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1. Introduction

The literature on the modeling of vehicular traffic offers a large variety of different approaches, typically
they can be characterized as either macroscopic, microscopic, kinetic or based on cellular automata. In par-
ticular, macroscopic descriptions are usually based on partial differential equations describing traffic viewed
as a compressible fluid flow, while microscopic descriptions consist of a finite set of ordinary differential equa-
tions, describing the motion of each vehicle. For a combination of the two approaches see [4-6,12,18,21].

The basic model for the macroscopic ones is the classical Lighthill-Whitham [20] and Richards [24] (LWR)
traffic model, given by the following scalar conservation law

Iep+ 0z (pv(p)) =0, (1.1)

which expresses the conservation of the number of cars, where p = p(¢, z) is the traffic density at time ¢ and
position z, while v : [0,1] = [0, Vinax] is the speed law, for a suitable positive Vipax.
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On the other hand, the prototype of microscopic descriptions is the so called Follow-The-Leader (FTL)
model, where the traffic dynamics is governed by the interaction between a vehicle and the vehicle immedi-
ately in front. More precisely, in its classical version, see [13], the Cauchy problem takes the form
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Tnt1 = Viax (1.2)
z;(0) = 29 it=1,...,n+1,

where z; = x;(t) is the position of the i-th driver at t > 0, 20 is the initial position and ¢ is the vehicle’s
length. The function v, as in (1.1), is the velocity of drivers and Vi,.x = maxwv is the speed assigned to
the leader, i.e., to the first driver; in the above model each driver adjusts his/her velocity according to the
distance to the vehicle in front. We fix L > 0 and assume that at time ¢ = 0 the n+ 1 drivers are distributed
along [—L, L], that is =L = 29 < 29 < ... < 2% < 2% |, = L — ¢. In this model a crucial role is played by the
leader, who in (1.2) is denoted by x,,4+1 and moves with fixed maximal speed @,,+1 = Vinax, as if the road in
front were empty. A common slight extension leads to let the leader travel with an a priori assigned speed,
i.e., Vinax = Vinax(t).

In the applications to real traffic a condition of this type is often hardly acceptable as natural: the specific
behavior assigned to the leader heavily influences the behavior of the whole population. As a consequence,
for instance, optimal control problems based on (1.2) are in general depending on the particular route
assigned to the leader.

In general, in presence of a leader, the resulting framework is not always realistic. The present approach
allows to get rid of this somewhat artificial ingredient — the leader’s movement: all drivers are here considered
with equivalent characteristics.

In this paper we introduce a Follow-The-Leader Model without a Leader. We propose a model where all
drivers are indistinguishable, in the sense that each driver x; has a role and a behavior depending on z;41,
but none of them has the a-priori privilege to drive at maximal speed. More precisely, a rigorous formulation
of the model consists of a Cauchy Problem with infinitely many differential equations and initial conditions
indexed by ¢ € Z. That is

jzi:v(_{_) ieZ,
Tip1m® (1.3)
2;(0) = a? icZ,

where, as before, z; = x;(t) is the position of the i-th driver, ¢ is the vehicle’s length and v is the speed
function which satisfies the condition

(V) v € C%1([0,1]; [0, Vinax]) is a decreasing function such that v(p) = 0 for all p > 1.

Again, each driver adjusts his/her velocity to the vehicle in front. The drivers at the initial position are
ordered and distributed all along (—o0, 400), that is

e<al <l << <) <al <<l <2l <
and all remaining at least at £ distance from each other, i.e.,
S—a) >t VielZ 4
T —x; >4 Viel. (1.4)

We prove below that the above inequality remains true along the solutions to (1.3). The maximal speed
Vimax steel plays a relevant role, although not explicitly imposed on any driver. The maximal speed is a
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bound for the velocity v : [0,1] — [0, Vinax]- In this paper, we do not assume that v is strictly decreasing for
p € 10,1]; in fact, a strictly decreasing speed law implies that z; drives at the maximal speed if and only if
there are no drivers in front of z;. A more realistic model is obtained introducing a threshold py such that
V(p) = Vinax for all p € [0, pg], which requires v not to be strictly decreasing.

We prove in Section 2 (see Theorem 2.2) that the infinite Cauchy Problem (1.3) admits a unique solution
(24(t));cz, globally defined in a given time interval [0, T]. We remark that this theorem does not require the
space variable to be merely one dimensional. This feature, in particular, allows to apply the present result
to the microscopic modeling of crowd movements where, typically, 2 € R2, see § 2.2.

In the case of vehicular traffic, moreover, we also ensure that the solution satisfies

.’Ei+1(t) — xz(t) > f, vVt € [O,T], Vi€ Z.

We then use the solutions (;(t));.5 to the Cauchy Problem (1.3) to define an approximate solution to the
conservation law (1.1), as was already considered for instance in [1,2,8,11,14-16]. We prove that the solution
to (1.1) is obtained as limit of the Follow-The-Leader model without a Leader (1.3). This is formalized in
Sections 3, 4 and 5. More precisely, in Section 3 we consider the discrete density paiser(t, ), defined in (3.1),
and we prove that it has bounded total variation locally in any compact set of [0, +oo[xR, provided this
property holds for the initial datum at ¢ = 0. This is achieved assuming that a driver travels at a constant
speed, not necessarily being the maximal one (Section 4). This step is obtained adapting an a-priori bound
recently provided by Di Francesco and Rosini in [10], where the condition that the leader drives at the
maximal velocity plays a relevant role.

In Section 5, following [7], we prove that the infinite microscopic model (1.3) yields the macroscopic
one (1.1) as the vehicle length £ converges to zero. Finally, in Section 6, we study the case of traffic flow
with monotone density, both decreasing and increasing, and we interpret it as an approach to the real
situation of a traffic light.

2. The Cauchy theorem with infinitely many equations

With the aim to obtain the global existence of (1.3) we consider the following form of the Cauchy problem
for systems of infinitely many differential equations of the form

{:c = filt,wj(t), ) €L (2.1)

z;(0) = ¥ ie€Z.
In the mathematical literature we can find the problem (2.1) in the framework of general Banach spaces. See
for instance Deimling [9]; in particular Theorem 6.4 and its Corollary 6.1 in [9], with f; bounded and other
additional conditions. See also Lakshmikantham-Leela [17] and Martin [23] under compactness conditions
on f = (fi)icz. We give here a direct proof of the existence and uniqueness of the solution of the Cauchy
problem (2.1) under natural conditions on f that can be easily tested in our context of the Follow-The-
Leader (1.3). In order to treat the Cauchy problem (2.1) in its generality without further assumptions on
(fi)icz, we introduce the notation = (x;);ecz, f = (fi)iez and (2.1) in compact form

(2.2)

Given positive numbers M, T, we denote by Bj;r the functional set

By = {x(t) = (z;(t))iez = x; € C°([0,T)), ’ xi(t) — x?HLN([O,T]) < MT,Vie Z} . (2.3)
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As proved below, the set By is a metric space under the distance d(z%, z%) = Hx“ — xBHBMT with
[|(t ||BMT 22 sz HLoo( o)+ Z 2 sz HLoo( [0,77) - (2.4)
i=—1

Remark 2.1. For any fixed ¢t > 0, the property that z(t) is bounded in the norm of Bpr in (2.4) is not
equivalent to be bounded neither in ¢°°, the space of © = (x;);cz such that |x;| < M for every i € Z and for
some M > 0, nor in &7, p € [1,+oo[. In fact if x = (...,0,0,;,0,0,...) with i > 0, then ||z[|, = [[z], = |z
and |zl g, = 27| < M if and only if |z;| < M2'. However if z(t) € Byr for some ¢, then as set
0= (29);ez and
radius MT. In the proof of Theorem 2.2 we are concerned with z = (z;);cz with equibounded components

inclusion z(t) € £*°; i.e., By is an £°°-ball of continuous functions in [0, T'] with center in x
x; because of the main assumption (2.8).

We now prove that (2.4) defines a norm and that Byr is a complete metric space. The distance in (2.4)
is finite since

d(xaaxﬁ) = ||‘Ta o xﬂHBMT = ||x01 OHBMT + H‘TB o wOHBMT
< 2MT (Zri + Y 2i> =6MT.
i=0 i=—1

Byr is a complete metric space. In fact, if ™ is a Cauchy sequence in Bysp, then Ve > 0, there exist v
such that d(z™, ™) < € for every n,m > v. For every fixed i € Z, for instance when ¢ > 0, we have

27| — " oo, < Il — 2™ =d(z™,a™) <e.

(P2

Therefore every component x7(t) of 2" (¢) is a Cauchy sequence in C°([0,7]) and uniformly converges in
[0,T] to a continuous function which is the i-component of the limit of ™. We denote by Z;(¢) this limit;
Le., imp, oo |2 — Zillo (o, 77) = 0. We also use the notation = (2;);cz. We need to prove that

lim ||l — Z|,,, = 0. (2.5)

n—-+o0o
To this aim we fix € > 0 and ig € N such that
00 ) . 00 ‘ )
datt=2m Ny 2t =0l <, (2.6)
i=ig i=0
Then, the set of indexes {0, %1, ..., +ig} is finite and we consider v such that

Since by (2.6), >..° = Zz i1 2 27% < ¢, and since Hxn_fﬂcﬂ([o,T]) < Hx” +

=10 — 1

< 2MT, we obtain

_xOHCO([O,T])

Hj_ xOHCU([O,T])

d(a",z) = ||2" — || ,,, =

774'0

= Z 272} = Zillgo o1y + Z 2l = ill go 0.1
j— i=—1
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+o0 —_
+ Z 27|27 = Zillgoo,my) + Z 2|27 = Zill gojo, 1

1=1p0+1 i=—i9—1
—+00 —00 —+00 —00
ga<Z2—i+Zzi>+2MT<Z 27+ Y 2i>
i=0 1=—1 i=ip+1 i=—1i9—1

<3c+4MTe = (3+4MT)e,

for every n > v where v is defined in (2.7). Therefore 2™ converges to Z in the Bj;r-norm defined in (2.4)
and the proof of (2.5) is complete.

We are in the position to state the Cauchy Theorem in this context. Under the previous definition of the
metric space By, the proof follows the usual steps of the standard Cauchy Theorem.

Theorem 2.2. Let f(t,x) = (fi(t,x))icz be a function defined for t € [0,T] and for every x = (x;);cz. We
assume that every component f;(t,x) is continuous and equibounded by a constant M, i.e.

|fl(t,.13)| < M; Vi € Zat € [O7T] y U = (xi)’iGZ (28)
and Lipschitz continuous with respect to x in Byr, i.e.,
£t 2%) = f(t, 2|, < Llfa® = 2|, (2.9)

for some constant L > 0. Then, there exists a unique function x(t) = (z;(t))icz, with x;(t) in the class
CY0,T] for all i € Z, which solves in [0, T) the Cauchy problem (2.1).

Proof. We consider the map in integral form

¢
F(z(t)) = 2" + / f(s,z(s))ds (2.10)
0
which is an application from Bp;r to Byr; in fact F(x(t)) has components F(x(t)) = (F;(z(t)));ez of the
form
¢
Fi(x(t)) = 29 + /fi(sw(s))ds (2.11)
0
and thus, by (2.8), for every i € Z,
¢
|Fa®) =22 e .00 < /|fi(s,x(s))|ds < MT. (2.12)
0

In order to verify that F' : By — By is a contraction, we consider ¢ € [0,d] C [0,7] for some § to be
fixed below. We obtain

|F@®) - F@?)||,, < / 1£(s,2()) = F(s,2%(s))|| .. ds (2.13)
0

(2.14)

t
<L [ o = a5, ds < Lblja 27 .,
0
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If 6 < 1/L, then F is a contraction on By and it has a unique fixed point F'(z(¢)) = x(t) and we obtain
the equivalent integral formulation of the Cauchy problem (2.1)

t
t)y=2"+ [ f(s (2.15)
[

We found a local solution of the Cauchy problem (2.1) in the interval [0,¢]. Since f is bounded by (2.8),
with a standard argument we itarate the process starting from the initial time ¢ = §; after a finite number
of interations we obtain that x(¢) is a solution of the Cauchy problem (2.1) in the whole interval [0,7]. O

2.1. The case of traffic modeling

Finally we can prove that the stated problem (1.3) on the Follow-The-Leader Model without a Leader
has a solution. To this aim we consider the function f(z) = (fi(z));ez whose components, for every i € Z,
are defined by

() = ”(z:ﬁ%as) if 21 () —ai(t) =>4 )16
1(@) {o if 2o (8) — ma(t) < €. (2.16)

Theorem 2.3. Let v satisfy (V) and (1.4) for the initial data holds. The Cauchy problem with infinitely many
differential equations (1.3) admits a unique global solution x(t) = (z;(t))icz with z;(t) in the class C1[0,T)
for all i € Z.. Moreover

Proof. The function f(x) = (fi(x));cz defined in (2.16) is continuous since f; = 0 when x; 1 (t) —z;(t) = £.
It is also Lipshitz continuous and bounded. In fact, if we limit to the case x;1(t) — z;(t) > ¢,

Hf(xa(t)) — f(af HBMT ZQ Hfl — fia” ))HLOC[O,T] (2.18)

€L

|l (4) ot
ry (t) — 23 (1) o () — 2 (1)

If we denote with Ly the Lipshitz constant of the speed v satisfying (V),

; <+> R
z8 (t) — 2 (1) ol (1) — 2l (1)

From (2.18), we get

L>[0,T]

o

zi(t) — xf(t)‘ + |z (t) — xf+1(t)‘) '

1 £(2*(2)) = £ (1)
LV Zz
= 22

- Lvum =

||BMT

Lv
L=, T] Z 2

LV ,
4+o2¥ 2—(1-1-1)’
L°°[0 T] l gzj

| /\

Ll
—
+1 i+1 L>[0,T]

ey B
Tiy1 — xi+1H

L°[0,T)

M,
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Therefore f(x) = (fi(x))icz defined in (2.16) is Lipshitz continuous and satisfies the condition (2.9) with con-
stant L = 3LTV. We can apply the global existence Theorem 2.2. With the argument of [7, Proposition 4.1],
under the assumption (1.4) we can prove that (2.17) holds. Therefore the solution x(t) = (z;(t));cz of the
Cauchy problem with right hand side given by (2.16) is also a solution to (1.3). O

2.2. The case of crowd dynamics

In the microscopic modeling of crowd’s movements we typically have that each individual is described
through its time dependent position x; = x;(¢), with z; € R2. Then, a reasonable model reads

o= (win o i) i) i€z
j#i
z;(0) = 29 ieZ

K2

(2.19)

Here the speed law v is a Lipschitz continuous real increasing function. Indeed, it describes the velocity at
which an individual moves as a function of his/her distance from the nearest neighbor. The, possibly time
dependent, vector d; gives the direction of the i—th individual; precisely d;(t) = (cos(c(t),sin(a;(t)) and
a;(t) is the direction-angle of the individual z; at the time ¢.

Theorem 2.2 ensures the existence and uniqueness of solutions to (2.19).

Theorem 2.4. Let v € C%Y(R;R) be a bounded increasing function. Let e; € C°([0,T];R?) be such that
ld:(®)|| = 1. Then, for any initial datum (x%);cz, problem (2.19) admits a unique solution.

Proof. The proof consists in showing that the map
(t,z) = v(t,z) where v;(t,z)=0v (IJH;? |z — CL‘ZH) di(t) for i€Z

is continuous, bounded and Lipschitz continuous in . The former two properties are immediate. Let L, be
a Lipschitz constant for v and consider the latter term:

v(mmww—xm)—v(mmLw—xﬂ)hm@m
J#£i VE)

<L,

loi(t, ) — v(t,2”)[| =

. / . /
min fl; — ;| — min fl; — ]

Assume now that minj, ||z; — || = ||x;; — || and min,;; ||z; — =] || = ||z;» — ] ||. We then have:

hmin ;= a1 = min ;]
= fmin {lley ~ ], e — a1}~ min (e — 2Ll o 21}

and the Lipschitz estimate follows, since the map  — min {|la — z||, ||b — «||} is Lipschitz continuous, as it
immediately follows from the equality min{e, 8} = (a+ 8 —|a—3]) /2. O

The case considered in this section, i.e. the crowd’s movements, is a typical example where the existence
of a leader is not a realistic assumption. The number of individuals could be either finite or infinite. The
Cauchy Theorem 2.2 can be applied to this framework.
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3. A-priori local bound for the total variation

In order to prove that the infinite microscopic model (1.3) yields the macroscopic one (1.1), we consider
the discrete density pgiser(t, z) of the macroscopic variable p related to the Cauchy problem (1.3), defined
for t > 0 and = € (—o0, +00) by

/
) t — E - - 3.1
paiscr (t,) 7 i1 (t) — 2;(¢) X[$7’,(t)711‘,+1(t)[($) ’ (8:1)

where x; = z;(t), for all i € Z are the positions of the drivers. In this section we prove a local bound for
the total variation of pgiscr(t, ). To this aim, for every compact interval [a,b] C R we consider the set of
indexes i € Z such that x;(0) = 29 € [a, b]. We denote by i, the minimum of the indices i € Z such that
a < 29 and .4, the maximum of the indices i € Z such that 2¥ < b, i.e., we consider indexes i € Z such
that

{i €7 :imin <1 <imaz, a <) <b}. (3.2)

Note that the above set is not empty if the interval [a,b] is large enough; precisely if 20 € (a,b) for some
index i € Z, we assume that 20 € (a,b) at least for two indexes, so that i, < imasz. The set (3.2) is finite
since x;41(0) — 2;(0) > ¢; thus 4min and imq, are (finite) integer numbers. In correspondence, we consider
the discrete density piq (L, ), which is equal to the density defined in (3.1) when restricted to the interval
x € [a, b

7 —1
e ¢
Peatn) = D ) Mm@ (3:3)

1=tmin

Remark 3.1. The interval [a,b] contains the values x;(t) for @ = imin, ..., imaz at t = 0. The functions z;(¢)
are increasing and can exit this interval at positive time. Thus, in the notation py, p), the interval [a, b] refers
to the initial positions. For positive times, pi, 4)(t) “follows” the drivers whose trajectories started from [a, b].

We also consider the total variation 7'V (p(q5))(t) of the discrete density pjq,4)(0, ), defined by

imax / ’
i1 (t) — x;(t) N zi(t) — w1 (t) : (3.4)

TV (plap)(t) =

1=lmin

Theorem 3.2. If the total variation of the discrete density pja)(0,), defined in (5.]), is bounded at t =0,
then it remains bounded in any compact set [0,T] X [a,b]. Precisely the following estimates hold for every
t >0 and x € [a,b] by

Vm ax

TV (ppa,n)(t) < TV (pja,)(0) + t. (3.5)
Proof. We compute the partial derivative with respect to time of the TV (p[,4))(t) defined in (3.4). In order
to consider it, we observe that we need to take into account only the non-zero terms in the sum (3.4), so
that also the absolute value does not give any problem in computing the derivative. We obtain

d
ETV(P[a,b])(t) =
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T T aeen / o ¢ o
= Z o Nem—a) (Fip1 — &) — )’ (& — Li-1)

i=imin |31 —2;  Ti—@i1 i+l ¢ ¢ i-1

R e e ¢
== Z; p B p (@ogr — xi)Q (Tiqp1 — )

min | x4 —x; Ti—Ti_1
- C .

D D 5 (& — &io1) -

In the last sum we change ¢ with ¢ + 1 and we obtain

d
— TV (pla,p))(t) (3.6)
dt
Fp—— 4 _ 4 i
_ Tit1— T4 Ti—Ti—1 (. . _ 5 )
- . P 2 Ti+1 Z;
Mt - (Tit1 — 2
AR | L1 =X Li—Ti—1
imaz—1 4 _ 4 /
+ Z Tif2—Tit1 Tit1—T4 (x-v_"_1 _ ;[:)
2 i i
L 4 _ L T — T
1=%min—1 Tito—Tit1 Tip1—2; ( i+1 Z)
Z47'naz_1 £ — 4 4 _ 4 g
Tiy2—Tit1 Tip1—T; Tiy1—T; Ti—Ti—1 (x 7 )
_ 11 — Ty
& ¢ ¢ ¢ ¢ (igr —z) ‘
=i . — — i+1 i
man Ti+2—Tit+1 Tit+1—T; Ti41—T; Ti—Ti—1
4 _ £ /
Tiy2—Tit1 Tip1—T; . .
+ J . 5 (Liy1 — @)
L — L (@i — )
Ti4+2—Ti4+1 Ti4+1—T4 i=imin—1
4 _ 14 )
Tiy1—T; Ti—Ti—1 . .
; P 2 (g1 — 24)
- (Tit1 — @
Tiy1—T; Ti—Ti—1 i—i
max

The absolute value of the last term is bounded by %Vmax, since (1.3). All the other addends in the above
sum are less then or equal to zero. In fact, by limiting ourselves to the term with the sum (for the other the
argument is identical), again by (1.3) we have

. . l {
Tiv1 — i =0\ — | — V| —— .
Ti42 — Ti+1 Ti41 — X4

We consider two cases. If — L _ _ £ -, since v is a decreasing function, then &;,1 —; < 0. Therefore
Tip2—Tit1 Tit1—Ti
‘ - [ ‘ - ‘
Ti42—Ti41 Ti41—T4 _ Ti41—T4 Ti—Ti—1 (.L“ 1 — l‘)
¢ e ¢ e ot ‘
Ti42—Tj41 Ti41—T; Ti4+1—T4 Ti—Ti—1
= (+1£1) (d441 — ) <0.
If £ £ then #;11 — &; > 0 and
Tit2—Tit1 Tit1—x;’ -
‘ . [ ¢ . ¢
Ti42—Tj41 Ti41—T; Ti4+1—T4 Ti—Ti—1 (x~ i’ )
_ oy —
¢ o ¢ ot !
Tit2—Tit1 Tip1—T; Lip1—Lsi Ti—Ti—1
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= (=141) (d41 — @) <0.
We finally obtain LTV (pp 5)(t) < +Vinax and thus the conclusion of the proof. O

Remark 3.3. In the above proof we adapted the Di Francesco and Rosini method in [10] used for the Follow-
The-Leader model (1.2) to prove that the total variation of the density p(t,x) is decreasing with respect to
t > 0. Note however that there the condition that the leader drives at the maximal speed plays a relevant
role. Under our assumptions, in Theorem 3.2 we proved that the total variation of the density remains
locally bounded.

Remark 3.4. The bound in Theorem 3.2 of the derivative of the total variation of p|,; depends not only

on T but also on ¢ and explodes to o0 if £ — 0. With the aim to pass from the microscopic description to
the macroscopic one we need some more assumptions as considered in the next section.

4. A generalization of the follow-the-leader model: the case of one driver with constant speed

In this section, we consider the case that at least one driver travels at constant speed. Precisely, we
assume that exist ig € Z, to > 0 and vy € [0, Vipax| such that

i'io (t) = 9, Vi Z t() . (41)
If vg = Vinax we are in the case of the Follow-the-Leader model (1.2) and, being well known, we do not

consider this case here. We introduce the following notations. Let py € |0, 1] such that v(pg) = vg. Moreover
let d =1/pg, so that

v G) = v(po) = v (4.2)

Proposition 4.1. Let (z;(t));cz be a solution to the Cauchy problem (1.3), with x;, satisfying (4.1). We
consider the auziliary solution (y;(t)):;cz to the Cauchy problem (1.3) fort > to with initial data

{ yi(to) = xi(to) Vi < g (43)

yio+k(t0> = T, (to) + kd Vk € N.
Then fort > to, yi(t) = x;(t) for all i <ig and y;(t) = vy for alli > ig.

Proof. The Cauchy problem (1.3) has a solution (y;(t));cz for every t > ¢, with the initial data given
in (4.3). We observe that for ¢ > i the solution is given by

yi(t) = yi(to) + vo(t —to), Vt=>to.
In fact, by (4.3),

Yir1(t) = vi(t) = vit1(to) — vi(to) = d, VYt >to,

thus, by (4.2),

l l
.i t) = = — = —_— s VZ ) s VtZt .
Bult) = vo =v <d) ! (yi-i-l(t) - y,»(t)) rer °
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Since by (4.1) &;,(t) = vo = 4, (t), for all ¢ > to, and since z;,(to) = yi,(to), then x;,(t) = y;,(¢), for
all ¢ > ty. Since each driver is influenced only by the previous one, also z;,—1(t) = y;,—1(t). By iterating
x;(t) = y;(t) for all t > tg, also for every i <ig. O

Remark 4.2. The function v : [0,1] — [0, Vinax] is decreasing for p € [0,1]. If we assume that v is strictly
decreasing in [0, 1], then

14
v =T (t) =v | —m 4.4
o= =0 (5 ) (4.9
and thus x;,41(t) — 24, (t) = £/po = d is constant with respect to t. Therefore &;,41(t) — 24,(t) = 0 and
&io+1(t) = vp for all t > ty. By induction this is not only true for i = ig+1 and we obtain x;, 1 (t) —2;,(t) = d
and @;,45(t) = vo for all t > ¢y and k € N. In this case, in Proposition 4.1, y;(t) = z;(t) for all ¢ > t¢ and
i € Z.

As in the previous section, under condition (4.1), we consider the interval [a,b] C R and the set I of
indexes i € Z such that z;(0) = 2 € [a,b]. In particular iy = iq, is the maximum of the indices i € Z
such that x? <b,ie.,

I={i €7 ipin <i<ip, a<a?<b}. (4.5)
We emphasize that iy is the maximum index in I, while the index %,,;, can be chosen arbitrarily.

Theorem 4.3. Fiz [a,b] such that a < 2;,(0) < b < x;,4+1(0). Under assumption (4.1) the total variation
TV (pap))(t) defined in (3.]) of the discrete density pap)(t, ) is decreasing with respect to t > to. If the
speed v is strictly decreasing in [0, 1], then we can fix any interval [a,b] such that x;,(0) €]a, b|.

Proof. We prove that the derivative of the total variation TV (pjq)(t) is less then or equal to zero. By
assumption (4.1) and Proposition 4.1, for every i > ig we replace x;(t) with y;(¢). We repeat the computation
in the proof of Theorem 4.3 and we arrive to formula (3.6). All the addends are less then or equal to zero
but the last one, with ¢ = 4,4, replaced by i = 1¢, is given by

4 _ 4 /

Ti41—Tq XTi—Ti—1 5 («fbi-&-l _ xz) (46)
Lt | (i — )

Ti41—T4 Ti—Ti—1 1=1g

Since xj,+1 = Yi,+1 We obtain

4 o 4 /

yH,lZ—m Ii—ji—l 5 (it1 — &) (4.7)

Yi+1—T; T mi—wi_1 (yH_l B l’i) =10

and this quantity is equal to zero for ¢t > #¢, since ¥;4+1 = &; = vo.
Finally, if the speed v is strictly decreasing in [0, 1], by Remark 4.2, y;(¢) = x;(t) for every ¢t > ty and for
every i € Z. Therefore the role of index ig in (4.1) is played by any index i > ip. O

5. The micro-macro limit

Let (x;(t))icz be a solution to the Cauchy problem (1.3), with z;, satisfying (4.1). Without loss of
generality we assume to = 0. Fix [a,b] such that a < z;,-1(0) < z;,(0) < b < 2;,41(0). If the speed v
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is strictly decreasing in [0, 1], then we can fix any interval [a, b] such that z;,(0) €]a,b[. The interval [a, b]
contains at least two drivers at ¢ = 0; in a general case n + 1 drivers are in [a,b] at t = 0, with n > 1,

a < i, (0), Tip+1(0), oy 235 -1(0), 24, (0) < b.

We consider the discrete density of the traffic flow pi, 4)(t, ¥) defined in (3.3). In this section we explicitly

denote the n dependence, therefore formula (3.3) takes the form of n addenda related to the n intervals

[z} (1), 271 (t)[, with indices i from 4y, to ig — 1,
io—1 m

no(ta) = S — ). 5.1
Pl (t:7) :Z ENCEE0 G (5.1)
For every t > 0 the function pp, , (¢, x) is positive when z € [z  (t), 27 (t)[ and it is equal to zero
outside this interval. In the following, for every ¢ > 0, we consider the integral of pﬁl b] (t,z) with respect
to 2 €] — 0o, +oo[, which in fact coincides with the integral of py; , (, x) on the interval [z7 (t), z7, (t)[ of

Pl (b 2). Fix T in R*, for every i and t € [0, T], we have x;(0) < z;(t) < z;(0) + voT. Therefore, for every
x€Rand t €[0,T)

supp Pl p (t, @) C 27 . (1), 27 ()[C [a,b+voT].

Tmin )
Since the number of addenda in the sum is equal to n, we have

+oo
/ Plapy (t, ) dz

io—1 o 0

S — d
2 ol (1) — 27 (1) / Xz 0wy 0D

1=tmin — 00

=ni"

and we obtain the estimate ¢ < (b — a + voT)/n, in fact

—+o0
0<nem— / oyt 2) do < @ (8) — 2l () <b—a+veT. (5.2)

With the method in [7], we prove that the infinite microscopic model in (1.3) yields the macroscopic one
in (1.1), as the proper length of each vehicle vanishes. To this aim, we recall the notion of weak solution to
the macroscopic system (1.1), that we consider for € R and ¢t € [0,T]. See also [7,22].

Definition 5.1. The function p(t, z) is a weak solution of (1.1) if

T +oco +oo
//(p8t¢+pv6x<p) dtdx + /0(0730)@(0,96)61:6:0,
0 —oo -0

for every ¢(t,z) € C*> with compact support in R and (T, z) = 0.
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Theorem 5.2. Let v satisfy (V) and (4.1) holds. Assume that the initial total variation of pi, (0, x) is
bounded for n € N. Then, there exists a subsequence of pf; b](t,x) which as n — 400 converges in
L' ([0,T] x R) to a map p> which is a weak solution to system (1.1).

Before proving the above theorem we need the following results.

Lemma 5.3. Let v satisfy (V) and (4.1) holds. The following limit relation holds

T +oco ip—1

[ [ (e t.) + bhuagolefe o (t.0)) dido =~ 3 0 (0.07(0) + 1"

0 —oo 1=%min

for very ¢(t,x) € C2 with compact support with respect to x € [a,b] and (T, x) = 0, where I — 0 as
£ — 0.

Proof. Since v(pf, ;) = #(t) for x € [27(t), x7, 1 (t) [, we have

T 400
/ / (P’[Z,b]&s@(t’w) +Pﬁ7b}v(pﬁ7b})3zga(t,x)) dtdx
0 —o0
@iy (1) ,
———— (Opp (t,7) + 2(t) 0 (t, 7)) dx
0/ = Znun nl zi+1(t) - "Ei (t) ( ! ( ) ( ) ( ))

/ Z_ / s O (T (0) (D (1,07 0)
/ ,

T ” n

+4(t) (Dp (t :c) — Ozp (t,27(1)))] da

'L+1 (t)

/dt Z / FOEEA0) i@(t,m?(t))dm—i—]".

= erun t)

We compute the first integral and we estimate the second one. For the first integral we get

T io—1 @ (1) o i

dt _ —(t, 27 (t)) d
/ Z / i (8) — 27 (1) g Pl () de
0 1=lmin z7(t)

io—1 T io
—on Y [ Getat@ya = Y (plTal (1) - p0.570)
0

since ¢ = 0 for t = T For the integral I", we use the Lipschitz estimate valid for « € [2?(t), 27 (t)[
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0 (t,2) — Opp (L, 27 (1))| < max [0,0ip| (x — 2}') 5
0.0 (t,2) — Oxip (L, 27 (t))| < max [0,0:¢| (v — 7') .

We get the estimate

T -1

1< Elpllon (14 Vi) [ 30 (alialt) = o7 0) e

0 1=%min

< ellez (14 Viax) [ (23 (6) — 2} (1)) dt.

Ot~

Since z7' = (t) > 27(0) = a and =z (t) < b+ voT we obtain
11" < lgllez (1 + Vinax) T (b= a + voT)
which converges to zero as £ — 0, see (5.2). O

Lemma 5.4. Let v satisfy (V) and (4.1) holds. The following limit relation holds

—+oo

io—1
/ oo 02000, 5 dz =7 S (0,27(0)) + J"

for very ¢(t,x) € CY with compact support with respect to x € [a,b] and o(T,x) = 0, where J* — 0 as
o — 0.

Proof. We have

+oo

/ o (0,) (0, 2) da
io—1 x1(0) o

Z:lz / 7 1(0) — 27(0)
min 27(0)
io—1 x4, (0) o

Z / 271 (0) — 27 (0) ©(0,2(0)) d

{=imin g1 (0)

io—1 x4, (0) /m
+ / —_[p(0,2) — (0, 27(0))] da
1:;n 2(0) 7 1(0) — 27(0)
i0—1

=" Y 0(0,27(0) + "

1=%min

where J" — 0 as /™ — 0. In fact
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o MO
U = e [p(0,z) — ©(0,27(0))] d
7= Y [ e O 0O e
=i (o)
io—1

<eller Yo (¢841(0) = 27(0)

1=%min

< eller (7,(0) — 27, (0))

< (b—a)l"[lollcr,
which converges to zero as {™ — 0, see (5.2). O
By Lemma 5.3 and Lemma 5.4, we can now prove Theorem 5.2.

Proof of Theorem 5.2. By assumption, the total variation of py;, ;) (0, z) is bounded. Then, the total variation

of pﬁl,b] (t,z) remains bounded also for any ¢ > 0, since by Theorem 4.3 it is a decreasing equibounded

nonnegative function. By Helly’s Theorem (see [3, Theorem 2.3]) there exists a subsequence, which we relabel

again by py;, ), which as n — 400 converges in L((0,T) x (a,b)) to a function p> € BV((0,T) x (a,b)).
In particular, by Lemma 5.3 and Lemma 5.4 we obtain as £ — 0, equivalently by (5.2) as n — +o0,

T +o0
i ([ [ (e () + oo (t.2) deds
0 —oco
+oo
+/p”(0,x)cp(0,x)dx =0,

for every o(t, ) € C? with compact support with respect to z € R and (T, z) = 0.

Now we expand the left hand side and we pass to the limit as n — +o0 inside the integral, by the Lebesgue
dominated convergence theorem. At this stage we extract, if necessary, a further subsequence from p" (¢, x)
which converges almost everywhere to p™ (¢, z) for (¢,z) € [0,T] X [a,b]. As n — +00 we obtain

T +oco
| [ (utme o)+ sz gelors)dup t,)) dtda
0 —oo
+oo
+/p°°(0,x)<p(0,x)dx =0,

for very o(t,z) € C? with compact support with respect to € R and ¢(7T,x) = 0. This proves that p> is
a weak solution to the LWR equation in (1.1) in the sense of Definition (5.1). O

Remark 5.5. The microscopic model (1.3) yields the macroscopic one (1.1), as the proper length of each
vehicle vanishes. As a byproduct of the limit procedure of Theorem 5.2, it seems that in the macroscopic
traffic description governed by the conservation law (1.1), the presence/absence of a possibly fictitious leader
in the original microscopic model, related to the Caucy Problem (1.3), is uninfluential.
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6. Traffic low with monotone density

A relevant particular case of Theorem 5.2 is a monotone traffic density. We continue to use the previous
notations, in particular we denote by 4,,;, the minimum of the indices ¢ € Z such that a < x? and 7,4, the
maximum of the indices i € Z such that 2? < b, i.e.,

(i €7 :imin <0 <imaz, a<z) <Db}. (6.1)

Let z; = =;(t) is the position of the 4-th driver, solution of the differential Cauchy problem in (1.3). As
before we consider the case when at least one driver travels at constant speed, that is we assume that exist
i9p € Z and vy € [0, Vipax| such that @;,(t) = vg, for all ¢ > 0, see (4.1). Fix the interval [a, ] such that
a < x;,-1(0) < 2;,(0) < b < 24,41(0). If the speed v is strictly decreasing in [0,1], then we can fix any
interval [a, b] such that z;,(0) €]a, b[.

In this section we assume that the initial density is monotone in [a,b]. By the definition of the density

Plap) (t, ) in (3.3), an equivalent condition is to assume that the initial distance of the drivers is monotone
0

in [a,b]. Precisely we assume that the initial distances z;(0) = z are either monotone decreasing, i.e.,

2i41(0) — 24(0) > 2;(0) — 2,-1(0), Vi € [imin, tmaz] s (6.2)
or monotone increasing, i.e.,

2i1+1(0) — 2;(0) < 2;(0) — 2;-1(0), Vi € [imin, imaz) - (6.3)
In the next theorem we prove that the above condition remains valid also for ¢ > 0.
Theorem 6.1. Let v satisfy (V) and (4.1) holds. Let x; = x;(t), for i € Z be the solution of the differential

Cauchy problem (1.3), with initial condition satisfying either (6.2) or (6.3). Then, for every i € [imin, imaz]s
respectively either

Ii+1(t) - IEz(t) Z Il(t) - xi_l(t) 5 Vit Z O, (64)
$i+1(t) — {,Ci(t) S .’Ei(t) - .’I?l;l(t) y Vit 2 0. (65)

Proof. We consider the assumption (6.2) and the conclusion (6.4), the other being similar. By assump-
tion (4.1) and Proposition 4.1, for every i > iy we replace z;(t) with y;(¢). As in Remark 4.2, we recall that
y; = x; for every i € Z if the speed v is strictly decreasing. In any case, under this replacement (we continue
to denote y; by x; also when i > ig), ©; = vy for every ¢ > ip and z;(t) = z;(0) + vot. By assumption (6.2),
immediately we get

xiJrl(t) — .’L‘Z‘(t) > iL‘Z(t) - $i,1(t), Vi>i9+1, t>0. (66)

By contradiction we assume that the conclusion (6.4) is not satisfied. Thus there exists ¢ > 0 and at least
an index in [imin, %0] such that in (6.4) the reverse inequality holds for ¢ = ¢. For every i we define

th=1inf {t > 0: 21 (t) — 24(t) < 23 (t) — 21 (t)} (6.7)

and also
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to =min {t{ : i € [imin,i0]} , (6.8)

where the set in (6.8) is not empty by the contradiction assumption. Therefore ¢ is the smallest of the t}
for i € [imin,0]. Then the minimum is realized for some index ¢ = i,, that is tg = t{* for some i € [imin, 0]
and by (6.7)

Ti 1 (ty) — @i, (t5) = @, () — i1 (t5) - (6.9)

Iftg = tf)* for more than one index i, then we choose the largest possible i, € [isnin,i0]. The case i, = ig will

be considered in a moment. If i, < g, since i, is the largest index such that o = ¢, then o = ti <t

i 2(t) — w1 () > o1 (8) — @i (), V€ [to,t5 [ (6.10)

By the differential equations in (1.3), since the speed v = v(p) satisfies (V) and it is decreasing as a function
of p € [0,1], for every t € [to,té*"'l[

@i, 1(t) — &4, (1)

- (xi*_i'_g(t) fxi*+1(t)> - <m>

>0.

Therefore if i, < ig,
i, 1(t) — @, (8) >0, Ve [to,ty ] (6.11)
Otherwise, if i, = ig, then @; 41 = &;, = vg and (6.11) holds too. By the definitions of ¢y in (6.7), (6.8) we

recall (6.9) and there exists 6 > 0 such that

i 41(to) — i, (o) = =4, (to) — @i, —1(to)
{ mi*+1(t) — Ty, (t) < Zi, (t) — I’i*_l(t), Vit € ]to,to + 5[ . (612)

Again, by the differential equations in (1.3), since the speed v satisfies (V), for every ¢ € [to,to + [ we have

i, () — i, —1()

<0.
We denote by ¢;, (t) the following function
i (1) = (@i 1 () — 20, () — (@i, (1) — 2,2 (1)) - (6.13)
By the above inequality and (6.11), if §; = min{d, t5T* — 3} we have
Gi(to) >0, ¥t € [to,to + 04 (6.14)

and thus ¢;, (t) > 0 for every ¢ € [to, to + d1[. This yields a contradiction with the assumption @;, (¢) < 0
for every ¢ € Jto,to + 01[. The proof is complete. O
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Remark 6.2. Note that, by Theorem 4.3, assumption (4.1) implies that the total variation T'V(pe5)(t)
defined in (3.4) of the discrete density piq4 (¢, ) in (3.3) remains bounded if it is bounded for ¢t = 0.
However, under assumption (6.2) (the other (6.3 being similar), we can show more directly that the total
variation T'V (pq,p)(t) is bounded. In fact,

1=lmax

Z.

1=%min

¢ ¢ moe ¢ ¢
v (t) —xi(t)  @i(t) — xil(t)’ B Z (wz‘(t) —xio1(t) @i (t) — wz‘(t))
/ 14

i=tmin
l

<
(xmin—&-l(t) - xmin(t) mmaa:—&-l(t) — Tmax (t)> o xmin-{-l(t) — Tmin (t)

<1.

Therefore we can apply directly Theorem 5.2 to get the convergence of the microscopic model (1.3) to the
macroscopic one (1.1) without using Theorem 4.3.

The case of a traffic light We recall that a well known situation where a monotone traffic density well
describes the real behavior of vehicular traffic is in correspondence of a traffic light. Indeed, when a traffic
light turns red, the braking of the first driver approaching it results in a (locally) increasing traffic density.
On the contrary, when a traffic light turns green, the first vehicle accelerates and moves faster than the
second and so on, resulting in a decreasing traffic density.

More precisely, an ordered approach of drivers to a traffic light can be described using the construction of
this section. We consider initially smoothly ordered drivers, for instance with equal distance between each
other, that is

0 0 _ .0 0 .
Tiq —Ty_g=T; —Ty_q, Vi.

If one of the drivers approaches a red light, then he/she stops and all the following drivers necessarily start
to decelerate arriving all to stop smoothly. We can modelize this case with the first driver z;, finding a red
light at time ¢t = ¢o; so that, d;,(tg) = 0. We can consider a disposition of the drivers z; at t = ty of the type

=Ly T X1 = e = L1 — Tig—2 > Tijg — Tjg—1 -

The drivers z; with i < ig, originally equidistributed, start to decrease their speed for ¢ > t; and they
arrive to stop following an ordered decreasing distance in the sense of Theorem 4.3 (assumption (6.2), with
increasing density and decreasing reciprocal distances for t > t;.

When the green light turns on at a time ¢; > ¢, the first driver x;, starts moving with a positive velocity
(%44 (t) = vo > 0) for t > t1. All the following drivers z; with 7 < 4, initially at equal distance £ each other
at time t = 1, start to move at a time ¢ > £,

=L L1 = e = L1 — Tig—2 < Ty — Tjy—1 -

Then, they continue to move with increasing velocity again according to Theorem 4.3 (Assumption 6.3),
resulting in a decreasing density and increasing reciprocal distance.

7. Appendix
We may ask if a genuine infinitely dimensional Cauchy Problem as considered in Section 2 can naturally

appear in different contexts away from the traffic modeling. These kinds of Cauchy Problems enter in the
general class of Cauchy Problems in Banach spaces widely studied in the literature; see for instance the
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quoted books by Deimling [9], Lakshmikantham-Leela [17] and Martin [23]. Here we propose an infinite-
dimensional example related to the classical approach in the resolution by the Fourier methods of the Heat
Equation in one space variable. Precisely, we consider the parabolic second order linear equation

Opu = Ogpu, x € [a,b], t >0, (7.1)

under the initial and boundary conditions for the unknown functions u = u(t, z), u : [0 X +00) X [a,b] = R

{ u(o, :C) = uo(x) Ve [a, b] R (7’2)

u(t,a) =u(t,b)=0 V¢t €0,+00),

under the compatibility condition u°(a) = u®(b) = 0. Classically we assume that the initial datum u°(z)
has the Fourier representation

Z ay, sin (lm - a) (7.3)

for some coefficients aj, € R, k € N. Of course u°(a) = u°(b) = 0. Then, it is natural to look for a solution
u(t, z) to the Initial Boundary Value Problem (7.1)—(7.2) of the form

Zuk sm( 2:2) (7.4)

In fact the function u(t, z) in (7.4) satisfies the conditions u(t, a) = u(t,b) = 0 and the initial condition

Zuk sm( ’g_s>_u0(x)

provided that ug(0) = ag, for all k € N. We also have
r—a
Opu(t, z) = Zuk sm( b—a)’
T —a kr >
Opzu(t,z) = Zuk sm( b—a)(b—a)'

To check if u(t, z) satisfies the heat equation (7.1), we impose

S ) - S (i) ()

a

We multiply both sides of the above equation by sin (hﬂ' ”g:a) and we integrate for « € [a, b]. Since, when

h#k,
b
/sin hwx_a - sin kﬂ_a:—a dx =0,
b—a b—a

then we obtain
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() = —ux(t) (bk—”>2 , VkeN.

This procedure gives rise to an infinite dimensional Cauchy Problem which, in this simple linear context, it
can be solved elementary equation by equation; i.e., for every fixed k € N. This linear case is elementary.
However the Heat Equation may present a source nonlinear term depending also on u, of the form

Ou = Opgu + f(t,x,u,0,u), z € la,b],t>0. (7.5)

With the same procedure described above, we arrive to a nonlinear infinite-dimensional Cauchy Problem of
the type

2
(1) = —un(®) (#2) "+ et ua, ),
uk(O):ak VkeN,

where for some constant ¢

Fk(t,Ul,UQ, ) =
b 0o oo .
[ z—a i . T—a . r—a
c/f t’x,;ui(t)mn(mb_a),;(b_CL)uz(t)COs(mb_a) sm(kwb_a)dx.

In this case we have a genuine infinite-dimensional Cauchy system and it can not be solved separately
equation by equation, but it needs a global approach. For more details we refer to Lewis in [19], who solved
a particular infinite system of ordinary differential equations under assumptions satisfied for system (7.6).
Theorem 2.2 can not be applied to (7.6), but it is modelized to be applied specifically to traffic modeling
as in this manuscript and in particular in § 2.1.
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