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Abstract. This paper considers a system of two conservation laws with a Lipschitz continuous
flow and deals with solutions to the Cauchy problems at a node. The system considered is the
two-phase traffic model, proposed in [R. M. Colombo, F. Marcellini, and M. Rascle, STAM J. Appl.
Math., 70 (2010), pp. 2652-2666]. We are able to provide global in time existence of solutions at a
node with a single incoming road and m outgoing roads. Neither assumptions on the smallness of
the total variation of initial data are required, as usual in the case of systems, nor on the range of
the initial data.
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1. Introduction. We prove global in time existence of solutions to the Cauchy
problem at a node for a possibly degenerate system of two conservation laws with Lip-
schitz continuous flow. This work fits in the field of conservation laws on networks,
which has attracted a lot of interest in recent years especially due to a wide variety of
applications that range from traffic to gas dynamics, supply chains, telecommunica-
tions, and biology; see [6] and the references therein. In general, existence of solutions
to Cauchy problems for a hyperbolic system of conservation laws holds provided the
initial data have small total variation. Here we are able to treat initial conditions
with finite total variation, not necessarily small.

Motivated by applications to traffic flow, the PDE system considered in this paper
is the two-phase traffic model proposed in 2010 in [12]. There are two key ideas in
the development of this traffic model: each driver has his/her own preferred maximal
speed and there exists a maximal velocity that all the drivers respect. The resulting
macroscopic model displays two traffic regimes or phases: the free phase F' and the
congested phase C. In the free region all drivers travel at the same maximal speed,
the system is degenerate, and it reduces to a single conservation law describing the
evolution of cars’ density, while in the congested region the model is a 2 x 2 strictly
hyperbolic system of conservation laws.

In the literature there are various macroscopic models describing traffic evolution;
see [3, 16, 23, 30, 34, 36] for first order models and their extensions in [2, 14, 15, 29,
35, 37] for second order ones; see [4, 9, 21] for descriptions with phase transitions,
and see [25] for a third order model. The prototype for macroscopic traffic models
is the well known Lighthill-Whitham-Richards, proposed independently in [30, 34],
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and consisting of a single equation based on the conservation of the total number
of vehicles. The two-phase traffic model (also called the phase transition model),
considered in this paper, belongs to the class of second order models, i.e., models
based on systems of two equations. The most famous in this context is the Aw-—
Rascle-Zhang introduced in [2, 37], then extended to the general Aw—Rascle—Zhang
in [14]; see also the collapsed general Aw—Rascle-Zhang in [15]. The present two-phase
traffic model belongs also to the class of models with phase transitions. They are
mainly characterized by two regimes of traffic, which correspond to different regions
possibly disconnected, in the fundamental diagram. In the free region usually traffic
is described by a single conservation law, whereas in the congested region traffic is
described by a system of two conservation laws. The first model with phase transition
was proposed in 2002 by Colombo [9]; other examples can be found in [4, 21, 28, 31].

This paper is mainly devoted to the study of the Cauchy problem for the extension
of the two-phase traffic model to a simple network, consisting of a node with a single
incoming road and m outgoing roads. The extension of the two-phase model at
simple junctions is proposed in [17], where the Riemann problem both for the case
of a node with one incoming road and m outgoing ones and the case of a node
with two incoming roads and a single outgoing one are considered. The motivation
for treating these two special kinds of junctions in [17] relies on the rule for the
distribution of the maximal speed in outgoing roads, which is very simple in the case
of a single incoming road, but it becomes more intricate as the number of incoming
roads increases; see [18] for a justification of this rule. For the previous reasons and
to avoid additional technicalities, here we decide to study the existence of solutions
for the Cauchy problem only in the case of a junction with a single incoming road.

The study of hyperbolic conservation laws on networks originated in the work by
Holden and Risebro [26] in 1995, which opened the way to a vast literature considering
this topic under a variety of points of view that range from the theoretical aspects to
modeling and numerics.

The analysis in this paper is also preliminary to deal with control problems for
traffic in a general network using the phase transition model. In recent years, this topic
has raised relevant interest, clearly motivated by real applications. In this direction,
a possibility is to control traffic through time varying parameters corresponding, for
example, to junction distribution coefficients; see [7, 8, 20, 24, 33] and the references
therein. Another possibility consists of controlling traffic evolution by regulating the
inflows; see [1, 11, 22].

As underlined above, the main result here is the global in time existence of solu-
tions to the Cauchy problem at the node, provided the initial conditions are bounded
variation functions. We remark that neither assumptions on the smallness of the
total variation on initial data are required nor any constraint on the fundamental dia-
gram, as in [10], is imposed. The proof is based on the wave-front tracking technique,
which is one of the natural methods in the conservation laws setting. Among other
techniques we recall the vanishing viscosity method, the compensated compactness
argument, and the random choice method; see [13] and the references therein. The
wave-front tracking technique consists of constructing a piecewise constant approxi-
mate solution and proving that, up to a subsequence, it converges to a solution of the
problem. A key role is played by our introduction of specific functionals enjoying two
properties. First, they provide a uniform control on the total variation and, second,
their variation along approximate solutions can be contolled. Moreover, bounds on
the number of waves and interaction esimates on approximate solutions are obtained.
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In the present case, the functionals here defined are not always decreasing in time,
since several wave interactions with the junction cause a strict increment of their
values. The present deeper analysis allows us to prove the existence of a uniform
bound, which depends on the initial data. The bound on the number of waves and
of the interaction estimates is obtained extending the techniques in [19] to the case
of systems, by using a contradiction argument and the quasi-periodic behavior of
approximate solutions.

The paper is organized as follows. In the next section we briefly recall the two-
phase model introduced in [12]. In section 3 we state and prove the main result
concerning the existence of solutions to the Cauchy problem at a node with an incom-
ing road and m outgoing roads; the proof is divided into three different subsections.
Finally Appendix A contains some technical results.

2. Notation: The two-phase model. The two-phase model, introduced in [12],
is derived as an extension of the Lighthill-Whitham—Richards model [30, 34], by as-

suming that each driver has his/her own maximal speed wR, where w € [\V[?7 W} plays
the role of a marker and R is maximal possible car density. The two-phase model is
given by the system of two conservation laws:

{ Op+ 0z (pu(p,m) =0

(2.1) with v(p,n) = min {Viyax, w(R —p)},

on + 9z (nv(p,m)) =0

where t is the time, x is the space, p is the traffic density, n = pw is the second
conserved variable, v € [0, Vinax] is the speed of cars, and Vi,.x is a uniform constant
bound of the cars’ speed.

The model (2.1) is characterized by two different phases, the free one and the
congested one, which are described by the sets

F= {(p,n) € [0,R] x [0,WR]: Wp <5< Wp, v(p,n) = Vmax},
¢ ={(p.m) € (0, R) < [0, WR): Wp <0 < Wp, v(p,m) = w(R—p)};

see Figure 1. As in [12, 17], we assume the following assumptions:
(H-1) R, \W, W, Vinax are positive constants, with Vi.x < W< W.
(H-2) Waves of the first family in the congested phase C' have negative speed; more
precisely, we assume that there exists a positive constant Ay such that

)\1(0’77) S _)\0 < 07

where Ay = w(R — 2p) is the first eigenvalue of the Jacobian matrix of the
flux.
For the Riemann problem along a single road see [12]. Here, we recall all the
possible waves in the solution.
e A linear wave is a wave connecting two states in the free phase.
o A phase transition wave is a wave connecting a left state (p;,m;) € F with a
right state (p,, n,) € C satisfying % = Z—T
e A wave of the first family is a wave connecting a left state (p;,7;) € C with
a right state (p,,n,) € C such that % = %.
o A wave of the second family is a wave connecting a left state (p;,7;) € C with
a right state (p.,n,) € C such that v (p;, ) = v (pr, 9r)-
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pU

Fic. 1. The free phase F in green and the congested phase C in red, resulting from (2.1) in
the coordinates (p,m), left, where the two phases are both two-dimensional, and in the coordinates
(p, pv), right, where F is one-dimensional and C is two-dimensional.

3. The Cauchy problem at a 1 X m node. In this section, we deal with the
Cauchy problem at a node with a single incoming road I, modeled by the real interval
(—00,0), and m outgoing ones I, ..., I1 1, modeled by (0,400). More precisely, we
consider the following Cauchy problem:

Orp1 + 0z (prv(p1,m)) =0,
Oem + Oz (mv(p1,m)) =0, z <0,
(p17771) (O,{L’) = (ﬁlaﬁl) (3’]),

atp1+m + a:v (lerm U(,Olerv n1+m)) =0
OtMi4m + Ox (Mim V(P14m, Mgm)) =0
(p1+m7 771+m) (0’ (IZ) = (f)l-‘rm’ 771+m) (Z‘),

b
, x>0,

where (p1,71) € (L'NBV) ((—o0,0); FUC) and, for j € {2,...,m+1}, (p;,1;) €
(LYNBV) ((0,+00); FUCO).

Before stating the definition of solution for (3.1) and the main result of this paper,
we introduce the concept of a Riemann solver and of equilibrium for the Riemann
problem at the node. We recall that a Riemann problem at a node is the Cauchy
problem (3.1), where the initial conditions are constant in each road. It is well known
that the solution to a Riemann problem can be given through a function, called the
Riemann solver, which associates to each initial condition the traces at the node of the
solution. In this paper, we consider the Riemann solver, denoted by RS ;, proposed
in [17], which produces a solution conserving both the number of cars and the maximal
speed of each single driver at J; such a Riemann solver has been obtained imposing
the so-called Rankine-Hugoniot conditions at the junction. For a detailed description
see [17, section 4].

DEFINITION 3.1. We say that ((p1,71),-- -5 (P1+m, Ti+m)) S an equilibrium for
the Riemann solver RSy if

RSy ((p1,M1) 5+ (Prams Mitm)) = ((P1:71) 5+« + 5 (Prms Mtm)) 5

i.e., ((P1,M) 5+, (P1ems Mtm)) 48 a fized point of RS ;.
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DEFINITION 3.2. An equilibrium ((p1,71) ,-- s (P1+m,Ti+m)) for the Riemann
solver RS j s said to be generic if either

(ﬁhﬁl)eFa (ﬁj:ﬁj)eF\C vje{2771+m}
or exists J € {2,...,1+m} such that
(P1,7m) € CNF, (pyyy) € O, (pji ) € FANC Vi€ {2, 1+mp\ {7}

In the former case, we say that the state (p1,71) is the active constraint for the
equilibrium. In the latter case, we say that the state (p;,7y;) is the active constraint
for the equilibrium.

We are now ready to give a constructive definition of the solution to the Cauchy
problem (3.1) and to state the main result of this paper.

DEFINITION 3.3. A tuple (05,77) -, (P1m> Mism)) is a solution to (3.1) if

L. (pt,m7) € C° ([0,400[; L (I1; FUC)) is a weak solution to (2.1) for x < 0
such that (p7(0,2),n7(0,2)) = (p1(x), 71 (x)) for a.e. x <O0;

2. for every j € {2,...,14+m}, (p5,n;) € C°([0,+0c[; L' (I;; FUC)) is a
weak solution to (2.1) for x > 0 such that (p;‘ (0,2),m; (0, z)) = (pj(x),7;(x))
for a.e. x> 0;

3. for a.e. t >0 and fori e {1,...,1+m}, the function x — (p}(t,z),n;(t,z))
has bounded total variation;

4. the couple (p1(t,0—),n1(t,0=)), ..., (P1em(t,04), n14m (¢, 0+))), for a.e. t >
0, provides an equilibrium for the Riemann solver RS; in the sense of
Definition 3.1.

THEOREM 3.4. Under assumptions (H-1) and (H-2), fix initial data (p1,71) €
(L'NBV) ((—00,0); FUC) and (p;,7;) € (L*NBV) ((0,+00); FUC) for every
jeA{2,...,14+m}. Then there exists a solution to the Cauchy problem (3.1) in the
sense of Definition 3.3.

The proof is based on the wave-front tracking technique and it is contained in the
following subsections.

3.1. Wave-front tracking approximate solution. We construct piecewise
constant approximations via the wave-front tracking technique; see [5, 13, 27] for the
general theory.

DEFINITION 3.5. Given € > 0, we say that the map ue = (U1,e,---, Ultm,e) =
((p1,esMm,e) sy (P14mes Mtme)) @8 an e-approzimate wave-front tracking solution
to (3.1) if the following conditions hold:

L. u;. € C°((0,400); LY (I;; FUQ)) for everyi € {1,...,1+m}.

2. For every i € {1,...,1+m}, u; is piecewise constant, with discontinuities
occurring along finitely many straight lines in (0,400) x I;. Moreover the
jumps can be of the first family, of the second family, linear waves, or phase-
transition waves. They are indexed by J(t) = 1(t) U 2(¢t) U LW(t) UPT(¢).

3. For everyi € {1,...,1+m}, it holds that

{ 1(pi,e(0,-),15,(0,)) = (Bi (), T ( Nlg 7,700y < &
TV (pi,a(oa ')7 772',5(0» )) <TV (ﬁz()vﬁz(D .
4. For a.e. t > 0, it holds that

RSy (u1,e(t,0-), ..., u14m,e(t,0+)) = (w1, (£,0-), ..., U14m (¢, 0+)) .
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Consider, for every ¢ € {1,...,1+ m}, a sequence (p;,,,7;,,) of piecewise constant
functions with a finite number of discontinuities such that
1. (Piws i) : I = FUC for every i € {1,...,14+m};
2. for every i € {1,...,1+ m}, the following limit holds:
Hm (piws M) = (Pis i) in L'(I; F U O);

v——+oo

3. for every i € {1,...,1+4+ m}, the following inequality holds:
TV (piws i) < TV (piy i)

For every v € N\ {0}, we apply the following procedure. At time ¢t = 0, we solve
the Riemann problem at the junction and all the Riemann problems inside the roads.
We approximate every rarefaction wave with a rarefaction fan, formed by rarefaction
shocks of strength less than % traveling with the Rankine-Hugoniot speed. At every
interaction between two waves, we solve the corresponding Riemann problem. Finally,
when a wave interacts with the junction, we solve the corresponding Riemann problem.

Remark 3.6. As usual, by slightly modifying the speed of waves or the position
of the discontinuities for the boundary values, we may assume that, at every positive
time ¢, at most one of the following possibilities happens:

1. two waves interact together inside a road;
2. a wave interacts with the junction;
3. for a.e. t > 0, the equilibrium at J is generic, in the sense of Definition 3.2.

Remark 3.7. For interactions inside a road, we split rarefaction waves into rar-
efaction fans only at time ¢ = 0. At the junction, on the contrary, we allow the
formation of rarefaction fans at every positive time.

Fix a constant K,, > 0. Given an e-approximate wave-front tracking solution,
define, for a.e. t > 0, the following functionals:

Folt) = Ku ) Jw(ure(t,24)) = w (ure(t, )|

xely
1+m
(3.2) + 30w (i (tz4)) — w (e (,3-))]
1=2 x€l;
14+m
Fo(t) =D 3 10 (Wit w4)) — 0 (Wi (t,2—))]
=1 x€l;
1+m
(3.3) + 0 (W, (8,0-)) = > B (wie(t,04))
=2
1+m
(3.4) N = Z #{x el u;(t,x—) # U (t,z+)},

where the symbol # stands for cardinality of a set and @(p,n) = w(R — p). Note that
the previous functionals may vary only at times ¢ when two waves interact or a wave
hits the junction.

3.2. Interaction estimates. We consider here estimates for wave interactions.
In the following, we distinguish wave interactions by the nature of the involved waves:
for example, if a wave of the second family hits a wave of the first family producing
a phase transition wave, we write 2-1/P7T. Here the symbol “/” divides the waves
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TABLE 1
The possible cases when there is an interaction of the wave ((pl,nl) ,(p1, 171)) with the junction
from the incoming road I;. Lemmas 3.9, 3.10, and 3.11 describe respectively the cases of interacting
wave of type 2, LW, and PT.

[ Wave [ AN [ AFw [ AF; ]
2 <m+1 ]| <(m—Ku)w —i < Kw! — 1]
LW <m < (m— Ky) [wh — g SK[|wl—1ﬁ1l+lful—f}1|]
PT <m-—1 =0 =0
TABLE 2

The possible cases when there is an interaction of the wave ((py,75), (p",n")) with the junction
from the outgoing road I5. Lemmas 3.12 and 3.13 describe respectively the cases of interacting wave
of type 1 and PT.

[Wave[ AN [Afw[ AF; ]
1 <m =0 | <K[v" — 1
PT | <m—-1| =0 =0

before and after the interaction. Moreover, with the notation AF,,(t), AF;(t), and
AN (t), we intend respectively Fy,(t+) — Fu(t—), Fs(t+) — Fo(t—), and N(t+) —
N (t—). Table 1 contains all the possible interactions between a wave, coming from
the incoming road, and the junction. Table 2 contains all the possible interactions
between a wave, coming from an outgoing road, and the junction. For later use, define
the constant

, . .
2 max
K:Z%—HLRm-i-Qg—i—vQ Wi

(3.5) RW W W min{ay;:j€{2,...,m+1}}

n 2RW i-i— 1
min{ai;:j€{2,....m+1}} \ Ao Viax/

3.2.1. Interactions along a road. In the case of an interaction between two
waves inside a road the functionals (3.2), (3.3), and (3.4) do not increase. Indeed the
following lemma holds.

LEMMA 3.8. Assume that the wave ((p',n'), (p™,n™)) interacts with the wave
((p™,n™), (p",m")) in a road I;, fori = 1,...,14+ m, at the point (t,T) with ¢ > 0
and T € I;. Then

AF,(t) =0 and AF;(t) <0.

Moreover the possible interactions are 2-1/1-2, LW-PT /PT-2, 1-1/1, PT-1/PT;
hence AN (t) < 0.

The proof is completely identical to [32, Lemma 3.4]; hence we omit it.

3.2.2. Wave hitting the junction from the incoming road. We consider
the case of a wave (pl,nl), coming from I; and interacting with the junction. For
simplicity we denote by

(ﬁlvﬁl) ) (ﬁ27ﬁ2) ) (ﬁ1+m7ﬁ1+m)
the states at the junction before the interaction. By Remark 3.6, without loss of
generality, we may assume that ((p1,71),. -, (P14m, T1+m)) IS a generic equilibrium

for the Riemann solver RS ;. Moreover denote

((pﬁliv"ﬁ) PRI (p>1k+m7"7>1k+m)) :RSJ ((Plﬂ?l) s (ﬁ27ﬁ2) L) ([)H—m?ﬁl-i-m))'
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LEMMA 3.9. Assume that the wave of the second family ((p*,n'), (p1,7M1)) interacts
with the junction for the incoming road I, at time t. Then

(3.6) AF (1) < (m— Ky) |w' — iy

(3.7) AF5(t) < K|w' — 1],

where K is given by (3.5). Moreover AN (t) < m + 1.
Proof. For simplicity, for i = 1,...1 4+ m, we define

o =00, v =0(pe i), v =0(ef, ),
(3.8) l D

The interacting wave is a wave of the second family; then both the states (pl, nl)
and (p1,71) belong to C'\ F. Since the equilibrium is generic, there exists J €

{2,...,1+ m} such that
(Pyy) € Co (pjiy) € F VG €{2,..., 1+ m}\{J}.

We have two possibilities: either p' > p; or p' < p1.
Assume first p' > py. In this case Lemma A.1 implies that the state (pf,77) € C'is
the active constraint after the interaction and is determined uniquely by the conditions

Therefore in the road I; a wave of the first family, connecting (p},n;) with (o', n'), is
produced; in the road I; a wave of the second family, connecting (p¥,7) with (5, 7)),
is produced; finally in each of the remaining outgoing roads a single linear wave is
produced. For the functional (3.2) we have

14+m
(3.9) AFu(t) = Kylwt —w'| + ) Jw) —
=2

— Ky|w' — iy |

14+m
= | D |w' =i || = Ky w! =iy | = (m — Ky) |w' — iy
j=2

)

since w' = w} = -+ = w},,, and W1 = --+ = Wi4m,; this proves (3.6). For the

functional (3.3) we deduce that

1+m 1+m
AF;(t) = |vf —vl’ + Z vy — ;] — |o! —b1] + (vf — B1) — Z (v —05)
Jj=2 j=2
1+m 14+m 1+m
= D> Pi-ul=Y i-o) =2 3 foi—al,
J#3,5=2 j=2 J#£T,§=2
since 0, = o' > vf. For every j € {2,...,m+1}, v] = wj (R—p}) and 0; =

’LZ)l (R — /A)j)a thus
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1+m 1+m
AF5(t) <2R Z lwi — 1] +2 Z |wi p} — |
J#1,5=2 J#3,9=2
14+m 1+m
< 4R Z —w1|+2W Z pj—pj’
J#1.J=2 J#T,0=2

Since (p;, ;) € F and (p},w}) € F for every j € {2,...,m+1}\ {7},

14+m 1 1+m
Z P;k - ﬁj = Vi Z |p;Vmax - ﬁijaX|
J#7.5=2 X A7, =2
|P1U1 — P11 < lpivi = proa]
< A AL
rnax J#sz: 2 Vmax
_lof =y
al,jvmax
Moreover we have that pj = R — % and p; = R — =L therefore
1+ * «\2 . *
Zén B ‘PJ pily; (“j) 1 — wi
p] pJ (€51 Vmax B aq ’Vmax uAjlrlU}k -
G#TG=2 7 " !
Hence we get that
1+m e 1+m
AFs()) <4R > |wi—i|+2W > o) — b
J#T,J=2 J#T,J=2
AR /\Vmax 1 N * ~ *
(m—1)42W — | |01 —wi| < K|, —wil,
s v 74

proving (3.7).
Assume now p' < p1. Define v§ = #(pg,n5) and w$ = w(p$,ns), where the state
(pji’7 ny ) € C is uniquely determined by

We have two possibilities.

1.

The state (pT* Sy ) € (' is the active constraint for the new equilibrium.
Therefore in the road I; a wave of the first family, connecting (p%,n7) with
(pl, nl), is produced; in the road Ij a wave of the second family, connecting
(pji*, 77]1") = (pJ?, njo) with (ps, 1), is produced; finally in each of the remaining
outgoing roads a single hnear wave is produced. For the functional (3.2), the

estimate (3.9) holds, since w! = wi = --- = Wiy, and Wy = -+ = Wi 44y,. For
the functional (3.3) we deduce that
14+m
= —vl‘—&-Z‘ v—vl‘—i— T —01)
1+m 14+m
=Y W) <200 —d)+2 Y o)
=2 i#3.0=2
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since ©; = v! < v}. The same computations as before imply that

Vmax L

~-2

AF;(F) <2(vf —01) + [4R(m — 1) +2W [y — wil.

a1y

We now estimate the term vj — 01, which is based on the fact that in this

situation the flux inequalities p'v! < pivi < p19; hold. Since v! = 1,
<2
Aa 11l U1 ~ *
01— plv’ = w; — wy) .
p1vr — p it (1 1)
Moreover, by w! = wf,
* ok 11 * UT ~ 61
pivy —pv =v; [R—— | -0 | R— —
wy wy
1 ~ * * ~ * ~
= [R—i— E(vl +v1)} (v —01) > R(vy —01).
1
The inequality pivi — p'v! < p19; — plo! now implies that
@2 2
U*—f)lg = ’LZ)l—’lU* Sfmax UAjl—’lU*
{01 S g (01— i) £ 2% (i1~
and so
V2 ~Viax 1
AF(t) < |22 + 4R (m — 1) + 2W =5 VQ] [y — wi
RW G W
< K|y —w'l,

proving (3.7).

2. The state (pj,nf) € F N C is the active constraint for the new equilib-
rium. Therefore in the road I; a wave of the first family, connecting (p3, ;)
with (p',n'), is produced; in the road I; a phase transition wave, connecting
(pr,m¥) with (p?,7°), and a wave of the second family, connecting (p?,7°)
with (p5,7;), are produced; finally in each of the remaining outgoing roads
a single linear wave is produced. Thus (3.9) holds, since w! = w} = --- =
Wy = wji’ and w; = -+ = Wy4m,. Moreover vj* > vji’ = ?7 and the func-
tional (3.3) can be estimated by

1+m
AF5(t) = |vf fful{ + Z v — ;] — |[of — 61| + (v} — 1)
j=2

1+m 1+m
=Y -t <20f—d)+2 Y vl =)
Jj=2 J=2,#7

The estimate on the term v] — 07 is completely identical to the previous case,
since plv! < piv} < pyoy; thus
V2

max (g — w}).

Ulf’l}l<

 RW
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For every j € {2,...,m+ 1}, v = wi (R — p}) and 0; = i, (R — p;); thus

v — 05| < (R+ p) lwh — | +w|pf — s
< 2R[w} — dn| + W|p; — pyl.

Since (p;, ;) € F and (p},w}) € F for every j € {2,...,m+1}\ {7},

1+m 1 1+m
Z |p; —pi| = Vi Z |p;Vmax _ﬁjvmax‘
J#TI=2 Ay =2
[pivi — pr i’f _ lotvt = pro|
= v o < .
Vmax Nl J Vmax
J#1,7=2
Moreover
A A . . |0 D
055 = prin] < [pron — o] = [fri — plon| = | — 2L
1
V2
< 5w —wil.
Hence we deduce that
1+m
AF(t) <2(vf —01) +2 Z vy — ;]
J=2,j#7
V2 _ omtl
< 27255+ AR (m = 1) | (@ —wi) +2W Y o) — 4
rw =277
V2 .V
< 2225 F4AR(m — 1) 4+ 2W =5 | (1 — wy)

proving (3.7).
The proof is thus completed, since in all the previous cases the inequality AN (¥) <
m + 1 holds. O

LEMMA 3.10. Assume that the linear wave ((p',n'),(p1,71)) interacts with the
junction for the incoming road Iy at time t. Then

(3.10) AF,(E) < (m— K,) |w' — 1],
(3.11) AF(1) < K [[w' — by | + [o — 0] ,
where K is given by (3.5). Moreover AN (t) < m.

Proof. For simplicity we use the notation in (3.8). The interacting wave is a linear
wave; then both the states (p',n') and (p1,71) belong to F. Since the equilibrium is
generic, then

(hj»;) € F\C Vje{2,...,1+m}.

Note that either (p},n}) = (p',n') or the states (pi,n;) and (p',n') are connected by
a phase transition wave.
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In the former case, the state (pi,n}) = (p',n') € F is the active constraint for
the equilibrium after the interaction and (p}n}-‘) € F forall j € {2,...,14+m}.
Therefore no wave is produced in the incoming road, while in each of the outgoing
roads a single linear wave is produced.

In the latter case, there exists T € {2,...,1 4+ m} such that the state (pjik, nJ—*) €
F N, uniquely determined by the conditions

{ wr = w!
v (e§ny) = (o7, 1) = Vinax,
becomes the active constraint for the equilibrium after the interaction. Therefore in
I; is produced a phase transition wave with negative speed connecting (pj,n7) € C
with (pl,nl) € F; in the road I a linear wave, connecting (pjﬂ‘,nj*) € FnNC with
(p7,7;) € F, is produced; in each of the remaining outgoing roads a single linear wave
is produced.

In all the cases, @ = -+ = Wi4m and w' = w} = -+ = w},,,. Thus, for the
functional (3.2), we deduce that

1+m
Full) = Ky|w} —w'| + > |wy — 1| — Ky |w' — iy
j=2

1+m
Z|wl7w1| - K, |w 7w1|f m — K, )|w — |,

proving (3.10). We consider now the functional ;. We have

1+m 14+m
Fo(t) = |vi =o' + Z [vi = 0;] — o' — on| + (v — B1) — Z (v — ;).
Jj=2 j=2

If in the first road no wave is produced, then v} = o' and so

1+m
(3.12)

In the other case in I; a phase transition wave is produced and v' > v%; so (3.12) holds.
Similarly to the proof of Lemma 3.9, for every j € {2,...,m + 1}, vi = wy (R - p;‘)
and 0; = W (R — p;) and so

1+m

AF3(1) < ARm|wi — | +2W Y |0} — py-
j=2

Since (p;, ;) € F and (p},w}) € F for every j € {2,...,m+1},

1+m 1 1+m
yf_ﬁj = >‘fvvma»x_ﬁjvvmax’
= max 57
1+m
|7 _plvmax‘ ’Y _plvmux|
1.5 — ’
max max
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where either v* = pjvf if a phase transition wave in I; is produced or v* = p!Viay.
In the latter case we have

(3.13)

and so

(3.14)

1+m ~ 1
V1 v

N [ Y S I - =
;m Pl =o' =ml =5 = 0
gé@1—vl’+vma2xw1—wl|
= —
A1+m
AF5(F) < ARm |w} — | +2W > |} — py.
j=2

2W Vinax 2W
< 4Rm+i2 |U/l—7f11 +jﬁ1—vl|,
W w

proving (3.11). In the former case, i.e., when a phase transition wave is produced in
I, we have two different cases:

1.

w! > ;. In this case the maximum possible flux for the outgoing roads
increases. The fact that, after the interaction, the road I; is not an active
constraint implies that pq Vinax < pjvf < P'Vinax. Consequently

1+m

>

=2

o =il < i — i

and so, by (3.13) and (3.14), the estimate (3.11) easily follows.
!

. w" < . In this case the maximum possible flux for the outgoing roads

decreases. The fact that, after the interaction, the road I; is not an active
constraint implies that p; Vimax > pjvi. Consequently

1+ K ~ ~ %, %
Zm p* _ pA’ _ ‘plvl - prmax| _ prmax - ,01U1
; J ’ Vmax Vmax
Jj=2

1

- m (I}JVmax - Pj Vmax) .

Before the interaction the road I is not an active constraint; thus the flux

2
P1Vmax is lower than the maximum possible flux RVpax — ng‘f". After the
interaction the road [ is an active constraint; thus the flux p; Vinax = RVinax—

V2
—mex, Therefore

55 e (e ) £ Lo
i T Pil = - -~ > 2 \W1 — Wi
= Vinax Q13 wy w1 061JW
and so
VinaxW |
AF;(t) < |4Rm + 2= | i — wy,
Oéle

proving (3.11).
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This concludes the proof, since in all the previous cases the inequality AN (f) < m
holds. 0

LEMMA 3.11. Assume that the phase transition wave ((p',n'), (p1,M1)) with posi-
tive speed interacts with the junction for the incoming road I; at time t. Then

AF,(t) =0,  AF{#) =0,  AN({) <m-1L

Proof. For simplicity we use the notation in (3.8). The interacting wave is a phase
transition with positive speed; then the state (pl,nl) is in the free phase while the
state (p1,71) belongs to the congested phase and prmax < p101. Note that pl < p1.
Since the equilibrium is generic, then there exists 7 € {2,...,1+ m} such that

(i) € Gy (pjyny) € B VG e{2,...,1+mp\ {7},

with (45, 7)) active constraint.

After the interaction, the state (p},n}) = (p',n') € F becomes the active con-
straint for the equilibrium and (p},n;) € F for all j € {2,...,1 + m}. No wave
is produced in the incoming road; in the road Ij a phase transition wave with pos-
itive speed, connecting (py,7°) € F with (py,7;) € C, is produced; finally in each
of the remaining outgoing roads a single linear wave is produced. Note also that
the flux through the junction decreases after the interaction; thus vy > 9;, for every
j€4{2,...,1+ m}. Regarding the functional (3.2), we deduce that

1+m
AF, () = Y Jwj — | = Ky |w' — | =0,
j=2
since w' = wi =+ =w},,, =W =+ = Witm. For the functional (3.3),
1+m 1+m
Z [0 = 0] = o' = u| + (v = 01) = D (v — )
=2
1+m 1+m
:Z(v;‘—@j)—(vl—ﬁl) v—v1 Z v} — ;) =0
=2 =2
since 0; < v and vy > 0y, for every j € {2,...,1+ m}. The proof is completed, since
clearly AN (t) <m — 1. O

3.2.3. Wave hitting the junction from an outgoing road. We consider the
case of a wave (p",n"), coming from an outgoing road I; and interacting with the
junction. As in the previous subsection, we denote

(ﬁlv 771) ] (,627 ﬁQ) ) ey (ﬁlera 771+m)

and

(/ffa?ﬁ) ) (P;WS)’ sy (pT—&-m?nT-‘rm)

the states at the junction respectively before and after the interaction. By Remark 3.6,
we may assume that ((p1,71) .-, (P14m,T1+m)) is a generic equilibrium for the
Riemann solver RS ;.
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LEMMA 3.12. Assume that there exists 7 € {2,...,1+ m} such that the wave of
the first family ((p5,75), (p",n")) interacts with the junction for the outgoing road I.
Then

(3.15) AF,(t) =0,
(3.16) AF3(t) < K" =,

where K is given by (3.5). Moreover AN (t) < m.
Proof. For simplicity, for i = 1,...1 4 m, we define

(3 17) v = 5(Pra77r)a ﬁl = 6(ﬁiaﬁi)a ’U;k = 5(Pfﬂ7j)7
w" = w(prﬁnr)? w; = w(ﬁiaﬁi)a ’LU: = w(ﬂ:aﬁf)

The interacting wave is a wave of the first family; then both the states (p”,n")
and (g, ;) belong to C. Since the equilibrium is generic, then

(ﬁhﬁl)ec\F’ (ﬁjvﬁj)eF\C Vj€{2,...,1+m}\{j}

and (pr, 1) is the active constraint for the equilibrium. Note that there exists w such
that

W= =" =Wigm =W} =+ =W,y =W .
Therefore, for the functional (3.2), we deduce that

1+m
AFy(t) = Kylwi — 1] + Z |w;‘ *wj| — [w" =] =0,

j=2

proving (3.15).

We consider now the functional (3.3). We have two possibilities: either p” > p;
or p" < py.

Assume first p” > p;. After the interaction, the state (p¥,n*) = (p",n") € C' is
the active constraint for the new equilibrium, (pi,n7) € C and (p;,n;f) € F for all
j€42,...,14+m}\J. Therefore, no wave is produced in I3; in the incoming road a
first family wave, connecting (pj,n7) € C with (p1,71) € C, is produced; finally in
each of the remaining outgoing roads a single linear wave is produced. We deduce

that 91 > v, % > v" =, and 0; < vj for every j € {2,...,1+m} \J; hence
1+m 1+m
AF5(E) = o —onl+ D |05 —vf| = 0" = o] + (v} —i1) = > (v] —1;)
J#TI=2 i=2
1+m 1+m
= > (4 —v) — (@ —v) =D (v —9;) =0,
J#TI=2 J=2

proving (3.16) in the case p" > p;.
Next, assume p" < py. In this case, we have three possibilities.
1. After the interaction, the state (pi,n7) € F N C is the active constraint for
the new equilibrium and (p;f,n;-‘) € F for all j € {2,...,14+ m}. Therefore,
a phase transition wave with positive speed, connecting (pf,77) € F with
(p",n") € C, is produced in I3; in the incoming road a first family wave,
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connecting (pi,ny) € F N C with (p1,71) € C, is produced; finally in each of
the remaining outgoing roads a single linear wave is produced.
We deduce that v] > 01, v > v" > @5, and 9; > v} for every j # J; hence

1+m
A]‘-{,(ﬂ = ‘Uik —’lA)1| + Z |’U;k —ﬁj| +
J=2,3#7

o — | = o — ]

14+m

+ (] —01) = Y (v — )

=2
1+m
=2(vf —01)+2 D (05 —v]) — 20" + 20y
J=2,3#7
Moreover, since pyo; < pf Viax < p"v" and p" < py,
14+m 1+m
Yo ()= Y (05— 4y)
J=2,3#3 J=2,#7

_ 1+m

w * ~
= v Z Vinax (P] _pj)
T j=2,5#1
1+m
=7 > o (pivt — prin)
(3.18) AX j=2, 547

1+m

g

w
J— * A A
=V > (9} Vinax — pyty)
max X137 . T ,_
J=2,77#)

w TOT A
Vmax al,j (p Y mq}l)
RW .
—_/ (U —V5).
a Vmax Qi ( J)

Finally, by Lemma A.2 and since p;0; < pj Vinax < p"v", p" < py,

w
D < — 0¥ — P10 == ikaaX_AA

o0 (v] — 1) < X (p1vi — p101) No a1y (PJ ﬁﬂ)j)

| v (p"v" — pt5) < RIV " — 05)

)\Oal’j P PrY5) = )\Oal,j J
proving that
RW RW

(3.20) AF5(t) <2 + — 1| (v" — 1)

- )‘Oal,j Vmaxal,j

and, consequently, (3.16).

2. After the interaction the equilibrium does not change, in the sense that
(pjf,vj-*) = (p",v") € C is the active constraint, the state (pi,n7) € C'\ F,
and (p;,n;‘) € Fforal je{2,...,1+m}.
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Therefore, no wave is produced in fj; in the incoming road a first family wave,
connecting (p7,n7) € C with (p1,71) € C, is produced; finally in each of the
remaining outgoing roads a single linear wave is produced.

We deduce that vi > 01, v =v" > @;, and 9; > v} for every j # J; hence

1+m
AF5(0) = o —oa|+ D |v] —d5] — " — 0

J=2,5#7

1+m
+ (o] —0) = Y (v —1y)
j=2
14+m
=2(vf =) +2 > (0 —v]) — 20" + 20

J=2,#7

Since p" < py, we deduce that (3.18) holds. Finally, by Lemma A.2, p" < fr
and pyo; < pfvS = pfVinax = p"v", we obtain as before (3.19)-(3.20) and
so (3.16).

3. After the interaction there exists 7 € {2,...,1+m} \ 7, such that the state

(p¥,15) € FNC is the active constraint for the new equilibrium, (p7,77) € C,
and (pj,n;-‘) eFforalje{2,...,1+m}\J.
Thus, a phase transition wave with positive speed, connecting (pji",njf‘ ) €
F with (py, 7);) € C is produced in Ij; a linear wave, connecting (p5,77) € FNC
with (p5,7) € F is produced in I5; a first family wave, connecting (p7,n}) € C
with (p1,71) € C, is produced in the incoming road; finally in each of the
remaining outgoing roads a single linear wave is produced. We deduce that
vf > 01, vf > 0" > 05, 05 > vf, and 9; > v for every j #7and j #7J; hence

14+m
AF() =lo —oul+ D |vj — 5]+
J=2,5#7
14+m
+ (] —01) = Y (v — )
j=2
1+m
<20 —d)+2 Y (B —v)) +2(8—0").
J#3,5=2

v =" = u" — o

Moreover, since p" < py and p;0; < pi Vinax < p"v", We obtain as before (3.18).
Finally, by Lemma A.2, p;0; < pf Vinax < p"v", and p” < p;, we deduce (3.19)—
(3.20) and so (3.16).
The proof is concluded, since in the previous cases, the inequality AN (}) < m
holds. O

LEMMA 3.13. Assume that there exists 7 € {2,...,1+m} such that the phase
transition wave ((py,7;), (p",n")) with negative speed interacts with the junction for
the outgoing road I;. Then

AF,(#) =0, AF;#) =0, AN(@{) <m-—1.

Proof. For simplicity we use the notation in (3.17). Note that there exists w such
that

— A . I _ * — * — T
W=Wy = =Wy =W] =+ =Wy, =w.
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The interacting wave is a phase transition with negative speed; then the state
(p7,75) is in the free phase F' and the state (p",n") is in the congested phase C.
Therefore p” > p; and, after the interaction, the state (pjf, nj*) = (p",n") € C becomes
the active constraint for the equilibrium. This also implies that (p,n7) € C and
(p;,nj’f) € Fforall je{2,...,1+m}\J Moreover no wave is produced in I;. For
the functional (3.2), we deduce that

14+m
AF, (1) = Kplwi =]+ D [w) =] — [w” — iy = 0.
J#1.5=2

Consider now the functional (3.3). Since the equilibrium, before the interaction,
is generic, we have two possibilities.
1. Before the interaction an outgoing road is the active constraint, i.e., there
exists J € {2,...,14+m} \ {7} such that

(,61,771)60, (ﬁ]yﬁj)GF Vj€{2,71+m}\{j}

and (g5, 75) € C is the active constraint for the equilibrium.

Therefore, in I; a first family wave, connecting (p,n7) € C with (p1,71) € C,
is produced, a phase transition wave with positive speed, connecting (p¥,77) €
F with (g5, 75) € C is produced in I, and linear waves are produced in every
I with j # 7 and j # J. Thus v < 91, vf = v" < 1y, and 9; < v} for every

j #7, and
1+m
AF() = vy —in|+ D Joy —oy] — |6 — 0" + (v — i)
J=2,j#7
1+m
=30 (0 =) = (07— 8) = (v — %) = 0.
Jj=2

2. Before the interaction the incoming road I; is the active constraint, i.e.,
(ﬁhﬁl)eFa (ﬁ.’hﬁj)eF VJ€{2,71—|—7’TL}

and (p1,71) € F is the active constraint for the equilibrium. Therefore, in
I, a phase transition wave with negative speed, connecting (p1,7;) € F with
(p1,m7) € C, is produced, and a single linear wave is produced in every I;
with j #J. Thus 91 > o], v = 0" < ¥, and 9; < vj for every j # J; hence

1+m
AF(0) = o] —on|+ > |vf — 5] — v — o] + (vf — i)
J=2,#7
1+m
- (v —9;) =0.
=2
The proof is so completed, since AN (f) < m — 1. 0

3.3. Existence of wave-front tracking solutions.

PROPOSITION 3.14. Assume K,, > m, where K,, is defined in (3.2). Then, given
K by (3.5), we deduce that, for everyt >0,

(3.21) Fu(t) < Fu(0+) and Fi(t) < 2K [Fup (0+) + F3(0+)] .
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Proof. By the interaction estimates in subsection 3.2, the functional F,, does not
increase after wave interactions. Hence F,(t) < F,,(0+) for every ¢ > 0, proving the
first inequality in (3.21).

Consider now the functional F;. If two waves interact in a road or a phase
transition wave hits J, then F; does not increase; see Lemmas 3.8, 3.11, and 3.13.
Instead F3 can increase if there is an interaction with J due to a wave of the first
family, or of the second family, or due to a linear wave.

Waves of the first family have negative speed; hence they can interact with the
junction J only from an outgoing road. Lemma 3.8 implies that waves of the first
family can be generated by interactions of two waves inside a road (precisely by
interactions 2-1/1-2 and 1-1/1), and in this case 5 does not increase. Moreover waves
of the second family do not contribute to F3. Therefore the maximum increment of
F5 due to the interaction of waves of the first family with J is K F;(0+).

Waves of the second family have positive speed; hence they can interact with the
junction J only from I;. Lemma 3.8 implies that waves of the second family can be
generated by interactions of two waves inside a road (precisely by interactions 2-1/1-2
and LW-PT /PT-2), and in this case F; does not increase. Moreover waves of the
first family or phase transition waves do not contribute to F,,. Since linear waves are
not generated in a road (see Lemma 3.8), the maximum increment of F; due to the
interaction of waves of the second family with J is K F,,(0+).

Finally linear waves have positive speed; hence they can interact with the junction
J only from I;. Lemma 3.8 implies that linear waves are not generated by interactions
of two waves inside a road. Then the maximum increment of F5 due to the interaction
of linear waves with J is KF,,(0+) + KF3(0+). Consequently, we deduce that for
every t > 0 F5(t) < 2K [Fu(04) + F3(0+)], proving (3.21). O

PROPOSITION 3.15. The construction, described in subsection 3.1, can be done for
every positive time and, for every v € N\ {0}, it produces a %—approximate wave-front
tracking solution to (3.1), in the sense of Definition 3.5.

Proof. We consider the construction in subsection 3.1 and the function w, =
(Ui,y---sUl4m,,) built there, for v € N\ {0}. It is sufficient to prove that the
number of waves and interactions generated is finite. Note that the functional N (t),
corresponding to u,, is piecewise constant and can vary at interaction times in the
following way:

1. If at time ¢ > 0 two waves interact inside a road, then AN (#) < 0. More
precisely, AN () = 0 if and only if the interaction is either 2-1/1-2 or LWV-
PT /PT-2; see Lemma 3.8.
2. If at time > 0 a wave of the second family interacts with J, then AN (f) <
m + 1; see Table 1.
If at time ¢ > 0 a linear wave interacts with J, then AN () < m; see Table 1.
4. If at time ¢ > 0 a phase transition wave interacts with JJ, then AN () < m—1;
see Tables 1 and 2.
5. If at time ¢ > 0 a first family wave interacts with J, then AN (¥) < m; see
Table 2.
The number of waves may increase in cases 2, 3, 4, and 5. Note that linear waves have
positive speed; hence they can interact with the junction J only from the incoming
road I;. Lemma 3.8 implies that linear waves are not generated by interactions of two
waves inside a road. Consequently the linear waves responsible for the increment of
N of the point 3 are those generated in I; at time ¢ = 0+. Thus point 3 can happen
at most a finite number of times.

©w
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Waves of the first family have negative speed; hence they can interact with the
junction J only from an outgoing road. Lemma 3.8 implies that waves of the first
family can be generated by interactions of two waves inside a road, but only if an
interacting wave is of the first family. Consequently the waves of the first family
responsible for the increment of N of point 5 are those generated in the outgoing
roads at time ¢ = 04. Thus point 5 can happen at most a finite number of times.

Waves of the second family have positive speed; hence they can interact with the
junction J only from the incoming road I;. Lemma 3.8 implies that waves of the
second family can be generated by interactions of two waves inside a road. More
precisely, this happens if an interacting wave is either a wave of the second family or
a linear wave. Since linear waves are generated only at time ¢ = 04, then the number
of waves of second family interacting with J is bounded by the number of waves in
I; at t = 04. Thus point 2 can happen at most a finite number of times.

Consider now the phase transition waves. Inside the roads, by Lemma 3.8, a phase
transition wave can emerge from an interaction of two waves only if an interacting
wave is a phase transition. Therefore the only possibility for having an infinite number
of waves is that a phase transition wave hits J, producing a new phase transition,
which comes back to J after interacting with another wave. Since linear waves have
positive speed and waves of the first family have negative speed, the previous situation
can happen if the phase transition wave interacts in I; with the wave of the first family
or in an outgoing road with a linear wave. More precisely, in the first case we have
the interaction PT-1/PT (the interacting PT is produced at J and the generated
PT has positive speed and comes back to J) and in the second case we have the
interaction LW-PT /PT-2 (the interacting PT is produced at J and the generated
PT has negative speed and comes back to J).

Assume, by contradiction, that there exist 7' > 0 and 7 € N\ {0} such that

N(t) < +o0
for 0 <t < T and

limsup N (t) = 4o0.
t—T—

The previous considerations imply that there exists & > 0 such that in the time
interval (T' — &,T) there are infinitely many interactions of phase transition waves
with J. Assume that there exist t1,to € (T — &,T) with t; < to such that a phase
transition wave is originated at J at time ¢; in I; (¢ € {1,...,1+m}) and comes
back to J at time ty after interacting with a wave of the first family if ¢ = 1 or after
interacting with a linear wave if ¢ # 1. Obviously in I; the datum before ¢; is the
same as that after ¢3 and such datum is in F'\ C'if i = 1 and belongs to C'\ F' if i # 1.
Thus, similarly to [19, Proposition 10], there are finitely many possible combinations
of data at the node J. Consequently we deduce that, for t € (T —&,T), up at J may
take only a finite number of values, thus waves produced by J have a finite set of
possible velocities. Therefore, as in the proof of [19, Proposition 10], if the number
of discontinuities cannot be bounded by a constant, then also the functionals F,, and
Fi cannot be bounded, contradicting Proposition 3.14.

In this way we have also proved that the number of interactions at J is finite.
Moreover the number of interactions inside a road is finite; see [32, Proposition 2].
The proof is thus completed. O
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3.4. Existence of solutions. This part contains the proof of the main theorem.

Proof of Theorem 3.4. Fix an e-approximate wave-front tracking solution wu; .
to (3.1), in the sense of Definition 3.5. By Proposition 3.14, we deduce that there
exists a constant M > 0, depending on the F,,(0+) and on F3(0+), such that

Fult) <M and Fs(t) <M
for every ¢ > 0. Therefore, for every ¢ € {1,...,1+ m},
TV (w(ue () <M and TV (3 (uie (t,7) < M +mWR,

since 0 < v < WR. Hence, at least passing to a subsequence, there exist w* and v*
such that

w (use (¢,-)) = w*(t,-) and 0 (use (t,-)) = (¢, )

pointwise for a.e. t > 0. Finally, since the transformation (p,n) — (w, 9) is invertible,
then we deduce the existence of p* and n* such that

Ui,s(t7 ) - (pf(tv ')a 77;(757 ))

pointwise for a.e. t > 0. The latter convergence holds also in L. _ ([0, +oo[xR; FUC).

loc

Therefore (p}(t,-),n}(t,-)) provides a solution to (3.1). d
Appendix A. Technical lemmas.

LEMMA A.l. Fiz w,w € [0, W], @ < @, and two elements (p1,71) and (P2, 72) in
the congested region C. Assume that
mo_ N2 _
— = —_— =w.
P1 P2

p1 < P2 and

Denote with (p1,71) and with (ps,72) the unique elements in C' satisfying

v(prin) =vlpnm), - ==,
(A1) -
v (P2, 72) = v (pa,72) , @:ﬁ"
P2
Then
42) pro(p1sm) _ 1o (pry)

pav (p2,M2) — p2v (P2, 72)

Proof. Given V and w, the point (p,n) € C satisfying v (p,n) = V and % =w is
given by

%
p=R—— and n=Rw-V.
w

Since (A.1) holds, in order to prove (A.2), it is sufficient to show that the function

[w, 0] —> R,
w s Eg
(R—2)V2
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is strictly increasing, where Vi = v (p1,71) and Vo = v (pa, 7j2). Its derivative is given
by

RViV,

(mw—vpy T
This concludes the proof. ]

LEMMA A.2. Fiz w € [W,W] Consider the function vg : [0,T1] — RT, which
satisfies

<R— vwi)_F)) vo (D) =T  and ((R— “wér)) R (R—”ww@)) =xe;

2
for every T € [0,T1], where T'y = RVipax — %
Then the function vg is Lipschitz continuous with Lipschitz constant )\%, where

Ao is defined in (H-2).

Proof. The function vy returns the velocity of the point (p,n) € C belonging to
the line 7 = wp and whose flux pv (p,n) is equal to I". Therefore its analytic expression
is

Rw — vV R2w? — 4T'w

vg (T) = 5

w
02 —

Its derivative Orvg (T) is equal to Ty and so

w w
8 0 F <7<7,
[Orve ()] < IR — 2Vinax| — Ao

concluding the proof. ]
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