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A  new  event-based  proportional–integral  controller,  based  on  a specific  send-on-delta  sampling  strategy,
is analyzed  in  this  paper.  In  particular,  necessary  and  sufficient  conditions  on  the  controller  parameters
for  the  existence  of equilibrium  points  without  limit  cycles  are  given  for a first-order-plus-dead-time
process.  These  conditions  can  be usefully  exploited  for the  tuning  of  the  controller,  thus  making  the  overall
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design  easier.  Practical  issues  related  to the  controller  implementation  are  also  addressed.  Simulation  and
experimental  results  are  provided  as  illustrative  examples.
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. Introduction

Proportional–integral-derivative (PID) controllers are the most
mployed controllers in industry because of their capability to
rovide a satisfactory performance for many processes with a rela-
ively easy design. Their use is also made easier by the presence of

 large number of tuning rules that are available [1].  However, the
dvancement of the technology in industrial plants requires new
evelopments in PID control. One of the most significant recent

ssues is the introduction of wireless sensors and actuators [2],
hich poses constraints on the communication rate in order to
inimize the power consumption (and therefore to increase the

attery life) and the risk of lost data and stochastic time delays
3–5]. In this context, two of the most convenient strategies that
an be employed to reduce the communication load are event-
ased control and self-triggered control, where the reduction of
ommunications can be obtained at the expense of a small steady-
tate error, which often is not of main concern in practical cases.
n the former, the communication is done only when a logic condi-
ion becomes true, while in the latter the controller has to predict
he next time instant when the logic condition will be verified

6]. During the last years many researchers have addressed the
elf-triggered approach (see, for example [7–9]) and the event-
ased sampling and control approach (see, for example [10–12]),
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in particular in the context of PID controllers (see [13] for the self-
triggered strategies and [14–21] for the event-based strategies).
One of the most important advantages of the self-triggered strate-
gies is the possibility of using the master-slave protocol in the
communications between control agents and in these techniques
it is not necessary to continuously monitor the system outputs.
However, the disturbance rejection task is more complicated and
the performance of these approaches depends on the model of the
system. Conversely, in an event-based control strategy, when a con-
trol agent detects an event, it sends the related information, via the
communication medium, to another agent. In this way, the dis-
turbance rejection task starts at the time instance when the logic
condition is verified and the technique can be model-free.

In this context, many logical conditions have been proposed.
One of the most employed is the so-called send-on-delta (SOD)
sampling (also known as deadband sampling [22] or level crossing
sampling [23]) where the measured value of the process variable is
sent to the controller when the control error (or some function of
it) crosses predefined quantization levels [24].

However, it has to be recognized that in event-based control the
events occur asynchronously and therefore the tuning of the PID
controller parameters is in general more challenging, as the timing
of the events influences the system performance and limit cycles
may  arise (note that the presence of limit cycles is a typical problem
in general event-based control systems [25] and see, for example
[26] where sufficient conditions on the controller parameters for

the existence of equilibrium points are given for a SOD-PI control
system). Further, in addition to the PID gains, there are in general
other parameters (threshold values) employed in the control algo-
rithm that have to be tuned, thus making the overall control design

dx.doi.org/10.1016/j.jprocont.2012.09.005
http://www.sciencedirect.com/science/journal/09591524
http://www.elsevier.com/locate/jprocont
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ore complex. Indeed, the tuning of a PID controller with dead-
and sampling has not been explicitly addressed in the literature
ntil now, at least to the authors’ knowledge.

In this paper we propose an event-based strategy which results
rom a modification of the SOD technique. In particular, the sam-
led signal is quantized by a quantity multiple of � so that the
elationship between the input and output of the event-generator
lock is symmetric with respect to the origin. Thus, we  call this
trategy symmetric send-on-delta (SSOD) sampling. In this way, the
alue of the sampled signal is independent on the initial conditions.
e  will exploit this property to determine necessary conditions

n system instability and necessary and sufficient conditions on
he controller parameters for the existence of equilibrium points
ithout limit cycles will be given for a first-order-plus-dead-time

FOPDT) process. Although this can be considered as a special case,
t is significant from a practical point of view as many industrial
rocesses can be modeled effectively in this way. Event-based P, I,
nd PI controllers are considered.

The case where the SSOD strategy is applied to the control
ariable (thus reducing the number of transmissions between the
ontroller and the actuator) is also addressed. Both cases (denoted
espectively as SSOD-PI and PI-SSOD) are treated conveniently in a
nified framework. It is believed that the provided stability con-
itions can be usefully employed for the tuning of the overall
ontroller. It is also shown that the choice of the parameter � does
ot influence the stability of the system (see Section 3.2) and there-

ore can be selected just in order to handle the trade-off between
he reduction of the desired number of events and the reduction of
he steady-state error. The paper is organized as follows. In Section

 the event-based control strategies are presented. In Section 3,
he two stability and limit cycles problems are investigated. Neces-
ary and sufficient conditions for the presence of equilibrium points
ithout the occurrence of limit cycles and necessary conditions

n the system instability (and therefore sufficient conditions for
he system stability) are given. In Section 4 practical issues on the
ontroller implementation are presented. Simulation results are
hown in Section 5 while experimental results related to a level
ontrol problem are presented in Section 6. Conclusions are drawn
n Section 7.

. Control architecture

In event-based control strategies, the controller can be divided
nto four logical blocks: the sensor unit, the control unit, the actu-
tor unit and a governor (for short SU, CU, AU and G, respectively),
s shown in Fig. 1. The units and their tasks can be described as
ollows:

The sensor unit is composed of the sensor and its on-board intel-

ligence. Its task is to measure the process output and to calculate
the error between the measured signal and a constant set-point
value received from the governor.

CUSU AU

G

Plant

ig. 1. Scheme of a generic event based control strategies. The dashed arrows indi-
ate  the possibility of an event-triggered data transmission.
ontrol 22 (2012) 1930– 1945 1931

• The control unit implements the control algorithm, which deter-
mines the control action by taking into account the last received
sampled error and sends it to the AU.

• The actuator unit receives the control action signal from the CU
and applies it to the actuator.

• The governor, which, in practice, can be implemented together
with one of the previous two blocks, receives the desired set-
point value from a user interface or from a higher hierarchical
controller, and sends it to the sensor unit.

These blocks can be implemented in a unique machine or in two
or more physical entities. In this last case, the data has to be sent
from one to each other on a network. It is clear that the commu-
nication between two  entities implies more efforts than the data
exchanging into a single machine, especially when they are battery-
powered. For this reason, it is recommended to use event-triggered
data exchanging for all the signals which are sent between two
machines and normal time-driven sampling for the data which are
elaborated by an unique machine.

In this paper, we  consider two special cases where two  of the
three control agents (namely, SU, CU and AU) are placed in a phys-
ical entity and the other one is located in another machine. We  do
not address the case where SU and AU are in the same machine,
because in this case it is sufficient to implement also the CU task in
this machine in order to obtain a standard controller. The remaining
cases are: SU separated from CU and AU (which are in the same
machine) and AU separated from SU and CU (which are in the
same machine). In both situations, only an event-triggered data
exchanging in the control loop is required. The communications
between the governor and the other units (considering only the
transmissions concerning the control aspects) are done only when
the set-point signal changes.

2.1. Symmetric send-on-delta triggering

In this paper, the event-triggered data exchanging is done by
applying a special case of the send-on-delta sampling method (see
[4,15]), which can be seen also as a generalization of a relay with
hysteresis.

We call this technique symmetric send-on-delta (SSOD) samp-
ling. Denote as v(t) the input signal to the sampling block and as
v∗(t) the sampled output signal, which can assume only values mul-
tiple of a predefined threshold � multiplied by a gain  ̌ > 0, namely
v∗(t) = j�ˇ  with j ∈ Z.  The sampled signal changes its value to the
upper quantization level when the input signal v(t) increases more
than �,  or to the lower quantization level when v(t) decreases more
than �.  This behavior can be mathematically described as:

v∗(t) = ssod(v(t); �,  ˇ)

=

⎧⎪⎪⎨
⎪⎪⎩

(i + 1)�ˇ  if v(t) ≥ (i + 1)� and v∗(t−) = i�ˇ

i�ˇ  if v(t) ∈ [(i − 1)�,  (i + 1)�]  and v∗(t−) = i�ˇ

(i − 1)�ˇ  if v(t) ≤ (i − 1)� and v∗(t−) = i�ˇ

. (1)

The relationship between v(t) and v∗(t) can be considered as a gen-
eralization of a relay with hysteresis, where there are an infinite
number of thresholds [23], as shown in Fig. 2. The mechanism
can also be analyzed by means of a state-machine representation,
where j is the state number, v(t) ≥ (j + 1)�  is the condition to jump
to the upper state j + 1 and v(t) ≤ (j − 1)� is the condition to jump
to the lower state j − 1, as shown in Fig. 3.
The SSOD algorithm, described in (1),  can be rewritten as:

v∗(t) = �ˇssod
( v(t)

�
;  1, 1

)
. (2)
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Fig. 4. Modelization of communication delays and packet losses as additive disturb-
Fig. 2. Relationship between v(t) and v∗(t).

his representation suggests that the stability properties of a sys-
em which contains a SSOD event generator do not depend on the
arameters � and ˇ. In fact, it is always possible to do a variable
hange and to reduce the SSOD block to its normalized version
sod(v(t); 1, 1).

Also in the standard send-on-delta (SOD) technique, it is pos-
ible to define a state machine representation, but in this case the
alue assumed by v∗ in the state j is equal to (j� + q)  ̌ (see [26]),
here q ∈ [0, �)  is an unquantizable quantity which depends on

he initial value of v(t). Thus, with the SSOD technique the sys-
em always has a state with v∗ = 0 and this fact has an important
nfluence to the controlled system behavior, as shown in Section 3.

.2. Modeling the communications delays and the packet losses

In the SSOD (or SOD) sampling communication delays and
acket losing effects can be modeled as a disturbance added to the
SOD (or SOD) output v(t), as shown in Fig. 4. How this additive
isturbance affects the performance depends on its position in the
ontrol loop. In fact, if the SSOD sampling is applied on the error
ignal (as in SSOD-PI technique) it is possible to have a deviation
etween the last received output and the true SSOD output. A way
o avoid this situation is to force the sensor to resend the data to
he controller if a state j /= 0 is kept for more than a maximum time
nterval tmax.

.3. PI controller

The controller used in this work is a (discretized version of) a
ontinuous time PI controller, namely:
(s) = Kp + Ki

s
(3)

here Kp ≥ 0 is the proportional gain and Ki ≥ 0 is the integral gain.

*v =  j−1(      )Δ *v =j Δ * Δ(      )v =  j+1

(      )Δ Δ (      ) Δ (      ) Δ

Δ(      )ΔΔ(      )(      )Δ

v>  j− 1 v> j v>  j+ 1 v>  j+2

v<  j+1v< jv<  j−1v<  j−2

j j+1j−1

ig. 3. State machine representation of the symmetric send-on-delta sampling tech-
ique.
ance, where v∗(t) is the sent SSOD output, v∗
D

(t) is the received signal and DNET is the
disturbance due to the communications delays and the packet losses.

Remark 1. Because the controller is implemented in a single
machine, it is possible to implement a standard anti-windup tech-
nique without additional efforts.

2.4. SSOD-PI controller

As explained before, we  consider two different architectures,
which present as common characteristic the presence of only two
event-triggered data exchanging. The first is the set-point value
sending, which is not a complex task from a control point of view,
the second is implemented with the SSOD technique.

In the first architecture, shown in Fig. 5, the SU is located in
a machine while CU and AU are placed in another physical entity
(for example, the communication between the two components
could be wireless). We  call this architecture SSOD-PI controller,
because the SSOD block is placed before the PI controller in the
control loop. Note that the controller computes the control action
at a regular sampling rate by taking into account the last received
sampled error.

Remark 2. This architecture is very interesting because, in a net-
worked control system, the sensor unit can be powered using
a battery (thus, a reduction of the communications can increase
the battery life). Conversely, the AU normally requires an external
power supply, therefore the power consumption reduction is not a
critical issue in this control agent.

Remark 3. In many control strategies the sensor has to send
the error using an event-triggered algorithm. This fact can be an
important constraint when the SU cannot receive the set-point
information, which is sent to the CU. When the SSOD method is
used, a way to solve this problem is to apply the SSOD algorithm
to the process output and to send it to the controller. With this
data, the CU elaborates the error signal and rounds it to the near-
est multiple of �ˇ. Note that, as mentioned in Section 1, a small

steady-state error does not constitute a hard design constraints for
many industrial processes.

P(s)ZOH
e

SSOD
 e*

r

Governor

SU
y

D

u
C(s)

CU and AU
+

−

+

+

Fig. 5. Control scheme of the SSOD-PI controlled system. The dashed arrows indicate
data sending via the communication medium.
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ig. 6. Control scheme of the PI-SSOD controlled system. The dashed arrows indicate
ata sending via communication medium.

.5. PI-SSOD controller

In the second architecture, shown in Fig. 6, the SU and the CU
re located in the same machine, while the AU is placed in another
ntity. This solution is called for short PI-SSOD controller because
he controller is before the SSOD block in the control loop. Note that
he AU holds the last received control action value until the next
ata exchanging.

emark 4. The communication delays and the packet losing effect
an be modeled as disturbances (see Section 2.2). Using the PI-
SOD controller, this disturbance can be seen as a part of the load
isturbance.

. Stability and limit cycles analysis for a FOPDT process

In this section, the stability properties of the two event-based
ontrol systems are studied. In particular, the considered process
s a FOPDT system, described by the following transfer function:

(s) = K

�s + 1
e−Ls (4)

here K is the process gain (which is assumed to be positive with-
ut loss of generality), � > 0 is the time constant and L ≥ 0 is the
pparent dead time. Then, we can write

(s) = K

�s + 1
e−Ls

(
U(s) + D

s

)
(5)

here Y(s) is the Laplace transform of the process output y(t), U(s)
s the Laplace transform of the control action u(t) and D is the
mplitude of a constant load disturbance.

It is important to notice that, because of the nonlinear nature of
he controllers, the system can reach an equilibrium point, or can
resent a limit cycle around an equilibrium point or can be unstable.

n general, the behavior of each equilibrium point can be different.

.1. Normalization of the systems

In this subsection, the SSOD-PI and PI-SSOD controller systems
re mathematically described. Then, we introduce a normalization
n order to show that the two systems have the same stability
roperties when there are not exogenous signals.

The SSOD-PI controlled system can be described in the state-
pace form as:

ẋ1(t) = −1
�

x1(t) + K

�
(x2(t) + Kpe∗(t) + D)

ẋ2(t) = Kie
∗(t)

y(t) = x1(t)

e(t) = r − y(t)
∗

(6)
e (t) = ssod(e(t − L); �,  ˇ)

x1(0) = x10 = y0

x2(0) = x20 = IE0
ontrol 22 (2012) 1930– 1945 1933

where r is the constant reference signal, x1(t) is the process state,
x2(t) is the integral term of the PI controller, y0 is the initial output
value, and IE0 is the initial value of the integral term.

It is important to note that the constant load disturbance can be
grouped with x20 without loss of generality, therefore the SSOD-PI
controller can exactly compensate a constant load disturbance.

The PI-SSOD controlled system can be described in the state-
space form as:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1(t) = −1
�

x1(t) + K

�
(u∗(t) + D)

ẋ2(t) = Kp

�
(x1(t) − K(u∗(t) + D)) + Ki(r − x1(t))

y(t) = x1(t)

u(t) = x2(t)

u∗(t) = ssod(u(t − L); �,  ˇ)

x1(0) = y0

x2(0) = x20 = Kp(r − y0) + KiIE0

(7)

where r is the constant reference signal, x1(t) is the process state,
x2(t) is the control action, y0 is the initial output value and x20 is
the initial value of the PI control action.

By studying the equilibrium points of (7) and remembering
that u*(t) = j�ˇ, it is trivial to find that an equilibrium exist only
if r = K(j�  ̌ + D). Thus, the PI-SSOD controller cannot exactly com-
pensate a generic constant load disturbance. In Section 3.3,  we
present a method to compensate the “unquantizable” part of the
load disturbance, therefore for the stability analysis we  consider
that the exogenous signals are equal to zero in the PI-SSOD con-
trolled scheme.

The system (6) can be normalized in (8) by choosing: t̃ = (t/�),
ỹ(t̃) = ((y(t) − r)/�), ṽ∗(t̃) = (e∗(t)/�), x̃1(t̃) = ((x1(t) − Kx2(t))/�),
x̃2(t̃) = (K(x2(t)/�)), K1 = KKpˇ, K2 = KKiˇ�,  a = K1 − K2, x̃10 = ((y0 −
r − K(x20 + D))/�), x̃20 = ((K(x20 + D))/�) and l = (L/�) which is
called normalized dead time.

Also the system (7) can be normalized in (8) by choos-
ing: t̃ = (t/�), ỹ(t̃) = ((y(t) − r)/�), ṽ∗(t̃) = (Ku∗(t)/�), K1 = KKpˇ,
K2 = KKiˇ�,  a = K1 − K2, x̃1(t̃) = −(ax1(t)/�), x̃2(t̃) = −((ax1(t) +
x2(t))/�), x̃10 = −(ay0/�), x̃20 = −((ay0 + x20)/�) and l = (L/�).
Thus, for the two event-based controller strategies we have the
following normalized system (see Appendix A):⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

˙̃x1(t̃) = −x̃1(t̃) + aṽ∗(t̃)

˙̃x2(t̃) = K2ṽ∗(t̃)

ṽ(t̃) = x̃2(t̃) + x̃1(t̃)

ṽ∗(t̃) = ssod(−ṽ(t̃ − l); 1, 1)

x̃1(0) = x̃10

x̃2(0) = x̃20

(8)

The normalized system (8) represents both the two  presented con-
trollers, and therefore their stability properties are the same, with
the exception of the disturbance exact compensation. The nor-
malized system scheme is shown in Fig. 7. The SSOD-PI and the
PI-SSOD cases and their normalization formulae are summarized in
Table 1.

3.2. Stability analysis of the normalized system
In this subsection, we demonstrate that it is possible to find a
region of the parameter space K1 − K2 where the system is certainly
marginally or asymptotically stable for all the equilibrium points.
This region can then be divided into two regions: the first where the
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Fig. 7. Scheme of the normalized system.

s
t

a
t
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t

t
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o

lim
t̃→∞ x̃2(t̃) + x̃1(t̃)

= 0,

lim
t̃→∞

(K2 + a)(f (t̃) − x̃2(t̃) − x̃1(t̃)) − x̃1(t̃)
x̃2(t̃) + x̃1(t̃)

= 0

T
S

ystem trajectory can tend to a limit cycle and the second where
he system surely does not present a limit cycle.

In particular, we prove that if the system (8) is unstable then
lso the corresponding continuous time PI-controlled system with
he same proportional and integral gains is unstable, therefore the
nstability region of SSOD-PI and PI-SSOD controllers is the same
hat the continuous-time PI controller.

To prove this necessary condition, we have first to demonstrate
hat if the signal ṽ(t̃) diverges, then also its derivative diverges for
ll the positive proportional and integral gains (which are the only

nes with a physical meaning).

able 1
ummary of the SSOD-PI and PI-SSOD cases.

SSOD-PI controller (Fig. 5) PI-SSOD cont

System equations⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1(t) = − 1
�

x1(t) + K

�
(x2(t) + Kpe∗(t) + D)

ẋ2 = Kie∗(t)

y(t) = x1(t)

e(t) = r − y(t)

e∗(t) = ssod(e(t − L); �,  ˇ)

x1(0) = y0

x2(0) = x20

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1(t) = −

ẋ2(t) = K

�

y(t) = x1(

u(t) = x2

u∗(t) = ss

x1(0) = y

x2(0) = x
Normalized variables

t̃ = t

�
ỹ(t̃) = y(t) − r

�

l  = L

�
ṽ∗(t̃) = e∗(t)

�

K1 = KKpˇ x̃1(t̃) = x1(t) − Kx2(t)
�

K2 = KKiˇ� x̃2(t̃) = K
x2(t)

�

a = K1 − K2 x̃10 = y0 − r − K(x20 + D)
�

x̃20 = K(x20 + D)
�

t̃ = t

�

l  = L

�

K1 = KKpˇ

K2 = KKiˇ�

a  = K1 − K2

x̃20 = − ay0

�

Normalized scheme (Fig. 7)⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

˙̃x1(t̃) = −x̃1(t̃) + aṽ∗(t̃)

˙̃x2(t̃) = K2 ṽ∗(t̃)

ṽ(t̃) = x̃2(t̃) + x̃1(t̃)

ṽ∗(t̃) = ssod(−ṽ(t̃ − l); 1, 1)

x̃1(0) = x̃10

x̃2(0) = x̃20
ontrol 22 (2012) 1930– 1945

Proposition 1. In the system (8),  for all the positive proportional
gains, if the absolute value of ṽ(t̃) tends to infinity then also the absolute
value of its derivative tends to infinity.

Proof. The proof consists of demonstrating the following impli-
cation:

lim
t̃→∞

|ṽ(t̃)| = ∞ ⇒ lim
t̃→∞

| ˙̃v(t̃)| = ∞

By contradiction, we  suppose that:

lim
t̃→∞

|ṽ(t̃)| = ∞ and ˙̃v(t̃) ∈ [˛, ˇ], with  ̨ < ˇ, ˛,  ̌ ∈ R,

therefore,

lim
t→∞

˙̃v(t̃)
ṽ(t̃)

= 0. (9)

It is important to note that if the derivative ˙̃v(t̃) is limited, then
the difference between ṽ∗(t̃) and ṽ(t̃) is a bounded signal, called
f (t̃). In fact, the differences between ṽ(t̃) and ṽ(t̃ − l) and between
ṽ∗(t̃) and −ṽ(t̃ − l) are bounded. Thus, using (8) and (9) and ṽ∗(t̃) =
−ṽ(t̃) + f (t̃) = −(x̃2(t̃) + x̃1(t̃)) + f (t̃), it is possible to write:

˙̃x2(t̃) + ˙̃x1(t̃)
roller (Fig. 6)

1
�

x1(t) + K

�
(u∗(t) + D)

p (x1(t) − K(u∗(t) + D)) + Ki(r − x1(t))

t)

(t)

od(u(t − L); �,  ˇ)

0

20

ỹ(t̃) = y(t) − r

�

ṽ∗(t̃) = Ku∗(t)
�

x̃1(t̃) = − ax1(t)
�

x̃2(t̃) = − ax1(t) + x2(t)
�

x̃10 = − ay0

�

+ x20
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nd finally,

lim
→∞

x̃1(t̃)
x̃2(t̃) + x̃1(t̃)

= −(a + K2) (10)

here f (t̃)/(x̃2(t̃) + x̃1(t̃)) tends to zero.
From Eq. (10) we can state that x̃1(t̃) and −ṽ(t̃) diverge in

he same way. Thus, x̃2(t̃) = ṽ(t̃) − x̃1(t̃) can diverge as 2ṽ(t̃) or be
ounded, and therefore:

lim
→∞

˙̃x2(t̃)
ṽ(t̃)

= K2 = 0

hich is an absurd if K2 /= 0, otherwise we have that x̃2(t̃) is con-
tant and equal to x̃20, and therefore (10) becomes:

lim
→∞

x̃1(t̃)
x̃20 + x̃1(t̃)

= 1 = −a

hich is an absurd because, if K2 = 0, a = K1 ≥ 0. �

Using Proposition 1 it is possible to state the following necessary
ondition.

roposition 2. If the closed-loop system (8) is unstable then the
ame system controlled by a continuous-time PI controller with the
ame value of K1 and K2 is also unstable.

roof. The time interval �t̃ between two events can be calculated
s the ratio between 1 and the mean value of the derivative of ṽ(t̃),

alled ˙̃v, in the interval, in fact:

 =
∣∣∣∣∣
∫ �+�t

�

˙̃v(t̃)dt̃

∣∣∣∣∣ = | ˙̃v|�t̃.

rom Proposition 1 we know that if the absolute value of the output
ends to infinity also the absolute value of its derivative diverges
o infinity. Thus, the time interval �t̃  decreases to zero and (8)
ecomes a continuous-time controller, which proves the proposi-
ion. �

The following propositions deal with the parameters region for
hich there are not surely limit cycles and the system converges to

he equilibrium state. The idea of the proof consists in finding the
arameters for which if the system is in the state j = jeq ± n, where

eq is the equilibrium state and n > 0, it cannot evolve to the state
 = jeq ∓ n and therefore it has to tend to the equilibrium state. The
ext proposition addresses the cases of I and PI controllers. The
oal of the proposition is to find the values of K1–K2 parameters for
hich there are not periodic trajectories which involve more than

he equilibrium state.

roposition 3. In a system described by (8),  with K1 ≥ 0 and K2 > 0,
hen limit cycles cannot occur if the normalized gains K1 and K2 are
nside the region of the first quadrant delimited by the following para-

etric curve:

K1(t̃1) =

⎧⎪⎨
⎪⎩

t̃1 − 2 l + 2 el − el+t̃1 (2 l − t̃1 + 2) + 4 el sinh(l)

2 l el − 2 l el+t̃1 + 2 t̃1 el sinh(l)
if l ≤ t̃1 < 2l

2

t̃1
− 2 l − t̃1

t̃1 (el−t̃1 − 1)
if 2l ≤ t̃1 ≤ t1

K2(t̃1) =

⎧⎪⎨
⎪⎩

2 − 2 e2 l + 2 el+t̃1 − 2 el

t̃1 − t̃1 e2 l + 2 l el+t̃1 − 2 l el
if l ≤ t̃1 < 2l

2

t̃1
if 2l ≤ t̃1 ≤ t1

(11)

here t̃1 ∈ [l, t1] with K1(t1) = 0.

roof. To demonstrate the proposition, we  find the locus of

arameters K1 − K2 which allows the system to have the smallest

imit cycles that involve three states (namely j = { −1, 0, 1}). In this
ay, all the sets of {K1, K2} inside of the part of the first quadrant
elimited by that locus do not allow the system to have a limit cycle.
ontrol 22 (2012) 1930– 1945 1935

A three-level limit cycle with a period T̃ has to verify the follow-
ing conditions

• ṽ(kT̃ − l) = 0 which implies ṽ∗(kT̃) = 0;
• ṽ(kT̃ − l + t̃1) = 1 which implies ṽ∗(kT̃ + t̃1) = 1;
• ṽ(kT̃ − l + t̃1 + t̃2) = 0 which implies ṽ∗(kT̃ + t̃1 + t̃2) = 0;
• ṽ(kT̃ − l + t̃1 + t̃2 + t̃3) = −1 which implies ṽ∗(kT̃ + t̃1 + t̃2 + t̃3) =

0;
• ṽ(kT̃ − l + t̃1 + t̃2 + t̃3 + t̃4) = −1 which implies ṽ∗(kT̃ + t̃1 + t̃2 +

t̃3 + t̃4) = 0;

where T = t̃1 + t̃2 + t̃3 + t̃4. Because of the symmetric nature of the
SSOD technique, we  can suppose that the limit cycle is symmetric.
Thus: x̃(t̃) = −x̃(t̃ − T/2), t̃3 = t̃1 and t̃4 = t̃2.

During a time interval t̃i := [t̃a, t̃b] between two events, the sig-
nal ṽ∗(t̃) is constant, and therefore it is easy to find the evolution of
the state variables as the sum of the free and forced response to a
constant input:

x̃(t̃b) = R(t̃b − t̃a)x̃(t̃a) + F(t̃b − t̃a; K2, a)ũ(t̃) (12)

where:

R(t̃) =
[

e−t̃ 0

0 1

]

and

F(t̃; K2, a) =
[

a(1 − e−t̃)

K2 t̃

]
,

Using (12) it is possible to write the following equations, which
describe the evolution of the system during a time period:

x̃1 = x̃(kT̃ + t̃1) = R(t̃1)x̃0 + F(t̃1; K2, a)

x̃2 = x̃(kT̃ + t̃1 + t̃2) = R(t̃2)x̃1 = −x̃0.

where x̃0 = x̃(kT̃). These equations can be rewritten as:

x̃1 = (I + R(t̃2)R(t̃1))−1F(t̃1; K2, a)

x̃0 = −(I + R(t̃2)R(t̃1))−1R(t̃2)F(t̃1; K2, a)
(13)

It is possible to write also the following switching conditions:

x̃a = x̃(kT̃ + t̃1 − l)

ṽa = ṽ(kT̃ + t̃1 − l) = x̃a
2 + x̃a

1 = 0

x̃b = x̃(kT̃ + t̃1 + t̃2 − l)

ṽb = ṽ(kT̃ + t̃1 + t̃2 − l) = x̃b
2 + x̃b

1 = 1

(14)

Conditions (13) and (14) describe all the possible three-level limit
cycles in a SSOD-PI controlled FOPDT process. To prove the proposi-
tion we want to find the smallest limit cycle and the correspondent
normalized gains. Thus, we  can add the following condition

sup ṽ(t̃) = sup(x̃2(t̃) + x̃1(t̃)) = 1. (15)

To find the superior of ṽ(t̃) we  have to study the sign of its deriva-
tive in the intervals [0, t̃1] and [t̃1, t̃1 + t̃2] (note that, because of

symmetry it is possible to study only a half of the period).

In the first interval, the state evolution is

x̃(t̃) = R(t̃ − t̃1)x̃0 + F(t̃ − t̃1),
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ig. 8. Example of limit cycle with a < 0 where the arc arrows represent the time
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here x̃0 can be easily found from (13). Deriving ṽ(t̃) with respect
o the time, we  obtain:

˙ (t̃) = K2et̃(1 + et̃1+t̃2 ) + aet̃1 (1 + et̃2 )

et̃ (et̃1 et̃2 + 1)
,

here the numerator is positive if a > −K2e(t̃−t̃1)(1 + e(t̃1+t̃2))/(1 +
(t̃2)) and by remembering that K1 = K2 + a ≥ 0, it is possible to obtain
hat v̇(t̃) which is always positive in t̃  ∈ [0, t̃1].

In the second interval, the state evolution is:

˜(t̃) = R(t̃ − t̃1)x̃1,

herefore ṽ(t̃) = e−(t̃−t̃1)x̃1
1 + x̃1

2 and its derivative is equal to v̇(t̃) =
e−(t̃−t̃1)x̃1

1. The value of x̃1
1 can be easily found by solving (13) and

t results:

˜1
1 = aet̃2

et̃1 − 1

et̃1+t̃2 + 1
,

herefore v̇(t̃) in t̃  ∈ [t̃1, t̃1 + t̃2] has an inverse sign with respect to
.

Summarizing, if a < 0 (the corresponding limit cycle is shown
n Fig. 8) then the derivative v̇(t̃) is positive in t̃ ∈ [0, t̃1 + t̃2] and
egative in t̃ ∈ [t̃1 + t̃2, t̃1 + t̃2 + t̃3 + t̃4] and therefore the maxi-
um is ṽ(t̃1 + t̃2), else if a > 0 (the corresponding limit cycle is

hown in Fig. 9) then the derivative v̇(t̃) is positive in t̃ ∈ [0, t̃1]
nd t̃ ∈ [t̃1 + t̃2, t̃1 + t̃2 + t̃3], negative in t̃  ∈ [t̃2, t̃1 + t̃2] and t̃ ∈ [t̃1 +
2, t̃1 + t̃2 + t̃3 + t̃4] and therefore the maximum is ṽ(t̃1).

Considering the case a < 0, the variable ṽ(t̃) assumes the value
 in t = t̃1 + t̃2, where the state coincides with the point −x̃0, but
lso in the point x̃b (namely, l instant before −x̃0) the signal ṽ(t̃) is
qual to 1. This situation is possible if and only if the time interval
2 is infinite and −x̃0 is a stationary point (namely, −x̃0 = [0,  1]T )
r l is a multiple of the period. Considering the first case (namely,

2 → ∞),  since x̃0
2 = −1 and the second variable changes linearly
uring the time interval [0, t̃1] and it is constant in the time interval
t̃1, t̃1 + t̃2], we can write:

˜2
2 = −x̃0

2 = x̃0
2 + K2 t̃1
Fig. 9. Example of limit cycle with a > 0 where the arc arrows represent the time
intervals.

and obtain:

K2 = 2
t̃1

.

To obtain the expression of a, it is important to note that t̃1 > l
because the trajectory intersects the switching surface x̃2 + x̃1 = 1
when it assumes the value x̃b and l instants after the trajectory does
not have yet intersected the other switching surface x̃2 + x̃1 = 0
(because it is in a stationary value). Thus, the expression of x̃a (see
(13) and (14)) becomes:

x̃1 = R(l)x̃a + F(l; K2, a)

or equally:

x̃a = R(l)−1(x̃1 − F(l; K2, a)).

Finally, imposing x̃a
2 + x̃a

1 = 0 it is easy to find the relationship
between a and t̃1, and therefore (remember that K1 = K2 + a) the
relation between K1 and t̃1, presented in (11).

Considering now the second case (l = NT̃ = 2n(t̃1 + t̃2)) with n ∈
N

+ (thus t̃1 < l and t̃2 < l), it is possible to note that x̃a = x̃(t̃1 − l) =
x̃1 and x̃b = x̃(t̃1 + t̃2 − l) = x̃2. Remembering that ṽa = 0 and ṽb = 1,
it is possible to find:

K2 = 2
t̃1

1

1 − e−t̃1

and this condition is less stringent than the other case (t̃2 → ∞),
noting that t̃1 in the second case is lower than l and in the first case
is greater than l.

Considering the case a ≥ 0, the variable ṽ(t̃) assumes the value
1 in t = t̃1, where the state vector is equal to x̃1, and also in this
case it corresponds to the point x̃b. In this situation the delay l has
to be equal to t̃2 + nT̃ (with n ∈ N

+), in fact when ṽ∗(t̃) is equal
to 1 (namely in the interval [0, t̃1]) the signal ṽ(t̃) monotonically

increases. Similarly to the case a < 0, it is possible to demonstrate
that the case with n = 0 is the most stringent case.

Thus, in the time instant t̃1 the system has to switch into the
state with ṽ∗ = 0 to satisfy condition (15), which means that in the
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nstant t̃1 − l the variable ṽ(t̃) has to be equal to 0. Because of these
onditions, we can write:

x̃1 = (I + R(l)R(t̃1))−1F(t̃1; K2, a)

x̃1 = x̃b

x̃1 = R(l)x̃a + F(l, K2, a)

ṽb
1 = 1

ṽa
1 = 0.

olving this system of equations we can find the relationship
etween K2, a (and therefore K1) and t̃1 shown in (11). �

The case of SSOD-P and P-SSOD controllers is addressed in the
ollowing proposition. Also in this case the goal is to find the values
f K1 for which there are not periodic trajectories which involve
ore than the equilibrium state.

roposition 4. In a system described by (8),  if K1 < 1
1−e−l then limit

ycles cannot occur.

roof. Also in this case, the proof of the proposition mainly consist
n finding the value of K1 (namely, a = K1 when K2 = 0) which allows
he system to attain the smallest limit cycle (namely, j = − 1, 0, 1).
ecause of the symmetry of the map  between ṽ(t̃) and ṽ∗(t̃), the

imit cycles are symmetrical, thus ṽ(t̃) = −ṽ(t̃ − T/2). The signals
˜∗(t̃) and ṽ(t̃) are defined as:

˜∗(t̃) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1 if t̃ ∈ [0, t̃1]

0 if t̃ ∈ [t̃1, t̃1 + t̃2]

−1 if t̃ ∈ [t̃1 + t̃2, t̃1 + t̃2 + t̃3]

0 if t̃ ∈ [t̃1 + t̃2 + t̃3, t̃1 + t̃2 + t̃3 + t̃4]

(16)

˜(t̃) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ṽ(0)e−t + K1(1 − e−t ) if t̃ ∈ [0, t̃1]

ṽ(t̃1)e−(t−t̃1) if t̃ ∈ [t̃1, t̃1 + t̃2]

−ṽ(0)e−t − K1(1 − e−(t−t̃1−t̃2)) if t̃ ∈ [t̃1 + t̃2, t̃1 + t̃2 + t̃3]

−ṽ(t̃1)e−(t−t̃1−t̃2) if t̃ ∈ [t̃1 + t̃2 + t̃3, t̃1 + t̃2 + t̃3 + t̃4]

(17)

here t̃1 = t̃3 and t̃2 = t̃4. Imposing the condition on periodic-
ty and symmetry v(0) = −v(t̃1 + t̃2), it is possible to find v(0) =
K1((e−t̃2 (1 − e−t̃1 ))(1 + e−t̃1−t̃2 )).

In order to find the smallest limit cycle, we have to impose that
he maximum of ṽ(t̃) equals to 1. The maximum of ṽ(t̃) is found by
tudying the sign of ˙̃v(t̃), which is:

˙̃ (t̃) =

⎧⎪⎪⎨
⎪⎪⎩

K1
1 + e−t̃2

1 + e−t̃1−t̃2
e−t̃ if t̃ ∈ [0, t̃1]

−K1
1 − e−t̃1

1 + e−t̃1−t̃2
e−(t̃−t̃1) if t̃ ∈ [t̃1, t̃1 + t̃2]

hus, the maximum is in t̃  = t̃1 and it is equal to max ṽ(t̃) = K1((1 −
−t̃1 )(1 + e−t̃1−t̃2 )). The maximum is equal to 1 only if:

1 = 1 + e−t̃1−t̃2

1 − e−t̃1
(18)

he values of t̃1 and t̃2 can be found using the following switching
onditions:

˜(t̃1 − l + nT) = 0 (19)
˜(t̃1 + t̃2 − l + nT) = 1 (20)

here T = t̃1 + t̃2 + t̃3 + t̃4 is the time period, and n ∈ Z.  Because
ax ṽ(t̃) = ṽ(t̃1) = 1, the condition (20) implies ṽ(t̃1 + t̃2 − l + nT) =

˜(t̃1) or equally l − nT = t̃2.
ontrol 22 (2012) 1930– 1945 1937

Considering first the case with n = 0, we  can obtain t2 = l and the
condition (19) cannot be verified in the fourth time interval (ṽ(t̃) is
always positive), therefore t̃1 ≥ t̃2 and it is possible to obtain that
t̃1 = log(1 + el − e−l) and K1 = (1/(1 − e−l)) which proves the propo-
sition.

Considering now the cases with n > 0, therefore t̃1 < (l/2) and
t̃2 < (l/2). Using (18), we  can state:

1 + e−t̃1−t̃2

1 − e−t̃1
≥ 1

1 − e−t̃1
≥ 1

1 − e−l
.

Thus, limit cycles with a time period lower than l cannot occur using
K1 ≤ (1/(1 − e−l)). �

Note also that Propositions 3 and 4 are necessary and sufficient
conditions to avoid the presence of limit cycles. In other words, in
the region of the plane K1 − K2 delimited by these conditions there
are surely no limit cycles, whereas out of this region there is surely
at least a possible limit cycle. Actually, for some values of initial
conditions, reference signal and load disturbance it is possible that
the system state does not reach the limit cycle trajectory but tends
to the equilibrium point.

Another important consideration is that the parameter � does
not have influence on the stability analysis and therefore it can be
chosen, in principle, using only considerations about the desired
precision, namely, the maximum admissible steady-state error. In
practical cases, measurement noise should be taken into account.
Actually, it is advisable to select a value of � greater than the noise
band, that is the peak-to-peak amplitude of the noise signal (see
Section 5.1).

3.3. Disturbance estimation

As already mentioned (see Section 3.1), because of its quan-
tized nature, the PI-SSOD control strategy (7) cannot compensate
the unquantized part of the load disturbance, therefore a bimodal
limit cycle surely arises. This limit cycle with period T involves two
consecutive states jl + 1 and jl, where t* is the interval time where
j = jl + 1. Thus, the control action assumes only the values jl�ˇ  and
(jl + 1)�ˇ,  as shown in (21).

u(t) =
{

(jl + 1)�ˇ  if t ∈ [0,  t∗]

jl�ˇ  if t ∈ [t∗, T]
(21)

By applying the definition of limit cycle, the trends of the process
and the controller quantities during a cycle are periodic. Consider-
ing now the integrated error IE(t) and its Laplace transform IE(s),
which can be calculated as

IE(s) = R(s)
s

− K

s(�s + 1)
(U(s) + d)

which corresponds to the following differential equation:

� ¨IE(t) + ˙IE(t) = r(t) − K(u(t) + d + �ṙ(t)).

By integrating over a period and remembering that, by hypothesis,
r and d are constant and IE(t) is periodic, we obtain:

�( ˙IE(T) − ˙IE(0)) + (IE(T) − IE(0)) = rT − K dT − K

∫ T

0

u(t)dt = 0

and finally:

u = jl�ˇ  + �ˇ
t∗

T
= r

K
− d (22)
where u is the mean value of u(t) during a period and d̂  := �ˇ(t∗/T)
is the “unquantized” part of the control action necessary to com-
pensate the load disturbance.
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be set by taking into account the numerical errors in the calculus
of t∗ and T and the presence of noise.

4. Practical issues

The SSOD-PI and PI-SSOD control techniques can be easily
implemented in very simple industrial controllers, because they
do not require a large computational effort or complex routines.
The algorithms for the sensor and the control units, can be out-
lined using the pseudocodes shown in Table 2 (for sake of brevity
the initialization is not shown), where h is the control unit samp-
ling period (note that the two algorithms do not require any
synchronization and they can have different sampling periods).
Note that the actuator unit task of PI-SSOD controller has to
only keep the last received value until the next event. Note also
that the steps 8–9 of the PI-SSOD controller’s Sensor and Control
Unit Task verify if a bimodal cycles is occurred (namely, the last
three states were j, j − 1 and j) and introduce the load disturbance
compensation.

5. Simulation results

In this section, simulation results are given. In particular, illus-
trative examples on the presence of limit cycles and the exogenous
pared with other event-based sampling techniques and a discrete
time, using as a high-order plus dead time system approximated
with the half-rule method and using the SIMC tuning rules [27].

48 64 80

48 64 80

48 64 80

48 64 80

t of parameters. First plot (from the top): process variable for the SSOD-PI controller
D-PI controller (solid line) and PI-SSOD controller (dashed line). Third plot: events
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Table 2
Pseudocodes of the SSOD-PI and PI-SSOD controllers.

SSOD-PI controller PI-SSOD controller

Sensor unit
1. calculate e;
2. if |e − e∗| ≤ � then go to 5;
3. if e > e∗ then e∗ = �� e

�
� else e∗ = � e

�
�;

4. send ˇe∗ to the control unit;
5. end.
Control and actuator unit
1. if a new ˇe∗ is received then update the value of e∗;
2. calculate ui,k = ui,k−1 + Kiˇe∗h and uk = ui,k + Kpˇe∗;
3.  send uk to the actuator;
4. set ui,k−1 = ui,k;

Sensor and control unit task
1. calculate e;
2. calculate ui,k = ui,k−1 + Kieh and uk = ui,k + Kpe;
3. set ui,k−1 = ui,k;
4.  if |u − u∗| ≤ � then go to 11;
5.  set u∗,2 = u∗,1, t∗,2 = t∗,1, u∗,1 = u∗ and t∗,1 = t∗;
6.  save in t∗ the time interval between the last and the current event.
7. if  u > u∗ then u∗ = �� u

�
� else u∗ = � u

�
�;

8. if u∗,2 = u∗ then go to 9 else go to 10;
9. if u∗ > u∗,1 then D̂ = �ˇ t∗

t∗,1+t∗ ;
∗ ˆ

5

S

P

U
i
v
(
(
a
w
1

F
c
p

5.  end.

.1. Illustrative Example 1

In this example the following FOPDT system is controlled by the
SOD-PI and PI-SSOD controllers:

(s) = 1
s + 1

e−s (23)

sing Proposition 3 it is possible to find the region of K1 − K2 (shown
n Fig. 10)  where the limit cycles are avoided. In order to show the
alidity of Proposition 3, two sets of parameters are chosen, the first
Kp = 0.542 and Ki = 0.792) slightly inside the no limit cycle region

it is indicated with a circle in Fig. 10)  and the second (Kp = 0.542
nd Ki = 0.840) which does not belong to this region (it is indicated
ith a ‘*’ in Fig. 10). The values of � and  ̌ are set equal to 0.1 and

, respectively.
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ig. 12. Responses for Process (23) using SSOD-PI and PI-SSOD controllers with the sec
ontroller (solid line) and PI-SSOD controller (dashed line). Second plot: control variable
lot:  events of the SSOD-PI controller system. Fourth plot: events of the PI-SSOD controll
10. send ˇu + D to the actuator unit;
11. end.

A unit set-point step signal is applied to the control system at
time t = 0 and a unit load disturbance step is applied at time t = 40.
Figs. 11 and 12 show the control system response using the first and
the second set, respectively. It is possible to note that Proposition
3 is verified, as there is not a limit cycle in Fig. 11 while there is in
Fig. 12.

Another important result of Propositions 3 and 4 is that the
parameter � does not influence the stability and limit cycle prop-
erties, but only the system precision and the number of events. This
aspect is highlighted in Fig. 13,  where the controller is tuned with
the second set of parameters and � is set equal to 0.01. It is possible

to note (see the zooms inside the figure) that the system trajecto-
ries tend to limit cycles with the same period of Fig. 12 but the
process variables are closer to the set-point. However, the number
of events increases significantly.

48 64 80
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ond set of parameters. First plot (from the top): process variable for the SSOD-PI
 for the SSOD-PI controller (solid line) and PI-SSOD controller (dashed line). Third
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Finally, the issue of the selection of � in the presence of mea-
urement noise is analyzed by considering the same case of Fig. 11
ut with a measurement noise with a noise band equal to 0.08.
y choosing � = 0.1 (that is, slightly greater than the noise band),
he results shown in Fig. 14 are obtained. It appears that there is
ot a significant performance decrement while there is only a slight

ncrement of the number of events. Actually, the SSOD-PI controller
s less sensitive to the noise than the PI-SSOD controller because the
SOD quantization reduces the effects of the noise on the PI control
nit.

.2. Illustrative Example 2

In this example the exogenous signal compensation task of the
I-SSOD controller is shown. The considered process is the same
f the Example 1 (see (23)). The controller parameters are set as
p = 0.542, Ki = 0.792, � = 0.1 and  ̌ = 1; the set-point value is set
qual to 1.05, in this way the compensation is necessary (namely,

 /= jK�ˇ,  ∀j ∈ Z). In Fig. 15,  it is possible to note that at the time
nstant t = 23, the control variable is set equal to 1.052 using (22).
ecause the compensation is exact, a small deadband (equal to
.1K� = 0.01) is applied on the error signal calculus.

.3. Illustrative Example 3

In this example, the high order system [27]

(−0.3s + 1)(.08s  + 1)

(s) =

(2s  + 1)(s + 1)(0.4s + 1)(0.2s + 1)(0.05s + 1)3
(24)

s considered. The process is approximated as a FOPDT system with
 = 1, � = 2.5 and L = 1.47 using the half rule.
ond set of parameters and a smaller value of �. First plot (from the top): process
 plot: control variable for the SSOD-PI controller (solid line) and PI-SSOD controller
he PI-SSOD controller system.

The controller gains are tuned using the SIMC rules [27] and they
result in the following controller parameters Kp = 0.85 and Ki = 0.34
which are in the no limit cycles region according to Proposition
3. The presented control strategies are compared with the SOD-PI
controller presented in [26], the event-based controller (denoted as
Årzén) presented in [14], the PIDplus presented in [2] and a discrete
time-driven PI controller (denoted as DT-PI) with a sample period
equal to �/5, as suggested in [2].

The parameters � and  ̌ are set equal to 0.1 and 1, respectively.
The parameter tmax, necessary in [14,2],  is set equal to �. The SOD-PI
parameters are set as follows: �p = �,  �i = ��,  � = �.  The deadband
present in the PI-SSOD controller is set equal to 0.1K�.

Fig. 16 shows the system responses when the exogenous sig-
nals are a unit set-point step, applied at the time instant t = 0, and a
load disturbance step, with amplitude equal to 0.95 and applied at
the time instant t = 30. It is important to note that the performance
of SSOD-PI, PI-SSOD and SOD-PI controllers are the fastest ones
but present more overshoot with respect to the PIDplus controller,
which is less aggressive also during the disturbance rejection task.
The Arzén PI controller presents a peak on the control variable
caused by the method used to elaborate the integral action (which
is solved in the PIDplus controller). The performance of the con-
trollers, shown in Table 3, confirm these considerations. Another
important consideration is that the SSOD-PI and PI-SSOD control
strategies present the smallest numbers of events, because of the
absence of the tmax triggering condition. It is possible to see that the
event-based control strategies (with the exception of the Arzén PI

controller) have better performance than a discrete PI technique
with a high sampling period. Note that, reducing the sampling
period of DT-PI controller increases the performance but also the
number of the events.



M. Beschi et al. / Journal of Process Control 22 (2012) 1930– 1945 1941

0 16 32 48 64 80
−0.5

0

0.5

1

1.5

2

0 16 32 48 64 80
−0.5

0

0.5

1

1.5

2

0 16 32 48 64 80

0 16 32 48 64 80

Fig. 14. Zoom of Fig. 13.  First plot (from the top): process variable for the SSOD-PI controller (solid line) and PI-SSOD controller (dashed line). Second plot: control variable
for  the SSOD-PI controller (solid line) and PI-SSOD controller (dashed line). Third plot: events of the SSOD-PI controller system. Fourth plot: events of the PI-SSOD controller
system.
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The PI controller are tuned using the following parameters:
Kp = 0.04, Ti = 16, which are inside of the no limit cycle zone. The
tmax (when it is necessary) is set equal to �. The parameter � is set
ariable for the SSOD-PI controller (thick solid line), PI-SSOD controller (thick dash
OD-PI  controller (thin dashed line) and DT-PI controller (thin solid line). From third 

ystems, respectively.

emark 5. It is important to note that the Event Based-PI (EB-PI)
trategies different from the SSOD-PI and PI-SSOD methods can be
lso applied when the three control agents are separated.

. Experimental results

In order to prove the effectiveness of the presented control
trategies in practical applications, a laboratory-scale setup made
y Quanser has been employed (see Fig. 17). Specifically, the exper-

mental setup is a four tanks system where just the lower left tank
as been considered for level control.

Because the apparent dead-time of the system is very small with
espect to its dominant time constant, and in order to provide a
ignificant result, a time delay of 2 s has been added via software at
he plant output. The FOPDT model has been obtained by applying

 least-squares procedure to the response of a series of open-loop
teps, resulting in:

82.1 −2s
(s) =
22.2s + 1

e . (25)

he percentage of the output variation that is explained by the
odel is around 90%.

able 3
erformance of the controllers. IAE�: integrated absolute error (computed only
hen the error signal is out of the band ±�). OV: overshoot. ne: number of events.

t�: setting time to a band of ±� around the set-point.

IAE OV ne st�

SSOD-PI 8.510 15.185 32 9.032
PI-SSOD 7.821 13.360 30 9.135
Årzén 10.143 23.465 49 17.730
PIDplus 8.342 8.957 46 5.996
SOD-PID 7.855 12.547 58 9.062
DT-PID 9.341 30.997 120 14.897
e), Årzén controller (thick dot-dashed line), PIDplus controller (thick dotted line),
th plot: events of the SSOD-PI, PI-SSOD, Årzén, PIDplus, SOD-PI and DT-PI controller

The experiment consists in a set-point step change from 10 cm
to 20 cm,  then a load disturbance is applied, using an additional
pump.
Fig. 17. Equipment used for experiments.
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ine),  SOD-PI controller (thin dashed line) and DT-PI controller (thin solid line). Fro
ontroller systems, respectively.

qual 0.4 (bigger than the noise band of the sensor) for all the con-
rollers except the PI-SSOD strategy, where it is set equal to 0.02
chosen in order to obtain the same number of events of the SSOD-
I controller). The deadband of the PI-SSOD controller is set equal
o 0.1K� = 0.16. The parameters �i and � of the SOD-PI controller
re set equal to 0.4 and 1, respectively. Fig. 18 and Table 4 show the
xperimental results and the performance index obtained using the
ame controllers of Example 3.

Also in this case, the best performance is achieved using the
SOD-PI, the PI-SSOD, the SOD-PI and the PIDplus controllers. How-
ver, with the two control strategies presented in this paper it is

ossible to reduce the number of events (and therefore the num-
er of transmissions) without a significant loss of performance with
espect to the SOD-PI and the PIDplus controllers.

able 4
erformance of the controllers. IAE�: integrated absolute error (computed only
hen the error signal is out of the band ±�). OV: overshoot. ne: number of events.

t�: setting time to a band of ±� around the set-point when the set-point signal is
 unitary step.

IAE� OV ne st�

SSOD-PI 166.826 12.802 30 36.100
PI-SSOD 174.432 10.744 45 35.700
Årzén 222.763 26.515 77 111.600
PIDplus 185.070 13.038 64 45.200
SOD-PID 166.531 9.240 148 72.300
DT-PID 209.121 29.145 107 30.500
d to eighth plot: events of the SSOD-PI, PI-SSOD, Årzén, PIDplus, SOD-PI and DT-PI

7. Conclusions

In this paper, we have addressed the stability issue and the pres-
ence of limit cycles for two event-based PI control systems, based
on the symmetric-send-on-delta event-triggering method. In par-
ticular, the main advantages of this event detection strategy have
been outlined. Then, stability and limit cycles properties are inves-
tigated. In particular, necessary conditions on the system instability
have been determined.

Limit cycles are surely avoided if the controller gain is inside the
set of controller parameters described using two sufficient condi-
tions. Both the stability and limit cycle properties do not depend
on the event-triggering method, which can be tuned in order to
handle the trade-off between the number of events and the system
precision.

Simulation and experimental results have confirmed the effec-
tiveness of the approach which represents a valuable step in
the development of easy-to-use tuning rules for this kind of
controllers.

Appendix A. Normalization formulae
A.1. SSOD-PI controller

The SSOD-PI controlled FOPDT process is described by Eq. (6).
As mentioned in Section 3.1,  the stability analysis is done without
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xogenous signals (namely, r = D = 0). Thus, Eq. (6) can be rewritten
s:

ẋ1(t) = −1
�

x1(t) + K

�
(x2(t) + Kpe∗(t))

ẋ2(t) = Kie
∗(t)

y(t) = x1(t)

e(t) = −y(t)

e∗(t) = ssod(e(t − L); �,  ˇ)

he signal e∗(t) can be rewritten as:

∗(t) = �ˇssod
(

e(t − L)
�

;  1, 1
)

.

n order to normalize the system, we scale the time variable
 = (t/�) (thus, l = (L/�)). In this way, the derivatives becomes:
dx1/dt) = (dx1/dt̃)(1/�)  and (dx2/dt) = (dx2/dt̃)(1/�).  Thus, we
an rewrite the system equation as:

ẋ1(t̃) = −x1(t̃) + K(x2(t̃) + Kpe∗(t̃))

ẋ2(t) = Ki�e∗(t̃)

y(t̃) = x1(t̃)

v(t̃) = x1(t̃)

e∗(t̃) = �ˇssod(− v(t̃ − l)
�

; 1, 1)

here v(t̃) = −e(t̃). We  define ṽ∗(t̃) = ssod
(

v(t̃−l)
� ; 1, 1

)
, therefore

he system equations become:

ẋ1(t̃) = −x1(t̃) + Kx2(t̃) + KKpˇ�v∗(t̃)

ẋ2(t) = Kiˇ��v∗(t̃)

y(t̃) = x1(t̃)

v(t̃) = x1(t̃)

ṽ∗(t̃) = ssod

(
− v(t̃ − l)

�
; 1, 1

)

o make the stability analysis easier we diagonalize the dynamic
quation using the following transformation matrix:

 =
[

1 −K

0 K

]

inally, defining x̃(t̃)  = (�x(t̃)/�), ỹ(t̃) = (y(t̃)/�), K1 = KKpˇ,
2 = KKi�  ̌ and a = K1 − K2, the system equations become (8).

.2. PI-SSOD controller

The PI-SSOD controlled FOPDT process is described by Eq. (7).
s mentioned, the stability analysis is done without exogenous
ignals. Thus, Eq. (7) can be rewritten as:

ẋ1(t) = −1
�

x1(t) + K

�
u∗(t)

ẋ2(t) = Kp

�
(x1(t) − Ku∗(t)) + Ki(−x1(t))

y(t) = x1(t)
u(t) = x2(t)

u∗(t) = ssod(u(t − L); �,  ˇ)
[

ontrol 22 (2012) 1930– 1945

The signal u∗(t) can be rewritten as:

u∗(t) = �ˇssod
(

u(t − L)
�

;  1, 1
)

.

In order to normalize the system, we scale the time variable
t̃ = (t/�) (thus, l = (L/�)). In this way, the derivatives becomes:
(dx1/dt) = (dx1/dt̃)(1/�)  and (dx2/dt) = (dx2/dt̃)(1/�).  Thus, we
can rewrite the system equation as:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1(t̃) = −x1(t̃) + Ku∗(t̃)

ẋ2(t̃) = Kp(x1(t̃) − Ku∗(t̃)) − Ki�x1(t̃)

y(t̃) = x1(t̃)

v(t̃) = x2(t̃)

u∗(t̃) = ssod(−v(t̃ − l); �,  ˇ)

where v(t̃) = −u(t̃) = −x2(t̃). We  define ṽ∗(t̃) = ssod
(

v(t̃−l)
� ; 1, 1

)
,

therefore the system equations become:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1(t̃) = −x1(t̃) + K�ˇṽ∗(t̃)

ẋ2(t̃) = (Kp − Ki�)x1(t̃) − KKp�ˇṽ∗(t̃)

y(t̃) = x1(t̃)

v(t̃) = −x2(t̃)

v∗(t̃) = ssod(− v(t̃ − l)
�

; 1, 1)

To make the stability analysis easier we diagonalize the dynamic
equation using the following transformation matrix:

� =
[

Kp − Ki� 0

Ki� − Kp −1

]

Finally, defining x̃(t̃) = (�x(t̃)/�), ỹ(t̃) = (y(t̃)/�), K1 = KKpˇ,
K2 = KKi�  ̌ and a = K1 − K2, the system equations become (8).
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