; > 0 such that H(—X, u;) = H and
0, H(—X,uy) <0.
Introduce the set

X:=R\ {x € R: ifu € Ry is such that H (x, u) = H then 3, H (x, u) # 0}
= ({(x,u) e R x Ry: H(x,u) = H and 3, H (x, u) = 0})

Claim 2 is modified to: X is finite.
Define y, = sup Y, where, using the notation (2.1),

Ju piecewise C', u: [-X, y] - R, such that
0 uC=X)=u
Y:i=1{yel[-X,X]: (i) H(x,u(x))=H forallx € [-X, y]
(iii) 9, H (x,u(x)) <Oforall x € [-X, y]
(iv) Vx € [-X,y] Vkecofu(x—),u(x+)} O (x,u(x—),k) >0
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Claim 3 is modified to: y, € ).
Claim 4 is modified to: y, = X.
Conclusion. No change is necessary. 0

Lemma 3.5. Let H € C2(R?; R) and (CNH) hold. Let u be a stationary solution
to (CL) in the sense of Definition 2.1. Then, for any C' entropy—entropy flux pair
(E, F), in the sense of Definition 2.3, with E convex, the entropy production distribu-
tion

P:xt> =0 (F(x,u(x)) — E (ux)) 0:H (x,u(x)) + 0. F (x, u(x)) (3.50)

is a positive measure and satisfies for all r € R

/rdP(x) =F(—r,u(—r))— F (r,u())

—r

,
+/ (E" (u(x)) 0 H (x, u(x)) — 9 F (x, u(x))) dx.
—r

By Proposition 2.4, since u is stationary, the proof of Lemma 3.5 consists in inte-
grating (3.50) against test functions that approximate the characteristic function of
[=r. 7]

Proof of Theorem 2.9. Apply Lemma 3.2 to obtain H, V and the sequence of Hamil-
tonians H,,. Both Lemmas 3.3 and 3.4 can be applied to each H,,, U, V, H and ensure
the existence of a stationary solution u, to d;u + 9y H,(x,u) = 0 in the sense of
Definition 2.1, for each n. Moreover, H, (x, u,(x)) = H and u,, attains values in
1U, VI[.

Since: ay,, b, € [—1, 1], both sequences vanish, (CNH) and (3.31) hold, we get

H, — H in C*®Rx[U,V];R). (3.51)

n——+00

Givenanentropy E € C2(R; R), we can introduce by means of (2.6) the corresponding
flux

F,(x,u):= /u E'(v) 3, H,(x, v)dv
0

= F(x,u) —ay (E(u) — E(0)) — by E(u) u + by / E@)dv. (3.52)
0

Claim 1: For any R > 0 and for any convex entropy £ € C>(R;R), define F,
by (3.52). Then, {3, (F, (-, u,)) : n € N}is relatively compactin H~!([—R, R]; R).

We apply [38, Lemma 9.2.1], which we adapt here to the present (stationary) situ-
ation. By (3.51), using Proposition 2.4, straightforward computations yield:

Ox (Fn (x, un (x))) = vn(x) — tn(x) (3.53)
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where

Un(x) 1= — E' (up(x)) 0xHy (x, un () + 0 Fy (X, 4y (x))
Mn(x):= — O E (uy(x)) — 0x (Fy(x, up(x)))
- E/(un(x)) O Hy(x, up(x)) + 0x Fy(x, up(x)) .

The family (u,) isin L°°([0, T]x[—R, R]; [U, V]), thus the family (v, ) is bounded in
L*>([0, T] x [—R, R]; R) by (C3) and it is also bounded in M([0, T] x [—X, X]; R).
The family (u,) is bounded in M([0, T] x [—X, X]; R) by Lemma 3.5. Clearly,
{0y (Fu (-, uyp)) : & €]0, e[} is bounded in W’l*oo([—R, R]; R). Thus, Murat Lemma
[38, Lemma 9.2.1] completes the proof of Claim 1. v

By [19, Chapter 1, § 9, Theorem 1.46], the sequence (u,) admits a subsequence,
which we keep denoting (#,), and, for a.e. x € R, a Young measure [19, Chapter 1,
§ 9, Definition 1.34] v, which is a Borel probability measure on [U, V] and such that

lim g(un(X))w(X)dx:/ </ g(w)dvx(w)> @(x)dx
R R \J/R

n——+00

for any g € C°(R; R) and for any ¢ € L!(R; R). Clearly, we also obtain that for any
Y E Ll([O, T] x R; R), we have

T T
lim / /g(un(x))w(t,x)dtdxzf f(/ g(w)dvx(w)> o(t, x)drdx.
n—+o0 Jo JR 0 JR \JR

(3.54)

Claim 2: For any G € C°(R%; R) such that G(x,u) = G(—X, u) for all x €
]—o00,—X]and G(x,u) = G(X, u) for all x € [X, +o0],

T T
lim / / G (x,u,(x)) @(t, x)dtdx:/ / </ G(x,w) dvx(u))> o(t, x)drdx.
n—>+oo Jo JR 0 Jr \JR

Recall that u,, € L*®(R; [U, V]). In view of our later use of Fubini Theorem, we
use Stone—Weierstrass Theorem [22, Corollary 7.31] so that for every § > O there exist

av € Nand functions fi,..., f, € CO([—X, X];R), g1,..., g, € CO(U, V]; R)
such that
v
sup Glx,w) =Y folx) ge(w)| < 8. (3.55)
(x.w)e[—X,X]1x[U,V] —
Since G satisfies (CNH), for £ = 1, ..., v, introducing the functions

. fe(=X) for x < —X
fe(x) =1 fe(x) for x € [-X, X]
Je(X) for x > X



J. Evol. Equ. Conservation laws and Hamilton—Jacobi equations Page 43 of 72 50
we can extend the latter statement (3.55) to

< 4.

GG, w) = Y folx) ge(w)

=1

sup
(x,w)eRx[U,V]

Recall that the support of v, is included in [U, V] for a.e. x. Then,

G(x un(x)) @(t, x)drdx —/ / </ G(x,w)dvx(w)) o(t, x)drdx

A (G (¢, up (x)) = Z fe(x) ge (un(X))> (1, x)drdx
=1

T v
,/ Z ﬁ(x) 8¢ (un(x)) @(t, x)drdx
R=1

0
T Voo
_/ /(/fo(x)gz(w)dvx(w))w(t,x)dtdx
o Jr\Jr{

T L
+f f(/ —G(x,w)+Zﬁz(X)gz(w)dvx(w)) @(t, x)drdx
0 R R

=1

< 268 llellLiqo,71xR:R)

T
R(é’e (1n(x)) —/Rge(w)dvx(w)) (fe(x) @(t, x)) drdx

and each term in the latter sum above converges to 0 by (3.54), since each f; ¢ is in
L'([0, T] x R; R). Passing to the lim sup and using the arbitrariness of §, Claim 2 is
proved. v

Claim 3: For any G, € C°(R%; R) with G, (x,u) = G,(—X, u) for all x €] —
0o, —X] and G, (x,u) = G,(X,u) for all x € [X, +o0o[, such that G,, converges
to G uniformly on R x [U, V],

T
lim / /G,, (x, up (x)) @(t, x)drdx
R

n——+00 0

T
=/ / (/ G(x, w)dvx(w)> o(t, x)drdx. (3.56)
0 JR\J/R

The above assumptions ensure that G satisfies the hypotheses of Claim 2. Therefore,

T
(Gn (st () (1, ) — ( / Glx. w)dvx(w)>) drdx
R R

T
/ (G (x,uy (X)) @(t,x) — G (x,uy(x)) @(t, x)) dtdx
R

T
(G (x,up(x)) p(t, x) — (/ G(x,w) dvx(w)>> drdx
R R
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< NGn = GllLeq—x, x1x[v,viR) 1€llL10, 715 R: R)

T
+ / / <G (x,uy(x)) o(t,x) — (/ G(x,w) dvx(w)>> drdx
0 R R

— 0
n——+00

where we used (3.51) and Claim 2, completing the proof of Claim 3. v

Claim 4: For any entropy E € Cz(R; R), there exists a set Qz C R such that
R\ Qp is negligible and for all x € Qg

/ (w F(x,w) — E(w) H(x, w))dvy (w)
R

3.57)
=/ wdvx(w)/ F(x,w)dvx(w)—/ E(w)dvx(w)/ H(x, w)dv, (w)
R R R R

where F is an entropy flux corresponding to E with respect to H, according to
Definition 2.3.
Consider the vector fields

Uy (x)
Hy (x, uy(x))

and assume preliminarily that E is convex. Call F}, the flux corresponding to E with
respect to H,, as defined by (3.52).

Fix an arbitrary R > 0. In the present stationary situation, V-V,, vanishes. Moreover,
by Claim 1, V A W, lies in a relatively compact subset of H-!([0, T] x [-R, R]; R).
By the div—curl Lemma [16, Theorem 17.2.1], we have

Va(t, x):= |:

W, (t, x) == |: Fy (x, uy(x)) :|

—E (x, uy(x))

lim (V, -W,) = ( lim V,,) . < lim W,,). (3.58)

n——+o00 n——+o00 n——+00
More precisely, applying (3.56) to the sequences G,(x,u) = uF,(x,u) —
E(u) Hy(x,u), Gp(x,u) = u, Gu(x,u) = Hp(x,u), Gp(x,u) = Fy(x,u) and
Gp(x,u) = E(x,u), the following limits hold in the sense of distributions over

[0, T] x [—R, R], the functions being understood in L2([0, T] x [—R, R]; R), so that
their products are in L!'([0, T] x [-R, R]; R):

1ir41_1 Vi - Wy : (t,x) > / (wF(x,w) — E(w) H(x, w))dv,(w)
n— 100 R

Jr wdvy (w)
Jr H(x, w)dvy (w) :|
Jg F(x, w)dvy (w)

— g E(w)dv, (w) :|

where F is an entropy flux corresponding to E with respect to H. Since R is arbitrary,
equality (3.58) ensures that (3.57) is proved in the case of a convex entropy for all
(t,x) € fZE, for a set QE such that ([0, T'] x R)\QE is negligible.

lim V,(t, x) :(t,x)H[
— 400

n

lim W,(t,x) :(t,x) — |:
n—-+00
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Note that equality (3.57) is independent of time and ([0, 7] x R) \ Qp is negligible,
hence we may assume that (3.57) holds for all x € Qf, where R \ Qf is negligible.
Claim 4 is proved in the case of a convex entropy.

Assume now that E is not necessarily convex. Then, we can introduce two convex
functions £, E_ of class C2(R; R) such that

E' (w) := max{E"(w), 0}

Yw ER bl w) = max{—E"(w). 0}

and E(w):=E(w)— E_(w)
These functions are not uniquely defined, since adding/subtracting affine functions of
w does not alter the validity of the latter requirements. Repeating the argument above,
for all x € Qp, N QEg_, equality (3.57) holds also for the not necessarily convex
entropy E, the set R\(2g, N Qg_) being negligible. Claim 4 is proved. v
Call € the countable set of all polynomials with rational coefficients and define

Q= ﬂ QF. (3.59)
Ec&E

Claim 5: The set 2 is such that R\<2 is negligible and for all E € C°(R; R) and
for all x € ©, equality (3.57) holds, where F* is given by (2.6), for any k € R..

For any E € £ and for all x € , by Claim 4 equality (3.57) holds, R \ € being
negligible.

Let now E € CO(R; R) be fixed. By the classical Stone—Weierstrass Theorem [22,
Corollary 7.31], there exists a sequence Ej, in £ converging to E uniformly on [U, V].
Clearly, the sequence of fluxes F,f corresponding to E,, defined by (2.6) converges to
the flux F*, also defined by (2.6). Since (3.57) holds in Q2 for each pair (E,, F,’l‘), it
also holds for (E, F k). By the arbitrariness of E, Claim 5 is proved. v

Define for all x € R

u(x):= / w dvy (w). (3.60)
R

Claim 6: With reference to (3.59) and (3.60), for all x € 2,
/ H(x,w)dvy(w) = H (x, u(x)). (3.61)
R
Set for & € Q, E(w):=|w — u(&)| so that by Definition 2.3 F*&) (x, w):=

sgn (w —u(€)) (H(x,w) — H (x,u(£))), see also (2.6). By Claim 5, using (2.1),
we get that for all x € Q

/R(w D (x, w, u(§)) — H(x, w) [w — u@)|) dve (w)

= u(x) /q’(x,wﬁu(é))dvx(w)—fH(x,w)dvx(w) / [w — u(&)|dvy (w).
R R R
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Rearranging the terms, one gets

/R[(“’ S u(x)) D (x, w, w(E)) — Hxaw) [w — u(@)]]dvy (w)
=—/ H(x, w)dvy (w) f w — u(®)]dvy (w).
R R

Choose x = &, use (2.1) to get ([ H(E, w)dve(w) — H (£, u(&))) [ lw —u(@)]
dve (w) = 0. Either the first factor vanishes, or vg is Dirac delta at u(&). In both cases,
using (3.60) and the arbitrariness of &, Claim 6 is proved. v

Claim 7: The sequence u, converges to i, as defined in (3.60), a.e. in R.
(The content of this step is heavily inspired by [24, Section 5.4]).
From Claim 5 and from (3.61) in Claim 6, we obtain that for all x € €2, as defined
in (3.59), and for all E € C°(R; R)
/R[(w —u(x)) Fx,w) — (H(x, w) — H (x, u(x))) E(w)]dvy(w) =0
(3.62)
where F' is as in (2.6), for any k. For a.e. x € R, v, is a probability measure and the

maps w — w —u(x), w — H(x, w) — H (x, u(x)) are sufficiently regular to ensure
that the set functions

@ (S) = /S (= u() dve(w) and B (S)
= /S(H(x, w) — H (x, u(x))) dvy (w)
(S being any Borel set) are finite Radon measures. Hence, the two maps

Ax(v):=ax(] —o0,v]) and By(v):= (] — 00, v]) (3.63)
are in BV(R; R). Since sptv, C [U, V], then Ay (v) and By (v) vanish for v < U
and attain a constant value for v > V. Moreover, (3.60) implies that o, (R) = 0
while (3.61) in Claim 6 implies that 8, (R) = 0. Therefore, for all x € R, both A, and
By are supported in [U, V']. An integration by parts, see [21, Theorem B] (in particular

the remark at the bottom of [21, p. 422]), then ensures that from equality (3.62) we
can deduce

/ Ac(w) 3y F(x, w) dw = / B, (w) E'(w) dw
R R
and therefore

/ E'(w) 0y H(x, w) Ay (w) dw = / E'(w) By(w) dw.
R R
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In the above equality, E can be any C' function, E can be any continuous function,
hence

OwH(x, w) Ay(w) = By(w) forae. (x,w) € R x R. (3.64)

Furthermore, we have that

(H(x,w) — H (x,u(x))) Ay(w) = (w — u(x)) By(w) forae.(x,w)e R xR.
(3.65)

Indeed, the two sides have the same distributional derivative in w by (3.64) and (3.63),
while they clearly coincide when w = u(x). Inserting (3.64) in (3.65), we have

(H(x, w) — H (x,u(x))) Ax(w) = (w —u(x)) dpHx, w) Ax(w)

Call [a, b] the minimal (with respect to set inclusion) interval containing the support of
vy and assume by contradictionthata < b.Notethat A (w) # Oforw €]a, b[. Indeed,
by the definition of A, (w) and since v, is nonnegative, the map w — Ay (w) vanishes
for w < a, weakly decreases for w €Ja, u(x)[, weakly increases for w €lu(x), b[,
and then vanishes for w > b. The minimality of [a, b] ensures that A, is nonzero in
both a right neighborhood of a and a left neighborhood of 5. Simplifying, we thus
obtain

(H(x,w) — H (x,u(x))) = (w—u(x)) 0yH((x,w) forallw €la,b[ and for a.e. x € R.

The latter equality contradicts (WGNL) unless a = b, ensuring that, fora.e. x € R, v,
is a Dirac measure, which in turn implies pointwise convergence up to a subsequence
by (3.54), see [38, Proposition 9.1.7]. Claim 7 is proved. v
Conclusion.

By Claim 7, up to a subsequence, we have the pointwise a.e. convergence u,, — u as
n — +o00. The L*° bound u, (x) € [U, V]fora.e. x € R allows to use the Dominated
Convergence Theorem [22, Theorem (12.24)] in (2.7). By Proposition 2.4, we get that
u is a weak entropy stationary solution (Definition 2.1) attaining values between U
and V. This accomplishes the construction of u, that of u_ is entirely similar. The
proof of Theorem 2.9 is completed. 0

3.3. Vanishing viscosity approximations

Proof of Theorem 2.11. Let u be a classical solution to (2.20) on I. Clearly, U as
defined by (2.24) satisfies (2.23), simple computations yield U (0, x) = U,(x) and

U(t,x)+ H (x,0,U(t, x))

= /X ou(t,£)dE — H (x,, u(t, x,)) + € oyult, x,) + H (x, u(t, x))
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[ (~oH e e e e, 6)) e

—H (xo, u(t, x5)) +e oxu(t, xo)+H (x, u(t, x))

—H (x,u(t,x)) + H (xo, u(t, x,)) + € 0xu(t, x) — € o u(t, x,)
—H (xo,u(t, x,)) + € 0xu(t,x,) + H (x,u(t, x))

=¢e0d> U, x),

X

thus U is a classical solution to (2.21) on I, proving Item (1). Verifying Item (2) is
immediate, completing the proof of Theorem 2.11. g

Lemma 3.6. FixT, e > 0. Let H satisfy (C3) and (CNH). Assume there exist bounded
classical solutions u™ on | — oo, —X[ and u™ on 1X, +oo[ to (2.20). Then, setting
Qy = ({(0}x]—o00, =X U ([0, T] x {—X}) and QF = ({0} x [X, +oo[) U ([0, T] x
{X},

supg[u™| = max {sup, < x [uo(0)l, sup;epo 7y lu(r, —X)1}:

(3.66)
sup9;|u+| = max {sup,. y [uo(X)], sup,cjo.7lu(t, X)I}.

Proof of Lemma 3.6. We consider only the case of maxima of ut in [X, +o0], the
same procedure applies to u~ in | — 0o, —X[, while straightforward sign changes
apply to the case of a minimum. We follow the general lines of [23, Theorem B.1] and
[24, Chapter III].

For n €]0, 1[, define

v, 1[0, T] x [X, +o0[ — R

(t,x) = u(t,x) —n(2et+ 3 (mx)?). (3.67)

By the boundedness assumption on u ™, it follows that v, attains its global maximum
at a point (,, x,)) € [0, T'] x [X, 4+oo[. Three possible cases are in order.

Casel:t, =0and x,, > X.
For all (t, x) € [0, T] x [X, +o0[ we have

1
Uy (2, %) < y(ty, Xg) = vy (0, xp) = u(0, %) = 5 % xy? < u(0, x,) < ;ugu(o, £)
>
so that
1 2
u(t,x) =vy(t,x) +n|2et+ E(M)
1
< supu(0,&)+7n <28t +-(n x)2> ) (3.68)
E>X 2

Case2:1, € [0,T]and x;, = X.
For all (¢, x) € [0, T] x [X, +00[ we have
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1
vy (t, x) < vy(ty, xy) = vy(ty, X) = ulty,x) —n (28t + 3 (n X)2)

<u(ty,X) < sup u(r, X)
7€l0,T1]

so that

u(t,x) =vy(t,x)+n <28t + % (nx)z)

1
< sup u(t, X)+n(25t+—(nx)2>. (3.69)
7€[0,7] 2
v
Case3: 1, €]0,T] and x,, > X.
Then, by the choice of (#;,xy), d;v,(t;, x;) = 0, dcv,(ty,x;) = 0 and
fovn(t,,,x,,) < 0. Equivalently, d;u(t,;,x;) > 2e&n, oxu(ty, xp) = n3x,7 and

fou(t,,, xp) < 173. Hence, using (CNH), o, H (x,,, u(ty, xn)) =0and

(a,u 0, (H(x, 1) — ¢ afxu)

t=t,,x=x,
= Ou(ty, xy) + 0y H (xn, u(ty, x,]))
8, H (x, t(ty, X)) Bxtu(ty, xy) — € 92, u(ty, xy)
>2en+ 90, H (xn, u(ty, xn)) n3 Xy — & 773
22817—713 ‘xn] sup |8MH(x,7,v)|—er)3. (3.70)

[vI=llullLoo (o, 71x1X, +00l;R)

To obtain a strictly positive lower bound for the right hand side (3.70), recall that
vy (ty, X5) = vy(X, 0) which, together with (3.67), implies that

1 1
5173 |x,7|2 Su(ty,xp) —u(X,0) —2¢t,;, + 5173 X2

1 5.5
< 2 [lullree o, T1x1X,+00[;R) T P X

whence

1 |t < 4 llioe o, 71K oot ) + 7 X2 (3.71)

Use now (3.71) in (3.70) and (CNH) to obtain

(8[14 T+ H(x, 1) —¢ afxu)

[t=t),x=2x;
3
>2en—n? \/4 ll2ell oo (0, 7% )X +-00: k) + 117 X2
sup |0 H (X, v)| —&n’

[vI=llullLo0 (0, 71x1X,+o00l; R)
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showing that (8,u + 0 H(x,u)—¢ 8)%xu)\t:z,,,x=x,, > 0 for all sufficiently small n >
0. This contradicts the choice of u, hence Case 3 is not to be considered. v

From (3.68) and (3.69), we thus obtain that for all (z, x) € [0, T] x [X, +o0o[ and
n €10, 1[,

1
u(t,x) <max qsupu(0,¢), sup u(r,X) +17(28t+—(nx)2) .
§>X 7€[0,T1] 2

Passing to the limit n — 0, we complete the proof of Lemma 3.6. O

Corollary 3.7. Fix T,e > 0. Let (C3) and (CNH) hold. Choose a bounded initial
datum u, € CO(R; R). Assume there exists a bounded classical solution u to (2.20)
on R. Then,

sup |u(r,x)| = max {sup lup(x),  sup  Ju(t,x)| |
(t,x)€[0,TIxR xeR [0, T]x[—X,X]

Proof. Defineu™, respectively, u~, the restriction of u to [0, 7] x] — 0o, — X[, respec-
tively, [0, TT1x]X, +oo[. Apply Lemma 3.6 to complete the proof. 0

Corollary 3.8. Fix T, e > 0. Let H satisfy (C3) and (CNH). Choose an initial datum
U, € C/(R; R). Assume there exists a classical solution U to (2.21) on R which is
also Lipschitz continuous. Then,

. sup 10:U (2, x)] ¢ -

sup |8, U(t, x)| = max { sup |U)(x)
xeR (t,x)€l0, T1x[—X, X]

(t,x)€[0,T1xR

Proof. By Theorem 2.11, with I = R, it is sufficient to apply Corollary 3.7 to 9, U.

O
Proof of Theorem 2.12. Define the ¢ independent quantity
A= U] eyt sup IHE, I (3.72)
[E]=X
P11 U Moo
Claim 1: The following bound on 9;U holds uniformly in ¢:
”81U”L°°([O,T]><R;R) < A. (3.73)

The function ¢ := 9, U is a classical solution to the linear parabolic Cauchy problem

dp + dH(x, 9, U) dyp = & 329
90, x) = 8,U (0, x).

The standard comparison principle, see, e.g., [18, Theorem 8, § 7.1.4], ensure for
t € [0, T[ the bound ¢(z, x) € [infzer (0, &), supgcr ¢(0, §)] and, equivalently,
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U (¢, x) € [inf 0,U(0, &), sup 9;U (0, §)] for all (¢, x) € [0, T[xR.
§€R £eR

(3.74)
Introduce

YT [0, T] xR — R (3.75)
(t,x) B Uyx)xAt.

so that 1//i(0, x) = U, (x). Moreover, since ¢ €]0, 1],

QY THH(x, 0y ) —e 02,9 = A+H (x, U (x)) —e UJ (x)

> A+H (x, Uj(x)) —|U/(x)| = 0
QY HH(x, ey ) —e 32~ = —A+H (x, U)(x)) —e U (x)
—A+H (x, U)(x)) +|U)(x)| <0

IA

proving by (3.72) that ¥, respectively, ¥~ is a supersolution, respectively, a sub-
solution to (2.21), so that the standard comparison principle for regular functions,
see for instance [35, Proposition 52.6], yields ¥~ < U < ¥ ™T. By (3.75), —A <
% (U(t,x) = Uy(x)) < A and in the limit # — 0+ we obtain ||0;U (0)[|por.r) < A
which, together with (3.74) completes the proof of Claim 1. v

Claim 2: For all € C%(R; R) with ” > 0, define w(z, x):=n (3, U(t, x)). If
arg max  # ¢, then for any (¢*, x*) € arg max o with * > 0,

2 _ (BU %)’
- 1—c¢
1 @ U@", x7)
n" (0 U (%, x))

(H (x*, 0, U (t*, x%)))
o H (x*, U (t*, x*)) .
(3.76)

Since U is a solution to (2.21) in the sense of Definition 2.10, we can compute:

do(t,x) =n B:U(t,x)) d2U(t, x)
deo(r,x) =1 (B, U(1,x)) 82,U(t, x)

2 w(t,x) =" U1, x)) (afo(z, x))2 o QUG x)) 83, Ut x)

dw(t,x) =& <a§xw(t, x) — 0" (3. U1, x)) <8fo(t, x))z)
—0 U, %)) 3 H (x, 3, U(t, x)) — 9 H (x, 3, U, x)) dy (7, x)

where we used (2.21) to get to the last equality. Therefore,



50 Page 52 of 72 R. M. COLOMBO ET AL. J. Evol. Equ.

orw(t,x) + 0, H (x, 0, U(t, x)) oyw(t,x) — ¢ afxa)(t, X)
n (0, U(t,x)) 3 H (x, 3, U (1, x))

—% 0" @ U1, %)) (U, x) + H (x, .U (1, x)))*.

Use the inequality (a + b)> > (1 — ) a® + (1 — 1) b2, that holds for a, b € R and
o > 0witha = 0:U(t,x),b = H (x,0,U(t,x)) and ¢ = 1/(1 — ¢) to get, by the

convexity hypothesis on 7,
drw(t,x)+ 9, H (x,0,U(t, x)) dyw(t,x) — ¢ 8fxa)(t, X)
< _7)/ (0xU (1, x)) 0x H (x, 0, U(t, x))
1 &
—= " 3V, ) (—: @U (1, ) + ¢ (H (x, 3, Ut x>>)2> :

Compute the above terms at (1*, x*), where 9w (¢t*, x*) = 0, d;w(t*, x*) > 0 and
8§xa)(t*, x*) < 0 to obtain (3.76). Claim 2 is proved. v
Claim 3: There exists a constant B such thatforalle €]0, 1/2[andforall 7T € R,

10xUllLe 0, 71xR;R) < B- (3.77)

By means of a function
r(v) = sup [ H (x,u)l.

reC'(R;R), reven, r'(v)>0forveR, and
xeR
lul<[v]
(3.78)
define the maps ¥ and 5 on all R so that
) =vd+r@)) .
{ 9(0) = 0 and n(v):=exp v (v). (3.79)
Note that 9 is even, hence also 7 is. We also have
7' (v) = ¥/ (v) exp?(v) 4 9" — 1 o) > 1
o) = () +9"0))epo) N T IEr@FI@ L
(3.80)

Hence, 7 satisfies the assumptions of Claim 2. By Corollary 3.8, we have 2 cases.

Case 1: sup; yci0.71xk [0xU (1, )| > sup,cp U, ().
Then, by Corollary 3.8 and (C3).

sup [0xU(t, x)| = sup [0:U(r, x)| = max [0xU (2, x)].
(t,x)€[0,TTxR (t.x)€[0, TTx[~ X, X] (t.x)€[0,T1x[- X, X]
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Hence, arg maxo 71xR |10 U| is non-empty. If (¢*, x*) € argmaxo 7jxr |0, U], then
t* > 0. Moreover, 7 is convex and even, so that (#*, x*) is also a point of maximum
of w, as defined in Claim 2.

By Claim 1, Claim 2 and (3.78)—(3.79)—(3.80), setting v* = 9, U (¢*, x*) and, for
e < 1/2,

2 A? ¥ (v*)
H *’ * < _ axH *’ *
(O O) = T~ G g o )
<2424 ‘ ) ")
@) + 97 (")

PPN L[ JiCl) r(v*2>
14+ (v* (1 +r*)))
[v*| (1 +r(v*))?
1+ (v* (1 +r@"))?
1 for |v*| > 1
(14r(1)* for |v*| <1

<2 A?

§2A2+{

and the latter bound above is uniform in ¢ and T, so that we obtained (H (x*, v"‘))2 <
2A% +max {1, (1 +r(1))?} < 24% + (1 + r(1))*. Proceed as follows:

o U*, x| <U Noyomens: [With the notation (UC)]
[0, U(t, x)| §Um [By the choice of(t*,x*)]

Claim 3 is proved in Case 1 with

Case 2: sup, v)c(0.7)xR 19U (t, X)| = sup, g ]U(/)(x)|.

By the Definition (3.72) of A, we have |H (x, U, (x))| < A < V2A2 + (1 +r(1)?
forany x € R. Thus, by (UC) and by the Definition (3.81) of B, we have that | U (x)| <
B for any x € R. Hence, finally, sup, o, 77xRr 10xU (£, X)| = sup,cg |U[,(x)| <B,
proving Claim 3 also in Case 2 and completing the proof of Theorem 2.12. 0

Recall, see, e.g., [24, § 3.2], for ¢ €]0, 1[ the heat kernel and its basic properties

HgZR.,.XR—) R

—x?/(4st) fR He(r, x)dx = 1; (3.82)

e .

t,x) » ——— fR|8ng(t,x)|dx: 1/«/7‘[81‘.
Vadmet

Below, we obtain the well-posedness of the parabolic approximations (2.20) and (2.21),
first in the conservation law case.

Proof of Theorem 2.14. Throughout this proof, we keep ¢ fixed and omit it.
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Claim 1: Problem (2.20) admits a local solution in the sense of Definition 2.10.
Let T be positive and introduce the linear map F: V — ) where

V= {veCO([O, T1 xR): sup [v(t, x) = (He(t) x up) (x)| <1
(t,x)€[0,TIxR
'

(FO)t,x) = (He(t) % 10) (x)—/o /Raxm(r—r,x—@ H (&, vz, £)) dedr,
(3.83)

We now choose T so that the Banach Fixed Point Theorem can be applied. Clearly,
V is closed. It is also invariant with respect to F. Indeed, using (3.82) one proves the
continuity of Fv and the estimate

|(Fu)(r, x) — (He (1) % up) (x)]
t

5/ /|3x7'ls(t—f,x—€)H(S,v(f,é))ldé'df
0 JR

t
s//wxm(z—r,x—sndsdr sup H(E w)
0 JR [E]<X
[wl=1+luollpoo ;)

t
1
:/ dr sup H(&, w)
Tet lEl<Xx

[w|<1+lluo oo ®;R)

2
= ﬁﬁ ‘Ss‘uipx H(E, w).

[w|<1+|luollpoor;R)

Entirely similar estimates show that F is Lipschitz continuous:
|(Fv)(t, x) — (Fo)(z, x)|
t
< [ [ et = v x = O € 02t )  H € i it

<

NeT VT sup [0, H(E, w)| lva — villLeo®:R)-
[El<X

[w|<1+luollp oo ®:R)

Choosing T positive and such that

2JT 2JT 1
— sup HE,w) <1 and sup [0uH(E, w)| < =,
Ve lE]<X Ve le|<X ! 2
[w|<1+luo Iy oo r:R) [w|=1+lupllpoo ;)
(3.84)

an application of Banach Fixed Point Theorem ensures the existence of a map u € V
such that u = Fu, so that u solves (2.20), see, for instance, [23, Theorem B.1 and
Lemma B.3] for a similar case. Claim 1 is proved. v
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Below, we exploit the fact that (3.84) actually depends on u, only through its L
norm.

Claim 2: Problem (2.20) admits a global solution.
Introduce

T, := sup {t > 0: (2.20) admits a solution in the sense of Definition 2.10 on ]0, t[}.

By Claim 1, we know that 7,, is well defined and that 7;, > T as defined in (3.84).
We prove that 7,,, = 400 assuming that 7,,, < +00. Let C be the constant given by
Corollary 2.13, which can be applied since u,, is actually required Lipschitz continuous.
Fix 7 > 0 so that

27 27t 1
sup  [H(,w)| <1 and sup |0, H(E, w)| < =,
VT E EeR|w|<C+1 VT E geRlw|<C+1 ! 2

and note that 7,, > t by Step 1. Set t,, = T,,, — t/2, so that 7, €]0, T;,[. By the
choice of T,,, there exists a solution # to (2.20) in the sense of Definition 2.10 on
10, T [XR and by Corollary 2.13, [lullpe (0,7, 1x®:R) < C. Applying Claim 1, since
x = u(ty, x) € C2(R; R) N L®(R; R), we can construct a solution u in the sense
of Definition 2.10 to

{ qv+ dcH(x,v) = ¢ d2 v

(T, X) = u(Ty, X).
The concatenation

wt,x) = u(t,x) f 0<r<rt,

T N urt,x)if Ty <t <ThH4T
of classical solutions to (2.20) is, by construction, C! in time. This implies that w
solves (2.20) in the sense of Definition 2.10 on ]0, 7,, + 7/2[ xR, which contradicts
the definition of 7}, completing the proof of Theorem 2.14. 0

3.4. Passing to the limit

Proof of Theorem 2.16. Passing to the convergence of vanishing viscosity approxi-
mations, the case of Hamilton—Jacobi equation is standard.

The existence of U, (for sufficiently large n) follows from Corollary 2.15. The
bound (2.25) in Theorem 2.12 ensures that Ascoli—Arzela Theorem [18, § C.7] can
be applied on every compact subset of Ry x R. Use a diagonal argument to obtain
U as the limit of a convergent subsequence. Clearly, U, is Lipschitz continuous with
the Lipschitz constant provided by (2.25). Proving that U, satisfies Definition 2.7 is
classical, we refer, for instance, to [4, Chapter 2] or [18, Chapter 10].

By Theorem 2.8, U, is independent of the particular subsequence, hence the whole
sequence U, converges to Us. g



50 Page 56 of 72 R. M. COLOMBO ET AL. J. Evol. Equ.

Proof of Theorem 2.17. Claim 1: The map ¢ > /¢ d,u, is bounded in L]20c R4+ x
R; R).

We now prove that for every positive 7" and R there is a constant C7 g such that
”\/58)6”8 “Lz([O,T]x[—R,R];R) = Crg.

Forall ¢ € Cg (R; R) and for all ¢ €]0, T[, by (2.20) we have

/ orus(t, x) o(t, x)dx + 8/ Oxle(t, x) 0xp(t, x) dx
R R
= — f]R 0y (H (x,ug(t, x))) o(t, x)dx. (3.85)

Choose ¢(7,x) = uy(t, x) ¥r(x)? where g € CX[R;R), yr(x) = 1forx €
[—R, R], ¥gr(x) = 0 whenever |x| > R+ 1 and |1p;i,(x)| < 2forall x € R. By direct
computations, using also (2.20), from (3.85) we get:

1d
- / s (1, %) YR (o) dx + / (V& By (1. ) Y ()’ dx
rJRr R
—e /R (e (1, 3) W ())> dx — /ﬂ;{ By (H (x, s (1, 1)) ue(t. ) Y2 (0)dx

so that, integrating also over ¢ on [0, 7'] and using the definition of ¥'g, we have

2
(” Ve e ||L2([0,T]><[—R,R];R))
T
< /O /R (VE e (e (1, ) Y (0)) dx
1 1
=3 / (o (x) YR(x))* dx — 3 / (e (T, x) Yr(x))* dx
R R
T
+s/ / (e (1, %) Yp(x))” dxdz
0 JR
T
— / / e (H (x, ug(t, X)) ug(t, x) g (x)dxdrs
0 R

1 T
< §|Iu0||i2(R;R) + 8¢ M? —/0 /Rax (H (x,ug(t, X)) ug(t, x) Yg*(x) dx dt,
(3.86)

where M is as in (2.26) from Corollary 2.13. To bound the latter term, introduce the
function

ue(t,x)
ft, x):= / v 0, H(x,v)dv,
0

defined for (¢, x) € [0, T] x R. Note that by Corollary 2.13

M
If(t,x)IS/ lv| sup |8,H(E w)ldv < M* sup [3,H(E, w)|. (3.87)
-M [E]<R+1 |E|<R+1
lwl<M lw|<M
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Moreover,

Ay f(t, X) = ue(t, x) O H (x, ug(t, x)) dyue(t, x) + /Mm v 9%, H(x,v)dv
= 0x(H (x, ug(t, %)) ue(t, x) — 9x H (x, ug(zt,x))us(t, x)
+ /0 “ 82, H (x, v)du
hence
Oy (H (x, ug(t, X)) ue(t, x) = 0xH (x, ug(t, x)) ue(t, x)

ug(t,x)
—/ v 32, H(x, v)dv + 8, £z, x).
0
Multiply by ¢ r2(x), integrate over [0, 7] x R and take the absolute value:

Ox (H (x, ue(t, X)) ue(t, x) Yrr”(x)dxdr
R

O H (x, ug(, X)) ue(t, x) Yr’(x)dxds
R

ug(t,x)

v 92, H (x, v) dv yg*(x)dxdt

T
+'/ / 3y £, x) Yr%(x)dxdt
0 R

R+1
5// sup |9 H(E, v)| Mdxds (3.88)
—R—-1 [§|<R+1
lvj<M
R+1
f / / lv| sup ,v)‘dvdxdt (3.89)
E1<R11
vl=M
R+1

8 F(t, x) Yr*(x)dxdt|, (3.90)

where M is as in Corollary 2.13. The two summands on the lines (3.88)—(3.89) are
both independent of e. Concerning (3.90) above, integrate by parts and use (3.87) to
obtain

R+1
a £ (t, x) Yr>(x)dxds

R+1

If(t,x)l YR ()| Yk (x)|dxds

R+1

<2TM* sup |3, HE, w>|/ YR [P (x)|dx
e
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which, again, is a quantity independent of both ¢ and u,. The latter bound inserted
together with (3.88) in (3.86) provides the desired leoc R4+ x R; R) bound. Claim 1
is proved. v
Claim 2: For any 7, R > 0 and for any entropy E € C>(R; R), let F be a flux
satisfying (2.4). Then, the set {9, E (u;) + 0y (F (-, ug)) : € €]0, g4[} is relatively
compact in H~!([0, T] x [-R, R]; R).

This Claim essentially amounts to an application of Murat Lemma
[38, Lemma 9.2.1], which we adapt here to the present situation.

Using (2.20), straightforward computations yield:

O E (ug(t,x)) + 0y (F (x, ue(t,x))) = ve (2, x) + we (2, x) (3.91)

where

ve(t, x) i =0 (¢, x) + Ve (2, X)
Oe (1, X) = 8, F (x, ue(t, x)) — E' (ue(r,x)) 9 H (ue(t, x))
Ue(t,x) :=e E" (us(t, X)) (dpue(t, x))>

we(t, x) =g 32 (E (ue(t, x))) (1, x)

We now verify the following 3 assumptions to apply Murat Lemma [38, Lemma 9.2.1]:
(1): (B E(ue)+ 0y (F(-,ug)) : € €]0,&[} is bounded in W10, T]
x [-R, RI; R),

Indeed, by Corollary 2.13, by the regularity of E and by (2.4), the ranges of both
&+ E(ug)andofe +— F (-, u.)arebounded in L°° ([0, T]xRR; R). Use the definition
of weak derivative to complete the proof of (1).

(2): {ve: & €]0, &4[} bounded in the set of Radon measures M ([0, T] x [—R, R]); R),

Indeed, Corollary 2.13 shows that the range of € > ¥, is bounded in L°°([0, T'] x
[—R, R]; R) uniformly in €. Hence, the range of ¢ > ¥, is bounded in L0, T] x
[—R, R]; R), which implies the required boundedness in M ([0, T] x [—R, R]); R).
Claim 1 ensures that the range of ¢ +— ¢ (dyug)? is bounded in LY([0, T] x
[—R, R]; R). This, together with the boundedness in L* ensured by Corollary 2.13,
proves that the range of ¢ + v, is bounded in M ([0, T] x [—R, R]; R).

3): {wg: € €]0, [} relatively compact in H’l([O, T] x [—R, R]; R),

Indeed, by the C? regularity of E, we have |¢ 9, (E(u¢))| = /& E'(us) /& |dxute]
which converges to 0 in leoc([O, T]1xR; R) ase — 0by Corollary 3.7 and by Claim 1
above. Hence, the range of ¢ — w, is relatively compact in H- ([0, TIx[—R, R]; R)

Murat Lemma [38, Lemma 9.2.1] thus applies and Claim 2 is proved. v

Introduce an arbitrary sequence ¢, converging to 0. By [19, Chapter 1, § 9, Theo-
rem 1.46], we know there exists a Young measure [19, Chapter 1, § 9, Definition 1.34]
V;,x corresponding to a subsequence &, , meaning that for each (¢, x) € [0, T] x R,
v;.x is a Borel probability measure on R such that for any g € C(R; R) and for any
Y E Ll([O, T] x R; R), we have
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T
lim / /g(uan (t,x))(p(t,x)dtdx
k—+o00 Jo R k

T
=/ /(f g(w)du,,x(w)> o(t, x)drdx. (3.92)
0 R R

Remark 3.9. Following a standard habit, to simplify the notation, in the sequel we write
¢ for g,,, ¢ — 0 for k — 400 and, correspondingly, refer to u, as to a sequence.

As usual, we assume that ¢ is sufficiently small, say ¢ €]0, €[ for a suitable ¢, > 0.

Claim 3: For any G € CO(RZ; R) such that G(x,u) = G(—X, u), for all (x,u) €
]—o00,—X] xRand G(x,u) = G(X, u) for all (x,u) € [X, +oo[ xR and for any
¢ € L'([0, T] x R; R),

T T
lim / / G (x,ug(t, x)) @, x)dtdx = / / (/ G(x,w) dvt’x(w)> o(t, x)drdx.
e=0Jo JR 0 JR\J/R

By Corollary 2.13, the sequence u attains values in [—M, M|, with M as in (2.26).
By Stone—Weierstrass Theorem [22, Corollary 7.31] forevery § > 0 there exist an inte-
ger m and functions fi, ..., fu € CO(—X, X;R), g1, ..., gm € CO([—M, M]; R)
such that

m
sup Hx,w) — Z fe(x) ge(w)| < 6. (3.93)
(x,w)e[—X,X]|x[-M,M] =1
By (CNH), introducing for £ = 1, ..., m the functions
fe(=X) for x < —X
Fo(w):= 1 fe(x) for x € [—X, X]
fe(X) for x > X
we can extend the latter statement (3.93) to
m
sup |H(x,w) = ) Fe(x) ge(w)| < 9.

(x,w)eRx[—M,M]

=1

Hence, for any ¢ € Ll([O, T] x R; R)

T T
/ /H (x, us(t, x)) p(t, x)dzdx — / / (/ H(x, w)dv,,x(w)) o(t, x)drdx
0 R 0 R\JR

T m
=\[ (H (oot 00) — 3 Fe@) ge (wet, x))) p(t, x)drdx
0 R =1
T m
[ ] 3 e g et ot xdrax
0 R =1
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/ / ( i ZFe(x)ge(w)dex(w)) o(t, x)drdx

+/ f/ (—H(x,w)—f—ZFz(x)ge(w)) dvy x(w) @(t, x) drdx
0o JrJr =

< 268 llellLiqo,71xR:R)

T
. (gz (ue(t, x)) = Agz(w)de,x(w)> (Fe(x) @(z, x)) dedx

where, to get to the last inequality, we used the inclusion sptv; y € [—M, M]. More-
over, each term in the latter sum above converges to 0 by (3.92), since each Fy ¢ is in
L' ([0, T] x R; R). Then, Claim 3 is proved. v

Claim 4: For any entropy E € C>(R; R), there exists a set Qz € R, x R such
that (R x R)\ Qg is negligible and for all (z, x) € Qf

/ (wF(x,w) — E(w) H(x, w))dv; x(w)
R

=/ wdvt,x(w)/ F(wi)dvt,x(w)_/ E(w)de,x(w)/ H (x, w)dvy x (w)
R R R R
(3.94)

where F is any entropy flux corresponding to £ with respect to H, according to
Definition 2.3.

(The content of this step closely follows Claim 5 in the proof of Theorem 2.9).

Consider the vector fields

ug(t, x)

Ve, x) = [H (x, ue(t, x))

} and We(t, x) = [ F (x,ug(t,x)) }

—FE (x,uc(t, x))

where E is in C2(R; R) and F is a corresponding flux defined by (2.4). By Claim 2,
V-V, and V A W, lie in sets that are relatively compact in H! ([0, T] x [—R, R]; R),
for any R > 0. By the div—curl Lemma [16, Theorem 17.2.1], we have

lim (Vg - W) = (lim V) - (lim W,), (3.95)
e—0 e—0 e—0

the limits in the right hand side are understood in the weak LZ([O, T] x [—R, R]; R)
sense, while the limit in the left hand side and the equality are understood in the sense
of distribution. Moreover, since both sides of (3.95) are in L! ([0, T] x [—R, R]; R),
equality (3.95) also holds in L!([0, T] x [ R, R]; R). At the same time, using (3.92)
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we have
lin})(Vs W) i (t,x) > / (w F(x,w) — E(w) H(x, w))dv; x(w),
E—> R
Jr wdvy i (w) i|
o Hx, wydv,  (w) |

Jg Fx, w)dv (w):|
— Jx Ew)dv, () |

lim Vi (¢,x) : (¢, x) — [
e—0

lim We(t, x) : (¢, x) — |:
e—0

Hence, we may now intend (3.94) as an equality between representatives of L! ([0, 7] x
[—R, R]; R) functions. Call Qf the set of points where (3.95) holds. By the arbitrari-
ness of R, the complement of Qf is negligible. Claim 4 is proved. v

Call now & the countable set of all polynomials with rational coefficients and define

Q= ﬂ Qp. (3.96)
Ec&

Then, for any E € £ and for all (¢, x) € 2, (3.94) holds and the set ([0, T'] x R)\ 2
is negligible.

Claim 5: For all E € C°(R; R) and for all (7, x) € Q, equality (3.94) holds, where
F = F* is given by (2.6), for any k € R.

For any E € £ and for all (¢, x) € €, (3.94) holds, the set ([0, 7] x R)\2 being
negligible.

Let now E € CO(R;R) be fixed. By the classical Stone—Weierstrass Theorem
[22, Corollary 7.31], there exists a sequence E, in £ converging to E uniformly on
[-M, M], with M as in (2.26). Clearly, the sequence of fluxes F,]l‘ corresponding
to E, defined by (2.6) converges uniformly to the flux F*, also defined by (2.6).
Since (3.94) holds in €2 for each pair (E,,, Fr]f ), repeating the same argument as in the
proof of Claim 3, one proves that it also holds for (E, F¥). By the arbitrariness of E,
Claim 5 is proved. v

Define the limit

u(t,x) = /I;wdvt,x(w) (3.97)

Claim 6: With reference to (3.96) and (3.97), for all (¢, x) € 2,
/RH(x, w) dv; x(w) = H (x, u(t, x)) (3.98)
Fix (7,£) € Q, set E(w):=|w — u(z, £)| so that by (2.6) F*% (x, w):= sgn

(w—u(r, &) (Hx,w) — H (x, u(z, £))). Inserting these expressions in (3.94) and
using (3.97), we get that for all (¢, x) € Q



50 Page 62 of 72 R. M. COLOMBO ET AL. J. Evol. Equ.

/R(w sgn (w — u(t, §)) (H (x,w) — H (x, u(z,§))) — H(x, w) |[w — u(z, §)]) dvy,x (w)
=u(t, x) _[ngn (w—u(r,§)) (H (x,w) — H (x, u(z, £))) dv x (w)

- f Hx, wydvy  (w) / lw — u(z, £)ldvy x (w)
R R

Move the first term in the left hand side above to the right hand side to obtain
/R(w —u(r, x)) sgn(w —u(r, §)) (H (x, w) — H (x, u(z, §))) dv; x (w)
- [ Hw) o=t Ol ()

__ / H (e, w)dvyx (w) / w — u(z, &) vy (w).
R R

Choosing (¢, x) = (z, &), there is a cancelation between the first two lines above,
resulting in

(/ H(E, w) dve ¢ (w)—H (€, u(t, E))) / [w — u(z, &)ldve ¢ (w) = 0.
R R
Hence, either the first factor vanishes, or v; ¢ is Dirac delta at u(z, £). In both cases,

Claim 6 is proved. v

Claim 7: Up to a subsequence, the sequence u, converges to u, defined in (3.97),
a.e. in Q2 defined in (3.96).
(This step, similarly to Claim 7 in the proof of Theorem 2.9, is inspired by [24,
Section 5.4)).
Recall (3.98) from Claim 6. From (3.94) using Claim 5, we get that for (¢, x) € €,
/R[(w —u(t,x)) F(x,w) — (H(x,w) — H (x,u(t, x))) E(w)]dv; x(w) = 0.
(3.99)

For ae. (t,x) € [0,T] x R, v;x is a probability measure, the maps w
(w—u(t,x)) F(x,w) and w — (H(x,w) — H (x,u(t, x))) E(w) are sufficiently
regular to ensure that the functions

a,,x(S):z/(w—u(l,x))dv,,x(w) and
N

,BM(S)::/S(H(x,w)—H(x,u(t,x)))dv,,x(w)

(S being any Borel set) meet the requirements in the definition of finite Radon mea-
sures. Hence, the two maps

Arx(v) =g x(Joo,v]) and B x(v) =B x(]oo, v]) (3.100)
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are in BV(R; R). Since sptv, , € [—-M, M], then A; ,(v) and B; (v) vanish for
v < —M and attain a constant value for v > M. Moreover, (2.14) implies that
a; x(R) = 0 while (3.98) in Claim 6 implies that B, ,(R) = 0. Therefore, for all
(t, x) € R, both A; , and B; , are supported in [—M, M]. An integration by parts, see
[21, Theorem B] (in particular the remark at the bottom of [21, p. 422]), then ensures
that from equality (3.99) we can deduce

/ Asy(w) 3y F(x, w) dw = / B; x(w) E'(w) dw.
R R

By means of (2.4), we then have
/ E'(w) 8y H (x, w) A;x(w) dw = / E'(w) B;x(w) dw.
R R

The above equality holds for any continuous function E’, hence for all (¢, x) €
owH (x,w) A; x(w) = B; x(w) forae weR. (3.101)

A direct computation shows that (H(x,w)— H (x,u(t, x))) Arx(w) =
(w —u(t, x)) B x(w) since the two sides have the same distributional derivative in
w by (3.101) and the definitions (3.100) of A; x, B; x. Inserting (3.101) in the last
equality, we have

(H(x,w) — H (x,u(t, x))) A x(w)
= (w—u(t,x)) 0,H(x,w) A; x(w) forae weR.

Call [a, b] the minimal (with respect to set inclusion) interval containing the support
of v; x. Note that A; x(w) # 0 for w €la, b[. Indeed, by the definition of A; ,(w)
and since v, , is nonnegative, the map w — A; y(w) vanishes for w < a, weakly
decreases for w €]a, u(t, x)[, weakly increases for w €Ju(t, x), b[ and vanishes for
w > b. At the same time, the minimality of [a, b] ensures that A, , is nonzero in both
a right neighborhood of a and a left neighborhood of b. Simplifying, we thus obtain

Hx,w)—H x,u(t,x)) = (w—u(t,x)) op,H(x,w) forallw €la, b[,

and differentiating this equality with respect to w we contradict (WGNL), unless
a = b, which in turn ensures that, for a.e. (t, x) € [0, T] x R, v; , is a Dirac measure.
We thus have the pointwise a.e. convergence, up to a subsequence, of the vanishing
viscosity solutions, see [38, Proposition 9.1.7]. Claim 7 is proved. v

Claim 8: u solves (CL) in the sense of Definition 2.1.

Let (E, F) be an entropy—entropy flux pair in the sense of Definition 2.3, with E of
class C? and convex. Using (2.20), thanks to the regularity of u,, simple computations
give
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O E(ug) + 0x (F(x,ug)) + E/(Ms) OxH(x,ug) — 0y F(x, ug)
= 6,05, E(ute) — &0 E" (ue) (0xue)”

so that by the convexity of E

0 E(ug) + 0x (F(x,ue)) + E/(“s) O H(x,ug) — 0 F(x,uy) < 5n83xE(“s)~
(3.102)

Fix a test function ¢ € Cg (R?; R ), multiply both sides in (3.102) by ¢ and integrate
to get

T

/ / (E (ue(t,x)) 0,0(t, x) + F (x,ug(t, x)) dx(t, x)) dxdt

0 R
T

—/ / (E" (ue(t,x)) 0xH (x,ue(t, x)) — 0, F (x, us(t, x))) @(t, x)dxds
0 R
+/ E (uo(x)) ¢(0, x)dx

R

T
> —e/ /E(ug) 32 o(r, x)dxdr.
0 R

By (2.26), we have the L.°° boundedness of u, uniformly in ¢. Using Claim 7 and the
Dominated Convergence Theorem [22, Theorem (12.24)] we obtain (2.7) for any test
function ¢ € Cg(Rz; R4). A standard approximation argument allows to relax (2.7)
to any test function ¢ € Cé (R?; R,). The proof of Claim 8 follows by Item 2 in
Proposition 2.4. v
Conclusion

By Claim 8, u solves (CL) in the sense of Definition 2.1 and thus its uniqueness
follows from Theorem 2.6. Recall that the sequence ¢,, prior to the simplification
in the notation in Remark 3.9, is an arbitrary sequence converging to 0. Above, we
proved that there exists a subsequence &, such that the corresponding subsequence
Ug, converges to a limit u, independent of the choice of the initial sequence ¢,. The
arbitrariness of the choice of &, ensures that u,, now understood as a continuous
family, converges to u.

The proof of Theorem 2.17 is completed. g

An alternative approach allowing to pass from weak to strong convergence might
be adapted from [20, Items 2 and 3 in the proof of Theorem 4.1].

3.5. Properties of the limit semigroups

Proof of Theorem 2.18. Theorem 2.17 ensures the existence of a solution in the sense
of Definition 2.1 globally in time, for all initial data in W1 (R; R), proving 1. and 2.
for such data. The uniqueness of this solution follows from estimate (2.14) in Theo-
rem 2.6.
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Define pointwise (S,CLuo)(x) :=u*(¢, x), where u™ is as in Theorem 2.6. We thus
have the existence of a map S’ defined on R, x W (R; R) attaining values in (a
precise representative in) L (R; R), satisfying 3.a and 3.b for all u, € W' (R; R)
and 4. for all u,, v, € WL (R; R), thanks to Theorem 2.6.

Fix an initial datum u, in L°°(R; R). Use Theorem 2.9 to find two stationary
solutions i and # such that for all x € R,

u(x)+1< _”uo“LOO(R;R) Sup(x) < ”uo“LDO(R;R) <i(x)—1.

Take a sequence ul, € W!2°(R; R) converging to u, in LllOc (R; R) and such that
ul (x) € [u(x), u(x)] forall x € R.

By the contraction property (2.14), for all € R, u? is a Cauchy sequence in
LllOc (R; R). Define S,C Lu, as this limit and note that (2.14) also shows that S¢ does
not depend on the choice of the sequence (u?).

Nevertheless, by (2.15), for all t € Ry, (SCLu”)(x) € [1i(x), i(x)] for a.e. x € R,
so that (¢, x) = (S Tu,)(x) is in LR x R; R).

Moreover, (t, x) — (S,CLuz)(x) is a converging sequence in LIIOC(R+ x R; R). Up
to the extraction of a subsequence, we have that the sequence (¢, x) > (SEEu)(x)
converges pointwise a.e. to (¢, x) > (S,CLuo)(x). Since we have the L°° bound
(SZCLuz)(x) € [u(x), it(x)] we can pass to the limit in (2.2), apply the Dominated
Convergence Theorem [22, Theorem (12.24)] and obtain that (7, x) — (SZC L) (x)
solves (CL) in the sense of Definition 2.1.

By this construction, we immediately have that the map u(z, x) := (S,C Lyp)(x) sat-
isfies 1. and 2., while S satisfies 3.a and 4..

Fix u, € L*(R; R). Applying again Theorem 2.6, we see that the map (¢, x) >
(SZCLM(,)(x) admits a representative that satisfies 3.b. Since SCL satisfies 3.a, we
can conclude that for all + € R, and for a.e. x € R that (S,CLua)(x) equals this
representative. Hence, S CL gatisfies 3.b.

To complete the proof, note that S is a semigroup, thanks to the uniqueness
and L. (R; R) continuity proved in Theorem 2.6 and since SC* (L®(R;R)) C

loc

L®(R; R). O

CL
St

Proof of Theorem 2.19. Define for later use
Di={WeC®R): W e W ®R:RB)},

Fix U, € D. Then, Theorem 2.16 ensures the existence of a solution U to (HJ) in
the sense of Definition 2.7 globally defined in time, satisfying 1. and 2. for these data.
The uniqueness of this solution follows from (2.19) in Theorem 2.8.

Define now, for all U, € D,

S U (x):=U (1, x).

Note that Theorem 2.16 also proves 3., while 4. is a consequence of Item 2 in Theo-
rem 2.8.
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Note that S/ is not a semigroup on D, since a priori D is not invariant.

Below, we use the semigroup S¢* as defined in Theorem 2.18.

Claim: For all U, € D, set u, = U.. Then, (S‘Lu,)(x) = 8,(S7'U,)(x) for
ae. (t,x) € [0, T] x R.

Let U, € D and set u, = U], so that u, € WL(R; R). For any ¢ > 0, call u,
the classical solution to (2.20) as provided by Theorem 2.14 and U, that of (2.21)
as provided by Corollary 2.15. By Theorem 2.11, we have u, = 9,U,. Choose a
sequence &, positive and vanishing to 0. Theorem 2.16 ensures that (¢, x) — Ug, (¢, x)
converges, as n — 4oo,to (f,x) > (S,HJ U,)(x) uniformly on compact sets.
Similarly, Theorem 2.17 (which uses (WGNL)) ensures that (t,x) +— ug, (¢, x)
converges pointwise a.e. to (¢, x) (SZCLu[,)(x). Hence, in distributional sense,
(S u,)(x) = 3, (SH?U,)(x) and therefore this equality also holds a.e. in Ry x R,
proving the Claim. v

Fix an initial datum U, in Lip(R; R). Use Theorem 2.9 to find two stationary
solutions u and # to (HJ) such that for all x € R,

i) + 1= = U oo emy < Us@®) < | Up ooy < 800 — 1. (3.103)

Take a sequence U]} € D converging to U, in Lﬁf’c(R; R) and such that (U}})'(x) €

[t2(x), i(x)] for a.e. x € R. Moreover, for a.e. x € R,

a (SHI(UM) (x) = (SELWMY) (x)  [by the Claim above]
€ [u(x), u(x)] [by (2.15) and Theorem 2.9].

so that for all + € R4 and for all

Define C := max { ”MLOO(R;R)’

neN,

il ey |

<C. (3.104)

%S W) L®(R:R)

Similarly to (2.18), define
L= sup{|8xH(x, W)l x eR, |W]| < é}.

By Item 2 in Theorem 2.8, we have forall R > Oand all r € R,

’

max (577U @) — (SFTUM| = max |Up@) - U @)
lxI<R lx|<R+Lt
hence (t,x)l—)(StHJ U]')(x) is a Cauchy sequence in Lf’(j’c(]RJr x R; R). Extend
SH7 to Lip(R; R) by S#/U, = lim,_ 100 SF/U" and note that, by (3.104),
198 Uo || o iy = C fort € Ry
This extension S/ satisfies 4. by Item 2 in Theorem 2.8. Moreover, [13, The-
orem 1.2] ensures that (¢, x) — (S#/U,)(x) is a solution to (HJ) in the sense
of Definition 2.7. As a consequence, 1., 2. and the existence of the maximal solu-
tion follow. Its uniqueness is guaranteed by Item 2 in Theorem 2.8. The uniform
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bound || Oy StH Tu, || L®[R:R) < C proves that the set Lip(R; R) is invariant, so that
SH7: R, x Lip(R; R) — Lip(R; R) is a semigroup.

Since Item 1 in Theorem 2.8 implies Item 3, the proof of Theorem 2.19 is completed.

O

Proof of Theorem 2.20. Consider first the case u, € WI*OO(R; R), so that U, €
C! (R; R). For any ¢ > 0, call u, the classical solution to (2.20) as provided by The-
orem 2.14 and U, that of (2.21) as provided by Corollary 2.15. By Theorem 2.11,
we have u, = 9,U,. Choose a sequence &, positive and vanishing to 0. Theo-
rem 2.16 ensures that (¢, x) — Uk, (¢, x) converges to (¢, x) — (S1/U,)(x) uni-
formly on compact sets. Similarly, Theorem 2.17 ensures that (¢, x) — ug, (¢, x)
converges pointwise a.e. to (¢, x) > (S,CLuo)(x). Hence, in distributional sense,
(SZCLu(,)(x) = 8x(S,HJUU)(x) and therefore this equality also holds a.e. in Ry x R.
This proves (2.27) in the case u, € W' (R; R).

Let now u, € L®(R; R). Choose a sequence u!, € WLo(R; R) converging to
U, in LIIOC(R; R). Define U]l (x) = fox u?(£)d&. Then, by Theorem 2.18 (which
uses (WGNL)), also (¢, x) +— (SICLMZ)(X) converges to (t,x) — (S,CLuo)(x) in
L} .(R; R). Similarly, (z, x) — (S7/UZ)(x) converges to (t,x) + (S7/U,)(x)
by (2.19) in Theorem 2.8 uniformly on compact sets. In particular, both sequences
converge in distributional sense, proving (2.27) in the general case, thanks to the
uniqueness of entropy solutions to (CL) (Theorem 2.18) and of viscosity solutions
to (HJ) (Theorem 2.19). O
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A. Appendix

The next results are somewhat classical and we provide their proofs or full references
for completeness.

Proposition A.1. (Extension Theorem in Locally Convex Spaces) Let X be a locally
convex sequentially complete topological vector space. Fix f: A — X with A C R.
If f is uniformly continuous, then there exists a unique continuous map f: A — X

satisfying T‘A = f.

Proof. A sequence x, in X is a Cauchy sequence if for every neighborhood U of the
originin X, there existsav € Nsuchthatifn, m € Nwithm,n > v,thenx,—x,, € U.
Moreover, f uniformly continuous means that for every neighborhood U of the origin
in X, there exists a § > 0 such that if 71, € A are such that |, — t1| < §, then
flt2) = f(1) € U

Lett, € A\ A. Then, there exists a sequence ¢, in A such that lim;_, ;o0 t; = t.
Let U be a neighborhood of the origin in X. By the uniform continuity of f, there
exists an ¢ > 0 such that f(t") — f(¢') € U whenever ‘t” — t’] < ¢. Thus, there
exists a v € N such thatif n,m € N with m,n > v, then |, — t,| < & and hence
ftn) — f(t,) € U, proving that f(t,) is a Cauchy sequence converging to, say,
x4 € X. Define f(ty) = Xs.

Any other sequence f;, in A converging to f, is such that the sequence defined by
Ton = tp and 72,41 = t;, is a Cauchy sequence and the argument above ensures that
lim,,— 40 f(T7) = X4, proving that ? is well defined.

To prove the continuity of £, let £, be now a sequence in A converging to f,. Then,
there exists a sequence t, in A such that |7, — #,| < 1/n. The argument above ensures
thatlim,,_, 1 f(7,) = 7(t*), so that by the uniform continuity of f and the definition
of f we also have lim, , ;oo f (t;) = f (1), ensuring the sequential continuity of f.

Fix an open neighborhood U of 0 in X and apply [37, Theorem 1.10] with K = {0}
and C = X\U to obtain an open neighborhood V of O such that (K+V)N(C+V) = (.
Since V.= K 4+ V and C 4 V is open, then V N (C 4+ V) = . At the same time
C C (C+V),thus vV CcUu. By the uniform continuity of f, there exists a positive
& such that for all t;, 7, € A with |to —#1| < §, we have (f(t2) — f(t1)) € V. The
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sequential closedness of V and the sequential continuity of f proved above ensures that
forall 1,1, € A with |rn — t1| < 8, we have (7(t2) - ?(tl)) € V C U, completing
the proof. 0

Proposition A.2. (Theset Cé is separable.) There exists a countable set S C Cg (R; R)
with the following property: for any ¥ € Ci (R; R) there exists a compact set K C
R such that for all ¢ > 0 there exists a map o € S satisfying spto € K and
lo —¥llcrpr) < e

Proof. For n € N\{0}, call 9, a function in C*°(R; R) such that

x € [—n,n] = V,(x) =1,
xe[-n—1,—n] = U, (x) € [0, 1] and ¥, (x) € [0, 2]
x €ln,n+1] = U, (x) € [0, 1] and ¥, (x) € [-2, 0]

xeR\[-n—1,n+1] = ¥,(x) =0.

For every polynomial p with rational coefficients, define
X
Ko @i=020) [ 0,0 p61cE.
—00

Clearly, x,,p € Cl. (R; R) and the set of all such x, , is countable. It is also dense
in Cl.(]R; R). Indeed, choose ¢ € Cl(R; R) so that spt¢o < [—n,n]. By Stone—
Weierstrass Theorem [22, Corollary 7.31], for every ¢ > 0 there exists a polynomial
p with rational coefficients such that supgp, ] p—¢ | < e / (6n + 6). Then, set I =
[-n — 1, n + 1] and estimate

9 () — . p()] = ‘go(x) —9(r) / P (®) p(E)dS‘

= P, (x)

/ (') = 0 (&) p(©) d&'

—0oQ
- 0 xeR\[-n—1,n+1],
e/3xel[—n—1,n+1];

¢'(x) — X,fl,,,(X)) < [¢' @) = 9, (x) 92 (x) pO)| + 73‘,/,(16)/ ﬁn(é)P(E)dé‘

= (9, ())? |¢'(x) — p(0)| +

13‘,’,()6)/ Un(§) p(E)dé‘

0 xeR\[-n—1,n+1],
<1¢&/3x¢€[—n,n], (A.1)
e x€[-n—1,—n]U[n,n+1].

To obtain the bound in the latter line above in the case x €]n,n + 1], use
ffoo Vn(§) p(§)dé = xu.p(n) and ¢(n) = 0. Hence, using (A.1), for x € [n,n + 1],
we have

e

2 / .
@ () |¢'(x) — p0)| < s
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IA

19,2()6)/ ﬁn(S)P(é)dé‘

8 (x) / 90 (&) p@)ds' +

- 25+2 e
-3 6n+6’

13‘,’,()6)/ Un(§) p(E)dE‘

completing the proof. 0

Lemma A.3. (Sard’s Lemma [40, Chapter II, Theorem 3.1])
Let f € CK(R™;R™). If k > max {n| —ny, 0}, then E(f({x € R": Df(x)
is not surjective})) =0.
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