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Analytical model for the in-plane resistance of masonry walls retrofitted 
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A B S T R A C T   

Recent experimental tests showed the ability of Steel Fiber Reinforced Mortar (SFRM) coating to significantly 
improve the in-plane resistance of masonry walls and buildings. International and national structural codes, such 
as the fib Model Code 2010 (MC2010) and the Italian building code (NTC2018), have introduced fiber reinforced 
cementitious composites as structural materials for designing structural elements. However, the use of these 
materials as jacketing of masonry buildings is currently not taken into considerations by any design guidelines as 
potential seismic retrofitting intervention. Besides the limited availability of experimental data, this gap in design 
recommendations is closely related to the lack of design equations able to provide the shear and flexural 
resistance of retrofitted masonry elements. 

The present work aims at filling this gap by proposing code-oriented formulations for calculating the in-plane 
lateral resistance of walls strengthened by SFRM overlays. The model has been mainly validated by comparison 
with the numerical results obtained from a comprehensive parametric study presented and described in the 
paper. Finally, an example is presented to show a practical application of the model.    

List of Symbols 
Asn area of the nth vertical rebar placed in the tensile zone; 
A’sn area of the nth vertical rebar placed in the compressed zone; 
b factor depending on the stress distribution over the wall 

section; 
dn effective depth of tensile vertical rebars; 
d’n effective depth of compressed vertical rebars; 
E elastic modulus; 
fc cylindrical compressive strength of SFRM; 
fck characteristic cylindrical compressive strength of SFRM; 
fcm mean value of cylindrical compressive strength of SFRM; 
fct tensile strength of SFRM; 
fFt-0.25 residual tensile strength at a crack width of 0.25 mm; 
fFt residual tensile strength of SFRM; 
fFt1 residual tensile strength corresponding to w1; 
fFtu residual tensile strength significant for ultimate conditions, 

corresponding to wu; 
fm compressive strength of URM; 
fmt,num uniaxial tensile strength of URM; 

fmt = 1.5τ0 diagonal tensile strength of URM; 
fR residual flexural tensile strength of SFRM; 
ft tensile stress; 
fv0 shear (frictional) strength of unit-mortar interface at zero 

compression; 
fy yield strength of vertical rebars; 
Gc compressive fracture energy; 
GI

f mode-I fracture energy; 
h height of the wall; 
hch = A1/2 characteristic length; 
k factor accounting for the increase of masonry compressive 

strength after retrofitting; 
L total length of the wall; 
m redundancy factor for diagonal shear mechanism; 
MR resisting moment; 
n = 1, 2 number of SFRM coating layers; 
N wall axial force; 
tcoat thickness of the single SFRM coating layer; 
tm thickness of the masonry panel; 
vcr shear stress corresponding to first cracking; 
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vs,coat frictional stress provided by SFRM coating; 
vs,m frictional stress provided by URM; 
Vd shear resisting force by dowel action of reinforcing bars; 
VR total lateral resistance; 
VR

an analytical value of total base shear; 
VR

exp experimental value of total base shear; 
VR

num numerical value of total base shear; 
VR,flex lateral load causing flexural failure; 
VR,max shear force causing diagonal crushing of masonry; 
VR,s shear resistance related to sliding shear mechanism; 
VR,t shear resistance related to diagonal shear mechanism; 
Vt,coat diagonal shear resistance of SFRM; 
Vt,m diagonal shear resistance of URM; 
w crack width; 
w1 crack width corresponding to fFt1; 
wu crack width corresponding to fFtu; 
xf depth of the neutral axis for flexure; 
xs depth of the neutral axis for sliding shear; 
z = 0.8L approximate value of the internal lever arm; 
α = 0.85 coefficient taking into account the long-term effects on the 

compressive strength; 
βh lever arm of lateral load; 
δ lateral deflection of the wall; 
εc = 3.5 ‰ ultimate compressive strain of masonry and SFRM coating; 
εsn strain acting in the tensile vertical rebars; 
ε’sn strain acting in the compressed vertical rebars; 
η strength reduction factor; 
θ average slope of the struts; 
λ = 0.8 factor defining the effective height of the compressed zone; 
ν Poisson’s coefficient; 
σcoat maximum bending stress acting in SFRM when sliding failure 

takes place; 
σm maximum bending stress acting in URM when sliding failure 

takes place; 
σs,max maximum tensile stress acting in each rebar when splitting 

failure occurs; 
σsn stress acting in the nth tensile vertical rebar; 
σ’sn stress acting in the nth compressed vertical rebar; 
σ0 = N/(L⋅tm) > 0 compressive stress acting normally to the wall cross- 

section; 
σ0,s = N/(xs⋅tm) > 0 compressive stress acting normally to compressed 

zone ‘xs’; 
τ0 shear strength (from diagonal compression test) of URM at 

zero compression. 

1. Introduction 

Retrofitting or repairing existing masonry building represents one of 
the main challenges of structural engineering that has involved several 
research studies worldwide. The most recent seismic events occurred in 
2016 between four regions of central Italy highlighted, once again, the 
high vulnerability of these structures due to both out-of-plane and in- 
plane actions. 

In order to improve the in-plane resistance of Un-Reinforced Ma
sonry (URM) members, several techniques have been proposed during 
the last 20 years. Grout injections [1], external steel reinforcement [2], 
Fiber Reinforced Polymers (FRP) [3–6] and the application of concrete/ 
mortar coating are just some of the potential and most widespread 
methods, whose advantages and disadvantages are well documented in 
the literature. Particular attention has been recently devoted to the 
development of techniques based on the use of reinforced coatings such 
as those adopting Engineered Cementitious Composites (ECC) [7,8], 
Fiber Reinforced Cementitious Mortar (FRCM – also known as Textile 
Reinforced Mortar) [9–12] and Steel Fiber Reinforced Mortar (SFRM). 

In order to retrofit URM buildings with SFRM, a relatively thin layer 
(e.g., 20–60 mm thick) of mortar must be laid on either one or both sides 

of the walls to enhance the masonry strength by exploiting the high 
tensile strength of coating. The latter is due to the good post-cracking 
tensile performance of SFRM resulting from the use of discrete steel fi
bers randomly spread within the mortar matrix. This technique is 
effective if proper masonry-to-coating connectors [13] are installed and, 
moreover, the bond behavior of SFRM is good enough to prevent the 
separation of coating from the masonry substrate. A further resisting 
contribution can be provided by localized conventional reinforcement 
connecting SFRM coating to the wall foundation. To this purpose, ver
tical steel rebars placed within the coating thickness can be used to in
crease the bending as well as the sliding shear resistance of the wall, 
especially where the SFRM coating presents discontinuities (e.g. the 
wall-to-foundation interface). The potentialities and the drawbacks 
related to the use of this strengthening method are discussed by different 
research works [14–16], including some studies recently published by 
the Authors of this paper [17,18]. 

Since the studies focusing on masonry retrofitted with SFRM coating 
are still limited, the complete understanding of the mechanisms 
affecting the flexural and shear resisting mechanisms of retrofitted walls 
is still far to be fully achieved. In this context, the development of 
analytical models for predicting the behavior of strengthened members 
is quite complex. In fact, the lack of a comprehensive experimental 
database and harmonized test methods makes the model formulation 
and calibration difficult to perform. To compensate for the deficiency of 
experimental information, one may exploit the significant availability of 
finite element codes suitable for simulating masonry structures. At
tempts to simulate masonry strengthened with SFRM coating have been 
successfully made by different Authors [17,19,20], who adopted finite 
element models based on well consolidated methods such as the 
smeared crack approach or the continuum damage mechanics. 

If, on the one hand, the research on the adoption of SFRM coating for 
retrofitting masonry have experienced a progressive development, on 
the other, the application of the technique to real existing buildings is 
still far from an extensive and widespread use. Some structural codes, 
like the Italian standard NTC2018 [21] and the fib Model Code 2010 
(MC2010) [22], have introduced, in the recent past years, design rec
ommendations concerning steel fiber reinforced cementitious materials 
for structural use. However, both research and standards have not yet 
proposed theoretical models able to reasonably establish the in-plane 
capacity of masonry walls strengthened with SFRM coating. The pre
sent study aims at filling this gap by proposing a simple and practically 
oriented analytical model able to predict the lateral resistance of ma
sonry walls retrofitted by SFRM overlays. 

When considering walls retrofitted with reinforced mortar coating 
and subjected to in-plane lateral actions, either shear or bending failure 
mechanisms, like those traditionally considered for unreinforced ma
sonry, may generally occur. In more detail, international standards and 
guidelines like NTC2018 [21], Eurocode 6 [23] and FEMA [24] identify 
the following three main mechanisms (Fig. 1):  

• Diagonal shear failure, consisting of a main diagonal crack running 
across the central region of the masonry panel and coating layer.  

• Shear sliding failure, characterized by an almost horizontal crack 
localized in the coating layer as well as along the interface between 
masonry joints and units.  

• Flexural failure, which involves the flexural failure of coating 
together with a localized crushing of the wall compressed corner. 

The analytical model described in the following sections idealizes 
masonry and coating as different bi-dimensional layers and bases its 
formulation on the following assumptions: (1) SFRM coating and ma
sonry are perfectly bonded together. (2) Forces are transferred from 
masonry to coating through shear only. (3) Both masonry and coating 
resist only to in-plane actions. (4) The effect of geometrical asymmetry 
that characterizes the single-sided strengthened members is neglected. 
(5) Compatibility conditions are not taken into account when 
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determining the strength of both the URM panel and the SFRM coating. 
(6) Considering the usual small thickness (i.e., ≤50 mm) of coating, the 
influence of coating self-weight on shear resistance can be neglected. 

Regarding assumption (1), in order to ensure good bond conditions 
between coating and masonry, a surface preparation is recommended 
especially when the masonry surface is particularly smooth. In that case, 
it is recommended to prepare the wall surface by mechanical methods 
able to clean it and improve the surface roughness. 

The proposed calculation procedure is straightforward as it is based 
only on the equilibrium and on material properties derived from codes 
or standardized material tests. As discussed above, few experimental 
data concerning tests on structural elements strengthened with SFRM 
coating are currently reported by literature. Because of this limited 
availability of experimental data, the validation of the analytical model 
was mainly based on the comparison with the results of a comprehensive 
parametric study involving several finite element simulations of canti
lever and double fixed-end walls having different geometrical and ma
terial properties. The parametric study was carried out with a well 
consolidated smeared crack finite element model, whose reliability was 
proven by simulating both the full-scale walls and the full-scale building 
described in Section 3.1. 

It is worth remarking that the analytical model has been formulated 
to predict only the in-plane resistance of masonry walls. A future paper 
will be devoted by the Authors to present an analytical model specif
ically developed to predict the out-of-plane bending resistance of walls 
strengthened with SFRM coating. 

2. Analytical model formulation 

2.1. Shear resistance 

As discussed above, the shear failure of coating may be governed 
either by the formation of diagonal shear cracks or by the attainment of 
the shear resistance along potential sliding sections occurring, for 
instance, where the SFRM coating presents discontinuities (e.g., the 
wall-to-foundation interface). The weakest of these mechanisms governs 
the total shear resistance (VR) of masonry. Thus: 

VR = min(VR,t ; VR,s) (1) 

where VR,t and VR,s represent the shear resistance related to the di
agonal and sliding shear mechanism, respectively. 

2.1.1. Diagonal shear resistance 
The literature reports different studies focusing on the shear resis

tance of masonry structures retrofitted by near surface mounted tech
nologies [25,26] as well as FRCM overlays [27]. As suggested by these 
works, the total in-plane shear capacity of reinforced masonry is ob
tained by adding two resisting components; the former provided by 

unreinforced masonry and the second resulting from reinforcement/ 
coating. The rationale behind this assumption is that the total shear 
resistance of the retrofitted panel can be derived from simple equilib
rium considerations, assuming perfect bond between masonry and 
coating. Likewise reinforced concrete, the potential strain in
compatibility between the resisting mechanisms exhibited by masonry 
and coating are neglected considering that they become progressively 
less significant as ultimate (i.e., plastic) conditions are approached [28]. 
Thus, the model proposed herein is based on linear superposition that 
implicitly considers the internal redistribution of plastic stresses. When 
dealing with SFRM coating, the plastic stress redistribution generally 
occurs provided that after cracking the SFRM material is characterized 
by either a limited softening (i.e., a gradual decrease of resistance) or 
even a hardening behavior, especially for limited values (<0.5 mm) of 
the average crack width. Numerical simulations and experiments 
showed that the latter condition is generally fulfilled when the 
maximum capacity of the shear wall is attained. 

The semi-empirical formulation discussed in the following assumes 
the total shear to be resisted partly by masonry and partly by coating, by 
neglecting for simplicity some structural features (e.g., strain compati
bility, aggregate interlock forces, dowel action of steel fibers, etc.) that 
are difficult to assess in practical design. In spite of this, the calibration 
of the model parameters based on the available numerical and experi
mental data led to a formulation reliable and quite conservative. How
ever, further verification is needed before using it for design. 

When diagonal shear failure of retrofitted masonry occurs, the total 
shear resistance of the panel (VR,t) results from the following semi- 
empirical equation: 

VR,t = min(Vt,m + Vt,coat ; VR,max) (2) 

where Vt,m is the shear resistance of URM, Vt,coat represents the shear 
resistance of coating and VR,max is the shear force causing diagonal 
crushing of masonry [29], i.e.: 

VR,max = 0.25⋅k⋅fm⋅(tm + n⋅tcoat)⋅z (3) 

where: 
tm is the thickness of the masonry panel; 
tcoat is the thickness of the single SFRM coating layer (see Fig. 1); 
fm is the compressive strength of URM; 
z = 0.8⋅L is the approximate value of the distance between the 

resultant of compression and tensile forces (lever arm) acting along the 
horizontal section of the member; 

L is the total length of the wall; 
n = 1, 2 is the number of coating layers (see Fig. 1). 
In the Eq. (3) the factor k ≥ 1 aims at considering the increase of 

masonry compressive strength after retrofitting. It can be determined by 
testing reinforced masonry wallets under uniaxial compression. Other
wise, based on the simple equilibrium of a cross-section in pure 

Fig. 1. Typical failure modes of strengthened masonry.  
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compression, it can be calculated as: 

k =
tm + n⋅tcoat⋅ fc/fm

tm + n⋅tcoat
(4) 

where fc is the cylindrical compressive strength of SFRM. 
The diagonal shear resistance of URM (Vt,m) may be predicted by the 

classical method originally proposed by Turnšek and Cačovic [30] and 
also reported by the Commentary to the Italian Building Code (clause 
C8.7.1.16) [31], which considers masonry as an equivalent isotropic 
material that fails after attaining the tensile strength (fmt): 

Vt,m = L⋅tm⋅
fmt

b
⋅

̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 +
σ0

fmt

√

(5) 

where: 
σ0 = N/(L⋅tm) > 0 is the average compressive stress acting normally 

to the URM wall cross-section; 
b = h/L is a factor depending on the stress distribution acting over 

the wall section. It cannot be lower than 1 and higher than 1.5; 

h is the height of the wall; 
N is the axial compressive force; 
fmt = 1.5τ0 is the tensile strength of URM [21]; 
τ0 is the shear strength of URM resulting from a diagonal- 

compression test. 
Note that in case SFRM coating is applied on a pre-damaged (i.e., 

diagonally cracked) structure, the shear resistance of masonry (Vt,m) 
should be considered lower than that resulting from the Eq. (5). Any
way, no analytical formulations are available to estimate the strength 
reduction of pre-damaged structures and, thus, it should be estimated 
case-by-case based on the experience or experimental evidences. 

As proved by the experimental tests carried out by the Authors of the 
present paper [13,18], the SFRM coating behaves like a two- 
dimensional element bonded to the masonry surface. The good bond 
condition was ensured by a series of steel connectors (4–6 connectors per 
square meter) that were installed in order to link the coating layer and 
the wall surface together. 

The diagonal failure of SFRM coating is generally preceded by the 

Fig. 2. Diagonal shear resisting mechanism acting in the SFRM coating: (a) Strut-and-Tie schematization and (b) related internal actions.  
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formation of small cracks smeared over the coating surface, close to the 
wall diagonal. The number of small cracks developed before failure is 
closely related to the ability of coating to redistribute internal stresses. 
In general, the higher the strength and toughness of SFRM, especially for 
crack widths lower than 0.5 mm, the higher the number of cracks spread 
over the coating surface. When diagonal failure takes place (Fig. 2a), one 
or more discrete diagonal cracks may grow. As SFRM is usually made 
with cementitious composites containing aggregates with a maximum 
size of about 1 mm, the shear resistance provided by aggregate inter
locking [32] is generally negligible. Therefore, the only contribution to 
the internal resistance after cracking is due to steel fibers. The latter may 
be represented by a uniform distribution of tensile stresses (fFt) acting 
along the discrete diagonal crack/s having the constant slope θ (Fig. 2a). 

The SFRM coating behaves like a region subjected to a complex filed 
of internal stresses. To get insight into the flow of forces acting after 
cracking, the actual stress field can be represented and reduced to a 
simple Strut-and-Tie (S&T) model, in which struts and ties represent the 
compression stress field and the tensile stress contribution provided by 
the reinforcement (e.g., reinforcing bars and/or steel fibers), respec
tively. Here, the S&T model consists of six strut elements connected by 
two ties placed perpendicularly to the fracture plane, i.e. the line con
necting the nodes #5 and #6 depicted in Fig. 2b. 

The axial force N*, which arises when total shear resistance of 
coating (Vt,coat) is achieved, represents the total force resulting from 
stresses acting along the compressed toe of coating. In more detail, N* is 
not the total axial force (N) applied on the wall but just the vertical 
component of the total compression force resisted by the strut located in 
the SFRM coating. As diagonal shear failure most frequently occurs in 
double fixed-end walls and piers, the proposed S&T scheme considers 
the force N* acting in the diagonally-opposite toes of the SFRM panel. 
The force Vt,coat can be computed by the rotation equilibrium of the 
internal forces acting within the upper half portion of coating (see 
Section A-A in Fig. 2a). Thus, considering the node #6 of the internal 
truss as a pivot point, the following equation is obtained: 

Vt,coat = m⋅fFt⋅n⋅tcoat⋅
h

2⋅sin2(θ)
(6) 

where: 
m = max[1; (2⋅L/h-1)] is a redundancy factor; 
fFt is the residual tensile strength of SFRM resulting from the Eq. (9); 
θ is the average slope of the struts resulting from Eq. (11). 
A full description of the parameters fFt and θ is reported in the 

following discussion. 
The high internal static redundancy of the coating layers together 

with the increasing aspect ratio of the wall may lead to the activation of 
a multiple S&T mechanism similar to that represented in Fig. 2. In fact, 
as numerically observed, squat panels with an aspect ratio L/h higher 
than 1 tend to develop multiple struts whereas slender panels are 
generally characterized by the formation of a single strut. To take into 
account this effect, which allows to increase the energy dissipated by 
internal inelastic mechanisms, the factor m was included in the Eq. (6). 

The equation reported above to calculate the factor m resulted from the 
analysis of the internal stress fields exhibited by the walls analyzed in 
Section 3. According to the proposed phenomenological interpretation, 
m represents the potential number of struts acting in the coating as a 
function of the aspect ratio L/h of the wall. The relation between L/h and 

m herein proposed resulted from a calibration procedure that allowed to 
minimize the scatter between the analytical predictions of the diagonal 
shear resistance provided by the Eq. (6) and those obtained from the 
numerical parametric study described in Section 3.2. 

The post-cracking behavior of SFRM can be directly obtained from 
uniaxial tension tests, from constitutive models reported by codes (e.g., 
MC2010 [22]) or derived from inverse analysis of either beams or round 
panel specimens (e.g., see Minelli and Plizzari (2015) [33] and Amin 
et al. (2017) [34]) subjected to bending. A typical linear uniaxial tensile 
stress (ft) – crack width (w) law of SFRM is depicted in Fig. 3. Depending 
on the SFRM properties (e.g., mechanical performance of the mortar 
matrix, fiber content, fiber properties, etc.), the constitutive law may 
exhibit either a full tensile softening behavior (Curve B in Fig. 3) or a 
hardening response followed by a softening curve (Curve A in Fig. 3). 

The linear curve lying between the crack widths w1 and wu (Fig. 3) is 
described by the following relationship: 

ft = fFt1 +
fFt1 − fFtu

w1 − wu
⋅ (w − w1) (7) 

where ft is the stress at crack width w. The residual tensile strength 
fFt-0.25, corresponding to a crack width of 0.25 mm, can be easily 
extrapolated from the Eq. (7) as follows:  

Note that the linear law reported by the MC2010 (clause 5.6.4) [22] 
for fiber reinforced concrete is very similar to that depicted in Fig. 3, 
provided that fFt1 = 0.45⋅fR1, fFtu = fFt1 - (wu/CMOD3)⋅(fFt1 - 0.5fR3 +

0.2fR1), wu = CMOD3 = 2.5 mm and w1 = 0.5 mm. Three Point Bending 
Test (3PBT) carried out according to EN 14651 [35] allows determining 

Fig. 3. Typical uniaxial tensile stress (ft) – crack width (w) law for SFRM.  

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

fFt− 0.25 =
0.25mm

w1
(fFt1 − fct) + fct (CurveA) if fct < 1.25⋅fFt1 − 0.25⋅fFtu

fFt− 0.25 =
0.25mm − w1

wu − w1
(fFtu − fFt1) + fFt1 (CurveB) if fct ≥ 1.25⋅fFt1 − 0.25⋅fFtu

(8)   
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fR1 and fR3, which correspond to the residual flexural strengths detected 
at a Crack Mouth Opening Displacement (CMOD) of 0.5 mm and 2.5 
mm, respectively. 

Based on the results of the present work as well as on the Authors’ 
experience, the residual strength fFt may be assumed equal to: 

fFt = max(0.9⋅fct ; fFt− 0.25) (9) 

According to the previous equation, when a SFRM with a pro
nounced tensile softening behavior is adopted, the tensile strength fct 
usually governs the shear resistance of coating. On the contrary, when 
SFRM presents a strain hardening or a slight softening behavior right 
after cracking, the shear resistance will depend on the residual strength 
fFt-0.25. The assumption of a crack width of 0.25 mm to determine fFt-0.25 
is supported by experimental observations [18] and numerical simula
tions [36,37] showing that shear failure of strengthened walls generally 
involves the formation of cracks smaller than 0.2–0.5 mm. In conclusion, 
Eq. (9) corresponds to a stable or slightly softening behavior of SFRM for 
small crack widths, thus promoting the internal redistribution of stresses 
after cracking of coating. 

Before cracking, the behavior of the strengthened wall is comparable 
to that of an elastic 2D continuum subjected to a plane stress condition 
due to the shear and axial stresses acting in the panel. Considering the 
uniaxial tensile strength of masonry totally negligible, the cracking 
condition is attained once the average principal tensile stress achieves 
the tensile strength of SFRM. Thus, the shear strength (vcr) of the wall at 
the onset of cracking can be estimated as: 

vcr =
fct

b
⋅

̅̅̅̅̅̅̅̅̅̅̅̅̅

1 +
σ0

fct

√

(10) 

where fct is the uniaxial tensile strength of SFRM whereas σ0 = N/ 
(L⋅tm) > 0 is the axial stress acting in the URM panel. Eq. (10) includes 
the same axial stress (σ0) acting in masonry before retrofitting (see Eq. 
(5)). This simplifying assumption is made to overcome the difficulties in 
predicting the actual distribution of the axial stress between masonry 

and coating. In fact, in real cases, the SFRM overlay is applied on existing 
buildings when the total gravity and superimposed loads already stress 
the bearing walls. Therefore, the axial stress acting in the SFRM layer is 
generally negligible. On the contrary, an increment of the axial stress in 
the coating is necessarily observed as the lateral load on the wall in
creases. The axial stress adopted in the Eq. (10) allows to avoid the 
aforementioned difficulties always leading to a conservative calculation 
of the total shear resistance resulting from the Eq. (2). 

The average slope of the struts is represented by the angle θ deter
mined by the direction of principal compressive stresses acting in the 
middle of the wall. From the Mohr’s circle of stresses of the continuum, 
one may define the angle θ as follows: 

θ = min
[

arctan
(

fct + σ0

b⋅vcr

)

; 90◦

]

≥ arctan
(

h
L

)

(11)  

2.1.2. Sliding shear resistance 
The increase of the wall resistance after retrofitting may be so high to 

prevent shear failure due to diagonal compression or tension mecha
nisms. In this case, after few cycles of lateral displacement reversal, 
sliding displacements can occur either at the wall base or along flexural 
cracks, thus forming a continuous and approximately horizontal shear 
path. To control sliding shear, the shear friction mechanism can be 
exploited. Along the plane of potential sliding, shear transfer can occur 
by friction acting in the flexural compression zone. The frictional stress 
results from the combination of the contributions provided by masonry 
(vs,m) and SFRM coating (vs,coat), as shown in the schematic of Fig. 4. 
Note that the tensile resistance provided by fibers orthogonally tothe 
cracked section was considered constant and equal to fFt. When sliding 
failure takes place, the maximum bending stresses acting in URM (σm) 
and SFRM (σcoat) are usually lower than the corresponding compressive 
strengths. Moreover, in actual cases, the activation of the sliding 
mechanism is not necessarily accompanied by the achievement of the 
maximum flexural capacity. Therefore, in the present work, the length of 

Fig. 4. Shear sliding resisting mechanism acting in the strengthened wall.  
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the compressed zone (xs) related to the shear sliding mechanism was 
different as compared to that calculated for flexural failure (see Section 
2.2). As suggested by the Eurocode 6 [23], a linear distribution of the 
stresses in the compressed zone was assumed. 

From the equilibrium, the total resisting force related to the sliding 
mechanism is equal to: 

VR,s = xs⋅
(
vs,coat⋅n⋅tcoat + vs,m⋅tm

)
+ Vd (12) 

where Vd is the shear resisting force by dowel action of reinforcing 
bars, if any. The frictional strength of SFRM can be estimated according 
to the formulation reported by the NTC2018 [21] for concrete walls, 
which reads as follows: 

vs,coat = 0.5⋅η⋅fc (13) 

where: 
η = 0.6⋅(1-fck/250) is the strength reduction factor; 
fck is the characteristic compressive strength of SFRM expressed in 

MPa. According to Eurocode 2 [38], if the mean value of the cylindrical 
compressive strength (fcm) is known, then the characteristic strength can 
be estimated as fck = fcm-8 MPa. 

As also recommended by the NTC2018 [21], the design sliding shear 
strength of URM is given by: 

vs,m = 0.4⋅σ0,s + fv0 (14) 

in which σ0,s = N/(xs⋅tm) and fv0 (Table 3) is the sliding shear 
strength of unit-to-mortar interface at zero compression. 

To determine the length xs, the equilibrium of the potential sliding 
section subjected to combined flexure and axial compression must be 
performed. Here, to get a conservative prediction of xs, the tensile 
contribution provided by localized rebars (e.g., see Fig. 4) (if any) 
crossing the sliding section was neglected. The length of the compressed 
zone results from the following quadratic equation: 

1
6

⋅x2
s ⋅fFt⋅n⋅tcoat + xs⋅

[

βh⋅
(
vs,coat⋅n⋅tcoat + fv0⋅tm

)
+

1
3

⋅fFt⋅n⋅tcoat⋅L +
N
3

]

+ N⋅
(

0.4⋅βh −
L
2

)

−
1
2

⋅fFt⋅n⋅tcoat⋅L2

= 0 (15) 

where βh is the lever arm of the lateral load, with β = 1 for a 
cantilever wall and β = 0.5 for a double fixed-end wall. Note that 
whether the coating crossing the considered wall section is not 

continuous, its tensile contribution (i.e., fFt) in the Eq. (15) must be 
neglected. 

Dowel action of vertical rebars is generally associated with high 
lateral displacements. The NTC2018 [21] as well as the Eurocode 8 [39] 
estimate the dowel resistance of vertical bars as follows: 

Vd = min

{
1.3⋅

∑
Asn⋅

̅̅̅̅̅̅̅̅̅
fc⋅fy

√

0.25⋅fy⋅
∑

Asn
(16) 

where: 
∑

Asn is the sum of the areas of the vertical bars crossing the po
tential sliding section; 

fy is the yielding strength of vertical rebars. 

2.2. Flexural resistance 

To calculate the flexural resistance of the cross-section of a retro
fitted wall, the stress and strain distribution shown in the schematic of 
Fig. 5 can be adopted. Symmetrical vertical reinforcing bars at both ends 
were included in the calculation to consider the resisting contribution of 
localized conventional reinforcement, if any. As discussed by the Au
thors in a previous work [18], vertical short rebars placed within the 
coating thickness can be used to increase the bending resistance of the 
wall especially where the SFRM coating presents discontinuities (e.g. the 
wall-to-foundation interface), which are not able to withstand tensile 
stresses acting normally to the sliding plane. Since perfect bond between 
masonry and coating was assumed (i.e., no relative slip at the masonry- 
to-coating interface; no detachment of coating from the masonry sur
face), the following classical hypotheses can be stated in order to derive 
a general formulation for the flexural resistance. 1) Plane sections 
remain plane after bending (Bernoulli’s principle). 2) An elastic–plastic 
constitutive law is assumed for reinforcing steel. 3) Tensile strength of 
masonry is neglected. 4) Post-cracking tensile strength of SFRM is taken 
into account provided that no discontinuities are located along the cross- 
section plane. In this latter case the tensile contribution of fibers must be 
neglected. 5) A constant distribution of stresses (stress-block) acting 
along the cross-section is assumed both for masonry (i.e. Eurocode 6 
[23]) and SFRM (i.e. MC2010 [22]) in compression. About the tensile 
stresses acting in the SFRM, the rigid-plastic model recommended by the 
MC2010 [22] was adopted. 

The same strain distribution (Fig. 5) was assigned to both masonry 
and SFRM, which assumes an ultimate strain (εc) at the extreme 

Fig. 5. Stress and strain distribution acting over a wall cross-section subjected to bending.  
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compression fiber equal to 3.5 ‰. The adopted compressive stress dis
tribution (stress-block) is consistent with that suggested by the Italian 
code [21] as well as by European standards [23,38,22]. A rigid-plastic 
model with a constant strength was used to represent the tensile 
behavior of SFRM according to MC2010 [22]. As stated above, the 
tensile contribution of coating (fFtu) must be neglected along those 
sections presenting discontinuities such as, for example, the interface 
between the wall and the foundation or between the internal SFRM layer 
and the floor slab in case of double-sided strengthening. 

The depth (xf) of the stress block must be first calculated from the 
equilibrium of axial forces. Thus, the following equation is obtained: 

N = α⋅λ⋅xf ⋅(fm⋅tm + fc⋅n⋅tcoat) − fFtu⋅n⋅tcoat⋅(L − xf) +
∑n

1
(A’sn⋅σ’sn

− Asn⋅σsn) (17) 

where: 
Asn is the total area of the nth vertical rebar placed in the tensile zone; 
A’sn is the total area of the nth vertical rebar placed in the compressed 

zone; 

σsn = min(fy; εsn⋅Es) is the stress acting in the nth tensile vertical 
rebar; 

σ’sn = min(fy; ε’sn⋅Es) is the stress acting in the nth compressed ver
tical rebar; 

Es is the Young’s modulus of reinforcing steel; 
εsn, ε’sn are the strains acting in the tensile and compressed rebars, 

respectively; 
xf is the depth of the neutral axis; 
λ = 0.8 is the factor defining the effective height of the compressed 

zone of masonry [23] and SFRM [22]; 
α = 0.85 is the coefficient taking into account the long term effects on 

the compressive strength according to the NTC2018 [21]. 
According to EN14651 [35], the ultimate tensile strength fFtu can be 

assumed equal to fR3/3 (fR3 = residual flexural strength corresponding to 
a crack width of 2.5 mm) as required by the rigid-plastic model defined 
by the MC2010 [22]. Experimental observations [18] and numerical 
simulations have shown that this assumption is, in most of the cases, 
reasonably conservative. In fact, walls retrofitted by SFRM coating 
generally exhibit flexural cracks at failure with maximum widths higher 

Fig. 6. (a) Typical FE model of the wall. (b) Boundary conditions considered in the parametric study. (c) Schematic of the isoparametric elements adapted from [41].  
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than 2 mm. 
The resisting moment (MR) can be evaluated as follows: 

MR = −
α⋅(fm⋅tm + fc⋅n⋅tcoat)⋅(λ⋅xf)

2

2
+

fFtu⋅
(

L2 − x2
f

)

2
⋅n⋅tcoat

+
∑n

1
(Asn⋅σsn⋅dn − A’sn⋅σ’sn⋅d’n)+

N⋅L
2

(18) 

where dn and d’n are the effective depths of tensile and compressed 
rebars, respectively. Note that the reinforcement is symmetrically placed 
within the section as suggested in a previous work [18]. 

Moreover, it should be noted that, if SFRM coating and conventional 
reinforcement are not used, Eq. (18) reduces to that recommended by 
NTC2018 (clause 7.8.2) [21] and EN 1998–3 (clause C4.2) [40] for URM 
sections. 

3. Model validation 

Because of the limited experimental data currently available 
[13,17,18,36], the analytical model was mainly validated against the 
results of a parametric study based on non-linear numerical simulations. 
The parametric study considered walls having different material (i.e., 
masonry and SFRM) and geometrical properties (e.g., wall thickness, 
coating thickness, wall aspect ratio, etc.) in order to have a broad 
perspective on the actual effectiveness of the proposed analytical model. 

The Finite Element (FE) program Diana 10.4 [41] was used to 
perform the numerical analyses. As shown in a previous work [17], the 
constitutive models implemented in the Diana 10.4 code for quasi-brittle 
materials are effective in predicting the response of both single members 
and buildings strengthened with SFRM coating. 

The typical FE model of the walls used in the parametric study is 
shown in Fig. 6a. It adopts 8-nodes isoparametric curved shell elements 
(Fig. 6c) with a 3x3 Gaussian integration scheme in the plane of the 
element and a 5-points Simpson scheme in the thickness direction. 
Preliminary sensitivity simulations of the analyzed walls showed that 
the adoption of shell elements with dimensions of about 100x100 mm 
provided a mesh refinement able to accurately predict the member 
response. Two different shell element typologies are available in the 
program, namely the regular and the layered element, respectively 
(Fig. 6c). Unlike the regular elements, the thickness of the layered shell 
is subdivided into a number of layers that may have different material 
and thickness properties. Further details about the element formulation 
can be found in [41]. URM walls with uniform properties over the 
thickness can be modelled by regular shell elements. On the contrary, 
the layered shells are suitable for simulating laminated elements with 
variable properties over the thickness, such as the walls strengthened 

with SFRM coating. 
To model potential sliding mechanisms occurring at the top or the 

bottom side of the wall, 3 + 3 nodes isoparametric line interface ele
ments (Fig. 6c) were used to connect the masonry panel with both the 
foundation and the distributor beam (Fig. 6a). A 3-points Newton-Cotes 
integration scheme was adopted in the isoparametric direction ξ 
whereas a 5-points Simpson scheme was selected for the integration in 
the thickness direction. 

Both double fixed-end and cantilever walls were analyzed in the 
parametric study (Fig. 6b). To represent the double fixed-end condition, 
the base side of the masonry panel was rigidly connected to a large stiff 
foundation (Fig. 6a). On the contrary, the upper side of the wall was free 
to translate whereas the rotation about the transversal axis (i.e., z axis) 
was restrained. The latter condition was obtained by joining together the 
stiff distributor beam located at the top of the masonry panel (i.e., the 
“Linear elastic distributor beam”) and the “Upper stiff beam” by vertical 
rigid links. Note that the ability of the “Upper stiff beam” to freely 
translate vertically allows to keep the axial load constant as the masonry 
panel is laterally displaced. To simulate the cantilever wall, the top stiff 
beam and the link elements were both removed from the model. 

The behavior of masonry and SFRM was simulated by a smeared 
crack model (i.e., “total strain rotating crack model” [41]), in which the 
constitutive stress–strain relationships are evaluated in the principal 
direction of the strain vector. 

About masonry, the parabolic constitutive law proposed by Feenstra 
[42] was used to simulate the stress–strain behavior in compression. As 
shown in the schematic of Fig. 7a, the law depends on the compressive 
strength (fm) and the compressive fracture energy (Gc). Based on the 
tensile strength (fmt,num) and the mode-I tensile fracture energy (GI

f), the 
Hordijk’s [43] law was adopted to model the post-cracking behavior of 
URM, whereas a simple tensile linear stress–strain curve was imple
mented to describe the elastic response in the pre-cracked stage. 

The compressive behavior of SFRM was represented by the Thor
enfeldt’s model [44] (Fig. 7b), whose formulation depends only on the 
compressive strength (fc). A linear elastic law with constant elastic 
modulus (E) governed the tensile behavior up to the achievement of the 
tensile strength (fct). After cracking, the multilinear stress-crack width 
law shown in Fig. 3 was implemented. 

To make the energy dissipated during failure independent from the 
numerical discretization, a proper characteristic length must be incor
porated in the continuum equations. As proposed by Rots [45], the mesh 
objectivity is restored by using a characteristic length (hch) depending 
on the size of the finite element (i.e., hch = A1/2, A = area of the single 
shell element). 

To model the frictional behavior of the interface located along the 
top and bottom side of the masonry panel, a non-linear elastic friction 

Fig. 7. Material constitutive laws in compression for (a) URM and (b) SFRM.  
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model was implemented. The variables that define the behavior of the 
structural interface are oriented in the local x-y-z reference system 
(Fig. 6c). The interface model is defined by the generalized strain (u) 
and stress (f) vectors. The former u = [usx, uny, usz]T consists of the 
relative shearing (usx, usz) and normal (uny) displacement components. 
The latter f = [fsx, fny,fsz]T consists of the shear traction components fsx 
and fsz acting parallel to the x- and z- local axes as well as by the normal 
traction fny parallel to the y-axis. In the elastic stage, the behavior of the 
interface is governed by the equation f = De u, where De ¼ diag [ksx, kny, 
ksz] represents the elastic stiffness matrix. The effective shear stress 
τ=(fsx2 + fsz2 )1/2 is related to the normal stress by the yield function |τ|+
fny⋅tan(ϕ)-c = 0 depending on the friction angle ϕ and the cohesion c. 
Since the interface was included in the FE model to represent the shear- 
sliding mechanism considered by the proposed analytical model (see 
par. 2.1.2), the parameter tan(ϕ) was assumed equal to 0.4 to be 
consistent with the friction angle recommended by NTC2018. Assuming 
that the thickness of the interface element is tm, the cohesion can be 
computed as the combination of the contributions of masonry and 
coating according to the equation c = 0.5⋅η⋅fc⋅tcoat/tm + fv0. In the elastic 
regime the deformation of the interface was considered negligible and, 
thus, the normal and tangent elastic stiffnesses (ksx, kny, ksz) were all set 
equal to 1x108 N/mm3. 

All the simulations were performed under lateral deflection (δ) 
control and a constant axial load (N) uniformly distributed along the top 
side of the masonry panel. A regular Newton-Raphson iteration scheme 
was adopted, with a line search algorithm improving the method’s 
robustness. To check convergence of the iteration process, the force and 
displacement norms were both controlled by setting the corresponding 
tolerances ≤ 0.01. 

3.1. Validation of the numerical model 

Table 1 summarizes the main properties of five URM shear walls 
reported by the literature [46–49,36] and here used as reference samples 
for the parametric study. The compressive strength (fm) and the elastic 
modulus (E) of masonry were determined from the data reported in the 
aforementioned experimental works, whereas the remaining mechanical 
parameters (i.e., ν, fmt,num, Gc and GI

f) were calibrated so that the nu
merical response provided the best prediction of the load–deflection 
curves observed in the experimental tests. The results of Table 1 high
light the good accuracy of the numerical model that provided total base 
shear values (Vnum

R ) very close (i.e., Vnum
R /Vexp

R = 1.02 on average) to the 
experimental ones (Vexp

R ). As occurred in the experimental tests, all the 
reference walls attained the maximum capacity after exhibiting a diag
onal shear mechanism. 

Two different experimental case studies were considered. 
The former considers two full-scale cantilever walls, hereafter named 

as wall #66 and wall #67, which were tested at the University of 
Brescia. As discussed in [36], the specimens had a total length of 3000 
mm, a height of 1970 mm and were made with the hollow-block ma
sonry material MAS5 described in Table 1. Moreover, the total thickness 
of the walls #66 and #67 URM was respectively 240 mm and 200 mm. 

Both sides of the walls were strengthened with a 25 mm thick coating 
made with the fiber reinforced mortar SFRM7 (see Table 2). Unlike the 
wall #66, the wall #67 was provided with vertical 8 mm diameter steel 
rebars located on each side of the element to connect the coating layer to 
the concrete foundation of the specimen. As shown in the schematic of 
Fig. 8a, the rebars were located in the middle of the coating thickness 
and fixed to the foundation by epoxy grout injected into pre-drilled 
holes. The walls were tested under a constant axial load (N) of 250 kN 
and horizontal reverse cycling loading. The experimental results showed 
that the increase of the shear resistance due to retrofitting allowed to 
turn the diagonal shear failure mechanism of the URM walls into the 
flexural mode exhibited by the retrofitted ones. For the sake of example, 
the crack pattern at failure of the wall #67 has been represented in 
Fig. 8b. The maximum lateral resistance of the test wall #66 was 202 kN 
whereas the wall #67 attained a higher flexural capacity (i.e., 316 kN) 
due to the contribution to flexural resistance provided by the coating-to- 
foundation anchor rebars. 

The FE simulations of the two walls were performed in a monotonic 
fashion by adopting the model discussed at the beginning of this Section. 
The response of the wall #66 was well captured by the numerical model, 
which provided a maximum lateral capacity (i.e., 214 kN) 6 % higher 
than the actual one. A reasonably good prediction was also obtained for 
the wall #67, since the numerical maximum capacity (i.e., 312 kN) was 
only 1 % lower than the experimental one (i.e., 316 KN). This good 
result was obtained by reducing the tensile strength of rebars to 218 MPa 
in order to account for splitting failure observed in the experimental test 
(see Section 3.2, Eq. (20)). The flexural failure modes experienced by 
both test walls were consistent with those obtained from the 
simulations. 

The second case study considers a 5.75x4.25x6.7 (height) m two- 
story full-scale masonry building tested at the University of Brescia 
under quasi-static reverse cyclic loading. The structure was retrofitted 
by a 30 mm thick layer of SFRM coating applied only on the outer 
surface of the walls. All the details concerning the experimental test can 
be found in [18]. The main results of the experimental test have been 
compared with those provided by the 3-D FE simulation of the building 
based on the “smeared crack model” described above. The model 
implemented the mechanical properties herein referred to as MAS5 
(Table 1) and SFRM1 (Table 2) respectively for URM and SFRM. A 
comprehensive description of the numerical analysis is reported in 
[36,37]. Here only the total base shear (Vb) – top deflection (δ) response 
and the numerical crack patterns were compared with the corresponding 
experimental ones. As shown in Fig. 9a, the numerical model was able to 
well capture both the pre-peak lateral stiffness and the maximum ca
pacity of the building. The numerical and the experimental crack- 
patterns at peak load are compared in Fig. 9b. As it can be observed, 
the flexural and the diagonal shear cracks affecting the piers of the 
ground story were consistent with the post-cracking strains reported in 
the numerical contours. These good results further confirm the ability of 
the FE model to predict all the most significant mechanisms presented by 
retrofitted masonry, including those involving shear-critical structural 
elements. 

Table 1 
Properties considered in the numerical analysis of the URM test walls.  

Wall 
ID 

Ref. URM 
ID 

Wall 
restr.1 

N 
[kN] 

L 
[m] 

h 
[m] 

tm 

[mm] 
ν 
[-] 

E 
[MPa] 

fmt,num 

[MPa] 
fm 

[MPa] 
Gc [N/ 
mm] 

GI
f [N/ 

mm] 
Vexp

R [kN] Vnum
R [kN] Vnum

R
Vexp

R 
CT02 

[46] MAS1 DF-W 160  2.50  2.50 320  0.2 800  0.13  3.28  5.3  0.001 140 143  1.02 
WIVb [47] MAS2 DF-W 205  1.36  0.90 236  0.2 1300  0.24  4.53  10.0  0.10 158 163  1.03 
RDB- 

01 
[48] MAS3 DF-W 300  2.50  2.00 300  0.2 700  0.15  2.33  50.0  0.01 156 162  1.04 

PUP1 [49] MAS4 DF-W 418  2.01  2.23 200  0.2 2500  0.08  5.87  10.0  0.10 175 170  0.97 
MW3 [36] MAS5 C-W 250  3.00  1.97 200  0.2 2100  0.05  2.30  3.0  0.01 128 132  1.03                

Mean [-]  1.02                
CV [%]  2.7  

1 Wall restraints: C-W = cantilever wall; DF-W = double fixed-end wall. 
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The numerical simulation of the building allowed to calculate the 
maximum resistance of the central pier “P7” (see Fig. 9b – ground story), 
which will be hereafter named as wall #68. This wall failed under di
agonal shear after attaining a maximum resistance of 126 kN. To 
calculate this resistance, the shear stresses acting along the bottom side 
of the pier were integrated over the entire wall width (i.e., 1250 mm). 
The integration procedure was repeated for every step of the numerical 
simulation until the maximum shear capacity of the pier was found. As 
discussed in Section 3.2, this value of capacity was compared with that 
provided by the proposed analytical model to further enhance its 
validation. 

3.2. Validation of the proposed analytical model 

The five walls described in the previous section were used as refer
ence samples to perform a parametric study aiming at simulating 
strengthening arrangements characterized by different SFRM properties, 

coating thickness, number of strengthened sides, wall aspect ratios and 
axial loads (Table 4). 

Regarding the material properties, the parametric analysis consid
ered the masonry materials (i.e., MAS1-5) summarized in Table 1 and 
the seven SFRM materials (i.e., SFRM1-7) described in Table 2. The 
SFRM materials are characterized by different compressive strengths 
and tensile properties, being these latter represented by the tensile 
strength and crack width parameters defining the multilinear law 
depicted in Fig. 3. Note that the properties of SFRM1, SFRM2 and 
SFRM7 are typical of materials having a strain-hardening behavior after 
cracking. On the opposite, the materials SFRM3-5 present a typical 
softening behavior after cracking. 

The analytical prediction of the diagonal shear strength of the URM 
test walls is based on the equation proposed by Turnšek and Cačovic 
[30]. As shown by other authors [50], the accuracy of this equation is 
mainly dependent on the value of the masonry diagonal tensile strength 
(fmt), which is not necessarily coincident with the tensile strength (i.e., 

Table 2 
Properties of SFRM used in the numerical simulations and in the analytical model.  

SFRM ID E [MPa] fc [MPa] fct [MPa] fFt-0.25 [MPa] fFt1 [MPa] w1 [mm] fFtu [MPa] wu [mm] 

SFRM1 21,000 36  2.00  2.16  2.50  0.8  1.80  2.5 
SFRM2 21,000 18  2.00  2.16  2.50  0.8  1.80  2.5 
SFRM3 21,000 36  2.00  1.65  1.30  0.5  0.57  2.5 
SFRM4 21,000 36  3.00  1.65  0.30  0.5  0.10  2.5 
SFRM5 30,000 36  2.00  1.65  1.30  0.5  0.57  2.5 
SFRM6 21,000 25  3.00  1.77  0.54  0.5  0.10  2.5 
SFRM7 14,400 25  1.65  1.68  1.70  0.5  1.25  2.5  

Table 3 
Shear strength of URM and shear resistance calculated by Eq. (5).  

Wall ID URM ID N [kN] L [m] b [-] tm [mm] fv0 [MPa] fmt [MPa] Vt,m [kN] Vexp
R [kN] Vtm

Vexp
R 

CT02 
MAS1 160  2.50  1.0 320  0.101  0.11 148 140  1.06 

WIVb MAS2 205  1.36  1.0 236  0.392  0.27 159 158  1.01 
RDB-01 MAS3 300  2.50  1.0 300  0.252  0.09 158 156  1.01 
PUP1 MAS4 418  2.01  1.1 200  0.272  0.19 176 175  1.01 
MW3 MAS5 250  3.00  1.0 200  0.203  0.09 128 128  1.00          

Mean [-]  1.01          
CV [%]  0.81  

1 Minimum mean value recommended by [31] for stone masonry with a regular pattern. 
2 Mean value reported by the Author of the experimental test. 
3 Minimum mean value recommended by [31] for hollow-block masonry. 

(a) (b)
Fig. 8. (a) Wall #67 details and (b) experimental crack pattern at failure. (dimensions in mm).  
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fmt,num - Table 1) resulting from the numerical calibration. Therefore, a 
further calibration procedure was performed to determine the tensile 
strength that must be implemented in Eq. (5) to get a shear resistance as 
close as possible to the capacity (Vexp

R ) of the test walls. The resulting 
values of the tensile strengths implemented in the analytical model are 
reported in Table 3 together with the comparison between the experi
mental capacity (Vexp

R ) and the one (Vt,m) calculated by the Eq. (5). 
The parametric study involved a total of 68 cantilever or double 

fixed-end walls, three of which were also investigated by experimental 
tests performed at the University of Brescia. Table 4 summarizes the 
properties of each wall as well as the total lateral resistances (VR) 
resulting from both the numerical simulation (Vnum

R ) and the analytical 
prediction (Van

R ) obtained from the proposed analytical model. When 
considering the analytical prediction, VR was calculated as the minimum 
of the four components related respectively to the maximum shear 
strength (VR,max), the diagonal shear failure (VR,t), the sliding shear 
failure (VR,s) and the flexural failure (VR,flex). For the sake of clarity, a 
step-by-step description of the procedure used to implement the 
analytical model is shown in the worked example reported in Section 4. 

The failure mode predicted by the proposed model was consistent 
with the numerical one for 58 of the 68 walls included in Table 4. As 
highlighted by the diagram of Fig. 10, the relatively low value of the 

MAPE (11.7 %) proves the good accuracy of the analytical model. The 
inaccuracy of the model seems to increase as the aspect ratio (h/L) de
creases to values lower than 0.5. However, the analytical predictions 
are, in most of the cases, more conservative than the results of the nu
merical simulations. About the wall #66 and #67, the evaluation of the 
flexural resistance by the proposed model was made without considering 
the tensile strength (fFt) of SFRM, since the coating was not connected to 
the wall foundation. Furthermore, the prediction of the lateral resistance 
of wall #67 required to take into account the contribution of vertical 
reinforcement. The latter was provided with a small clear cover (8.5 
mm) that promoted the formation of vertical splitting cracks running 
parallel to each rebar (Fig. 8b). The bond strength for splitting failure 
can be estimated by the following equation reported by the MC2010 
(clause 6.1.1.1) [22]: 

τbu,split = η2⋅6.5⋅
(

fcm

25

)0.25

⋅
(

25
Ø

)0.2

⋅

[
(cmin

Ø

)0.33
⋅
(

cmax

cmin

)0.1
]

= 10.9 MPa

(19) 

where: 
η2 = 1 for good bond conditions; 
fcm = fc = 25 MPa is the mean compressive strength of mortar 

SFRM7; 

Fig. 9. Comparison between the experimental and the numerical response of the test building [36] retrofitted with SFRM coating: (a) total base shear (Vb) vs top 
deflection (δ) response; (b) crack pattern at the maximum base shear. 
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Table 4 
Results of the parametric study.             

Proposed analytical model Numerical  

Ref. # URM 
ID 

Wall 
restr.1 

L 
[m] 

h 
[m] 

h/L 
[-] 

tm 

[mm] 
tcoat 

[mm] 
n 
[-] 

N 
[kN] 

SFRM 
ID 

xf 

[mm] 
xs 

[mm] 
θ 
[◦] 

VR,max 

[kN] 
VR,flex

2 

[kN] 
VR,t 

[kN] 
VR,s 

[kN] 
Van

R [kN] Fail. 
mode3 

Vnum
R [kN] Fail. 

mode3 
Van

R
Vnum

R 
1 

MAS1 DF-W  2.50  2.50  1.00 320 30 1 160 SFRM1 168 628 46 1065 279 302 265 265 S 290 F  0.91 
2 MAS1 DF-W  2.50  2.50  1.00 320 15 2 160 SFRM1 168 628 46 1065 279 302 265 265 S 286 F  0.93 
3 MAS1 DF-W  2.50  2.50  1.00 320 15 1 160 SFRM1 175 728 46 795 215 225 192 192 S 215 F  0.89 
4 MAS1 DF-W  2.50  2.50  1.00 320 15 2 160 SFRM2 223 917 46 795 274 302 236 236 S 278 F  0.85 
5 MAS1 DF-W  2.50  2.50  1.00 320 30 1 160 SFRM3 118 574 46 1065 195 277 247 195 F 224 F  0.87 
6 MAS1 DF-W  2.50  2.50  1.00 320 15 2 160 SFRM3 118 574 46 1065 195 277 247 195 F 225 F  0.87 
7 MAS1 DF-W  2.50  2.50  1.00 320 30 1 400 SFRM1 304 843 48 1065 482 353 430 353 D 371 D  0.95 
8 MAS1 DF-W  2.50  2.50  1.00 320 15 2 400 SFRM1 304 843 48 1065 482 353 430 353 D 387 D  0.91 
9 MAS1 DF-W  2.50  2.50  1.00 320 15 1 400 SFRM1 360 1040 48 795 413 280 343 280 D 283 D  0.99 
10 MAS1 DF-W  2.50  2.50  1.00 320 15 2 400 SFRM2 404 1157 48 795 465 353 377 353 D 377 D  0.94 
11 MAS1 DF-W  2.50  2.50  1.00 320 30 1 400 SFRM3 257 801 48 1065 406 329 416 329 D 353 D  0.93 
12 MAS1 DF-W  2.50  2.50  1.00 320 15 2 400 SFRM3 257 801 48 1065 406 329 416 329 D 390 D  0.84 
13 MAS1 DF-W  1.25  2.50  2.00 320 30 1 200 SFRM1 152 153 63 532 121 170 129 121 F 131 F  0.92 
14 MAS1 DF-W  1.25  2.50  2.00 320 15 2 200 SFRM1 152 153 63 532 121 170 129 121 F 132 F  0.91 
15 MAS1 DF-W  1.25  2.50  2.00 320 30 1 200 SFRM3 129 137 63 532 102 153 124 102 F 118 F  0.86 
16 MAS1 DF-W  1.25  2.50  2.00 320 15 2 200 SFRM3 129 137 63 532 102 153 124 102 F 119 F  0.85 
17 MAS1 DF-W  4.00  2.50  0.63 320 30 1 256 SFRM1 269 1535 46 1704 714 577 593 577 D 537 D  1.07 
18 MAS1 DF-W  4.00  2.50  0.63 320 15 2 256 SFRM1 269 1535 46 1704 714 577 593 577 D 552 D  1.04 
19 MAS1 DF-W  5.00  2.50  0.50 320 30 1 320 SFRM1 336 2270 46 2130 1116 759 854 759 D 733 D  1.04 
20 MAS1 DF-W  5.00  2.50  0.50 320 15 2 320 SFRM1 336 2270 46 2130 1116 759 854 759 D 751 D  1.01 
21 MAS1 DF-W  4.00  2.50  0.63 320 30 1 256 SFRM3 189 1432 46 1704 499 520 560 499 F 508 D  0.98 
22 MAS1 DF-W  4.00  2.50  0.63 320 15 2 256 SFRM3 189 1432 46 1704 499 520 560 499 F 508 D  0.98 
23 MAS1 DF-W  5.00  2.50  0.50 320 30 1 320 SFRM3 236 2136 46 2130 780 682 811 682 D 686 D  0.99 
24 MAS1 DF-W  5.00  2.50  0.50 320 15 2 320 SFRM3 236 2136 46 2130 780 682 811 682 D 624 D  1.09 
25 MAS2 DF-W  1.36  0.90  0.66 236 30 1 205 SFRM1 157 591 49 585 382 263 307 263 D 268 D  0.98 
26 MAS2 DF-W  1.36  0.90  0.66 236 15 2 205 SFRM1 157 591 49 585 382 263 307 263 D 270 D  0.97 
27 MAS2 DF-W  1.36  0.90  0.66 236 15 1 205 SFRM1 184 687 49 438 326 211 244 211 D 216 D  0.98 
28 MAS2 DF-W  1.36  0.90  0.66 236 30 1 205 SFRM3 132 568 49 585 319 245 298 245 D 246 D  1.00 
29 MAS2 DF-W  1.36  0.90  0.66 236 15 2 205 SFRM3 132 568 49 585 319 245 298 245 D 247 D  0.99 
30 MAS3 DF-W  5.00  2.00  0.40 300 30 1 150 SFRM1 284 2072 46 1779 1002 702 811 702 D 627 D  1.12 
31 MAS3 DF-W  5.00  2.00  0.40 300 15 2 150 SFRM1 284 2072 46 1779 1002 702 811 702 D 606 D  1.16 
32 MAS3 DF-W  5.00  2.00  0.40 300 30 1 525 SFRM1 538 2828 47 1779 1815 778 1236 778 D 948 D  0.82 
33 MAS3 DF-W  2.50  2.00  0.80 300 30 1 300 SFRM4 216 936 47 890 358 386 460 358 F 318 F  1.13 
34 MAS3 DF-W  2.50  2.00  0.80 300 15 2 300 SFRM4 216 936 47 890 358 386 460 358 F 318 F  1.13 
35 MAS3 DF-W  2.50  2.00  0.80 300 15 1 300 SFRM4 306 1061 47 620 342 272 352 272 D 273 D  1.00 
36 MAS3 DF-W  3.20  2.00  0.63 300 30 1 384 SFRM4 276 1467 47 1139 586 537 686 537 D 470 D  1.14 
37 MAS3 DF-W  5.00  2.00  0.40 300 30 1 525 SFRM4 379 2967 47 1779 1268 913 1286 913 D 812 D  1.12 
38 MAS4 DF-W  2.01  2.23  1.11 200 60 1 418 SFRM1 229 529 51 1340 521 415 500 415 D 454 D  0.91 
39 MAS4 DF-W  2.01  2.23  1.11 200 30 2 418 SFRM1 229 529 51 1340 521 415 500 415 D 502 D  0.83 
40 MAS4 DF-W  3.01  2.23  0.74 200 60 1 626 SFRM1 343 1175 51 2007 1168 699 990 699 D 853 D  0.82 
41 MAS4 DF-W  4.01  2.23  0.56 200 60 1 834 SFRM1 457 1963 51 2674 2074 1010 1569 1010 D 1289 D  0.78 
42 MAS4 DF-W  5.01  2.23  0.45 200 60 1 1042 SFRM1 570 2847 51 3341 3237 1322 2208 1322 D 1998 D  0.66 
43 MAS4 DF-W  1.01  2.23  2.21 200 60 1 210 SFRM1 115 96 66 673 132 239 145 132 F 160 F  0.82 
44 MAS4 DF-W  2.01  2.23  1.11 200 60 1 418 SFRM5 180 491 51 1340 408 375 476 375 D 435 D  0.86 
45 MAS4 DF-W  2.01  2.23  1.11 200 30 2 105 SFRM5 64 340 48 1340 153 324 256 153 F 236 F  0.65 
46 MAS4 DF-W  3.01  2.23  0.74 200 30 2 157 SFRM5 96 750 47 2007 342 562 535 343 F 469 F  0.73 
47 MAS4 DF-W  4.01  2.23  0.56 200 30 2 209 SFRM5 128 1274 47 2674 607 824 886 608 F 668 D  0.91 
48 MAS4 DF-W  5.01  2.23  0.45 200 30 2 261 SFRM5 160 1890 47 3341 948 1086 1294 949 F 927 D  1.02 
49 MAS4 DF-W  1.01  2.23  2.21 200 30 2 53 SFRM5 32 77 66 673 39 184 70 39 F 67 F  0.57 
50 MAS4 DF-W  7.01  2.23  0.32 200 30 2 365 SFRM5 224 3325 47 4674 1855 1611 2239 1611 D 1375 D  1.17 
51 MAS4 DF-W  2.01  2.23  1.11 200 20 1 105 SFRM6 81 575 48 673 95 215 153 95 F 142 F  0.67 

(continued on next page) 
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Ø = 8 mm is the bar diameter; 
cmin = 8.5 mm is the minimum cover; 
cmax = 125 mm is the maximum cover. 
When splitting failure occurs, the maximum tensile stress acting in 

each rebar can be estimated as follows: 

σs,max = min
(

4⋅τbu,split⋅
Lb

Ø
; fy ; 2.5⋅

̅̅̅̅̅̅
fcm

√
⋅4⋅

Lb

Ø

)

= 218 MPa (20) 

where fy = 620 MPa is the yield strength of the rebars used in the 
experimental test and Lb = 40 mm is the maximum bonded length 
assumed equal to 5Ø. Therefore, to take into account the effect of 
splitting cracks in the calculation of the flexural resistance of the wall 
#67, the maximum stress σs,max was used in the Eqs. (17) and (18) to 
limit the maximum stress acting in the rebars. 

The sliding shear resistance of the wall #67 was calculated by 
including the dowel resistance of all (i.e., 16 rebars) vertical rebars 
intersecting the base section of the members. As the cross-section area of 
a single rebar is 50.2 mm2, the total area 

∑
Asn is equal to 803 mm2. 

Table 4 reports also the predicted resistance of the wall #68, which 
was one of the bearing walls forming the test building described in 
Section 3.1. Note that in addition to the properties summarized in 
Table 4, the wall was reinforced with one 8 mm diameter rebar located 
close to each toe of the base section, which laid at the same level of the 
bottom side of the two windows. These rebars had a yield strength of 
620 MPa and were both inclined at 45◦ to the base section. To get an 
accurate description of the reinforcement layout one may refer to [18]. 

Considering the results of Table 4, one can observe that the analytical 
predictions of resistance and failure mode of the walls #66, #67 and 
#68, were all very close to those observed in the experimental tests 
described in Section 3.1. This result represents a further proof of the 
model reliability. 

4. Worked example 

A step-by-step application of the analytical model is carried out for 
the wall #66 tested in [36]. As detailed in Table 4, the specimen is a 
cantilever hollow block masonry (MAS5 - Table 1 and Table 3) wall 
having a length L = 3000 mm, an effective height h = 1970 mm and a 
thickness tm = 240 mm. Each side of the wall (n = 2) is strengthened 
with a 25 mm thick (tcoat) layer of mortar SFRM7 (Table 2) not con
nected to the foundation. The axial load (N) acting at the base of the Ta
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Fig. 10. Analytical vs numerical prediction of total lateral resistance (VR).  
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member is 270 kN, corresponding to an axial stress of 0.38 MPa. The 
mechanical properties used in the calculation are summarized below. 
Note that the mean values obtained from characterization tests were 
used as the aim is to compare the analytical results with the experi
mental ones. 

Masonry (MAS5): 
- fm = 2.3 MPa; 
- fmt = 0.09 MPa. 
- fv0 = 0.20 MPa. 
SFRM (SFRM7): 
- fc = 25 MPa; 
- fct = 1.65 MPa; 
- fFt-0.25 = 1.68 MPa; 
- fFtu = 1.25 MPa. 

4.1. Shear resistance 

According to Eq. (1), the shear resistance is the lowest of the resisting 
shear related to the diagonal tension (VR,t) and sliding (VR,s) 
mechanisms. 

4.1.1. Diagonal shear resistance 
The diagonal shear resistance is obtained from Eq. (2) as the com

bination of the resistances due to masonry and SFRM coating, provided 
that the maximum resistance VR,max is not exceeded. By taking b = 1 (h/ 
L = 0.66 < 1) and σ0 = N/(L⋅tm) = 0.38 MPa, the diagonal shear resis
tance of masonry is obtained from Eq. (5): 

Vt,m = 3000⋅240⋅
0.09

1
⋅

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 +
0.38
0.09

√

= 147 kN (21) 

According to Eq. (10), the shear stress corresponding to first cracking 
of coating is: 

vcr =
1.65

1
⋅

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 +
0.38
1.65

√

= 1.83 MPa (22) 

The average slope of the struts θ (Eq. (11)) results from the following 
calculation: 

θ = min
[

arctan
(

1.65 + 0.38
1.83

)

; 90◦

]

= 48◦

> 33◦

= arctan
(

1970
3000

)

(23) 

Considering the angle θ reported above, the design residual tensile 
strength (see Eq. (9)) fFt = max(0.9⋅1.65; 1.68) = 1.68 MPa of SFRM7 
and the factor m = max[1; (2⋅3000/1970–1)] = 2.05, the diagonal shear 
resistance of coating results from the Eq. (6): 

Vt,coat = 2.05⋅1.68⋅2⋅25⋅
1970

2⋅sin2(48◦
)
= 306 kN (24) 

Given the compressive strength of MAS5 and SFRM7, the factor k is 
calculated from the Eq. (4): 

k =
240 + 2⋅25⋅25/2.3

240 + 2⋅25
= 2.7 (25) 

Consequently, the maximum shear resistance (see Eq. (3)) of the wall 
related to diagonal crushing of masonry is: 

VR,max = 0.25⋅2.7⋅2.3⋅(240 + 2⋅25)⋅0.8⋅3000 = 1081 kN (26) 

Thus, according to Eq. (2), the total shear resistance of the 
strengthened panel is: 

VR,t = min(147 + 306 ; 1081) = 453 kN (27)  

4.1.2. Sliding shear resistance 
To calculate the resistance due to the shear sliding mechanism, the 

frictional contributions of coating (vs,coat) and masonry (vs,m) must be 
determined. The first one (see Eq. (13)) is equal to: 

vs,coat = 0.5⋅0.56⋅25 = 7.0 MPa (28) 

where η = 0.6⋅(1-(25–8)/250)) = 0.56. 
The latter depends on the length of the compressed zone (xs), ac

cording to Eq. (14): 

vs,m = 0.4⋅5.11 + 0.2 = 2.24 (29) 

where σ0,s = 270000/(240⋅xs) = 5.11 MPa and fv0 = 0.2 MPa. 
Assuming β = 1, suitable for the analyzed cantilever wall, the length xs is 
calculated by Eq. (15), which reads as follows: 

8.73⋅105⋅xs − 1.92⋅108 = 0 ⇒ xs = 220 mm (30) 

As no connector between coating and the wall foundation is provided 
(Vd = 0), the parameters calculated above can be included in the Eq. (12) 
to get the total sliding shear resistance: 

VR,s = 220⋅(7.0⋅2⋅25 + 2.24⋅240) = 196 kN (31) 

In conclusion, the total lateral shear resistance of the wall is: 

VR = min(453 ; 196) = 196 kN (32)  

4.2. Flexural resistance 

By rearranging the Eq. (17) and neglecting the terms related to the 
vertical reinforcement, the neutral axis depth (xf) results: 

xf = 270000
/
(1⋅0.8⋅(2.3⋅240 + 25⋅2⋅25)) = 187 mm (33) 

Note that the calculation of xf does not consider the tensile contri
bution of coating (fFtu) as it was not connected to the foundation. 
Moreover, the coefficient α was assumed equal to 1 (as for all the walls of 
the parametric study) as the long term effects are neglected. 

The design resisting moment (MR) is obtained from Eq. (18): 

MR = −
1⋅(2.3⋅240 + 25⋅2⋅25)⋅(0.8⋅187)2

2
+

270000⋅3000
2

= 385 kNm (34) 

which corresponds to a total lateral load of: 

VR,flex = MR/(βh) = 195 kN (35) 

Being the lowest value among those calculated before, the flexural 
resistance corresponds to the total lateral resistance of the wall (VR) 
reported in Table 4. 

5. Concluding remarks 

In this paper, code-oriented formulations for calculating the in-plane 
lateral resistance of walls strengthened by SFRM overlays were derived 
and mainly validated by comparison with the numerical results obtained 
from a comprehensive parametric study. The analytical model herein 
proposed is consistent with the MC2010 recommendations for fiber 
reinforced concrete materials. 

Equations for determining the diagonal shear, the sliding shear and 
the flexural resistance of URM panels strengthened with SFRM overlay 
were proposed. 

Based on the results of the validation procedure performed against 
comparison with the numerical simulations of 68 walls, three of which 
(i.e. wall #66, #67 and #68) were also investigated by experimental 
tests performed by the Authors, the following main conclusions can be 
drawn: 

• The proposed model appeared able to provide reasonable estima
tions of both the in plane strength (MAPE = 11.7 %) and failure mode 
of the strengthened walls. The failure mode predicted by the 
analytical model was consistent with the numerical/experimental 
one for 58 of the 68 walls. The results of the tests further support the 
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suitability of the analytical predictions resulting from the proposed 
model.  

• The inaccuracy of the model seems to increase especially when very 
squat walls (h/L < 0.5) are considered. However, irrespective of the 
wall aspect ratio, the analytical predictions are generally more 
conservative than the corresponding numerical ones.  

• The worked example reported in the paper showed that the model 
can be easily implemented and does not require a significant calcu
lation effort. Thus, it is suitable for the inclusion in structural 
guidelines used for practical design. 

It is worth remarking that the experimental results available at the 
moment are still limited. To fill this gap, additional tests on repaired and 
strengthened walls will be performed to improve the experimental 
database and further check the validity of the proposed equations. 
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